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1. In [1] T. And6 has proved the following result.

THEOREM A. Let T be a compact operator on a Hilbert space H.
Then every subspace which is invariant under T reduces T if and only if
T is a normal operator.

The purpose of this paper is to remark that the above theorem is
generalised to an operator such as 7™ is compact for some integer m =0 and
to prove a related result.

2. In the sequel, an operator means a bounded linear operator on a Hilbert
space H. We denote by o(T") the spectrum and by ¢,(T") the point spectrum
of an operator T. Rr(\) means the A-th proper subspace of an operator 7" and
P, is the orthogonal projection onto a closed subspace M C H.

The following lemma is essentially proved in [5], but we give a proof for
convenience’ sake.

LEMMA 1. Let T be an operator such as T™ is compact for some
integer m=0. Then peca(T)N{N: [N =|T|} implies p<a,(T).

PROOF. If peo(T) and |u|=|T]|, there exists a sequence {x,} of unit
vectors in H such as |Tx,—px,|—0 (n—c0). Since T™ is a compact operator,
we may assume that (if necessary, by choosing a suitable sub-sequence) the
sequence {I™x,} converges to a certain vector x< H. Then we have

Tz, = L 2 Ly 20 )

|l

and

1Tty =l S T2, = o T |+ o [ T —al] =0 ().
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Continuing the above argument successively, we can conclude that {x,} con-
verges to a certain non-zero vector x, <€ H. Hence we have

1Tz —poll = | Tz —Tzull + | T2u—pzall + | pza— po|
= 2| T 2=l + | T2y —pza| =0 (2 — o0).

Therefore Txy=px,, which completes the proof.

THEOREM 1. Let T be a normal operator such as T™ is compact for
some integer m =0 and MC H a subspace which is invariant under T, then
M reduces T.

PROOF. Since T is a normal operator, {ts(A\): Aeo,(T)} is a mutually
orthogonal family of reducing subspaces. Let P and Pi\(M<€o,(T)) be the
orthogonal projections onto M and MN,(\) respectively, H,=>_ dN:N\), H,=Hy

Aeay(T)
and Q the orthogonal projection onto H;. Then 7, the restriction of 7" onto
H,, is 0. For, if T,#0 there is a peo(T}) such as |T,|=|x| by normality
of T, and peo,(T,) by Lemma 1 and this is a contradiction. From now
the argument is quite similar to that of Andd [1]. By the ergodic theorem,

(W 'T)* — Py (in the strong topology)

M:

1
n

k=1

for each M€ oy (T). Similarly,
-711— > (W'PTP)* — Qi (in the strong topology)
k=1 :

for each N e o (T), where Q, is a projection. Since (PTP)* = PT*P (k=1,2,
--+), we have Q,=PP:P for each M€, (T), and hence PP,P is a projection.
Thus we have, for each x < H,

| PP,Px— P,Pz|?*
= (PP\Px, PP,Pz) — (PP,Pz, P,Pz)
— (P\Px, PPiPx)+(P\Px, P\Px)
= (Quz, 2) — (Qaz, ) — (Qaz, 2) + (Qux, ) = 0.

Hence, PA\P=PP, for each A€o, (T). It follows that T*MCM. For, if z<M,
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T*z = 3, T*P.Px+T*QPz)= ), T*PiPx (since T,=0)

Aeap(T) Aeop(T)

= > AP\Pz (since T*z = Az for 2 Ns(A))

Reon(T)

= ¥ PaPaz=Pr*( ¥ Pa)em.

Aeoy(T) Aeap(T)
Therefore the theorem is proved.

REMARK. In Lemma 1 and Theorem 1 the assumption of compactness
of T™ is replaced by the assumption of compactness of operator T*»7T%...
T*»T% for some non-negative integers p;,qs,**, P, Gy -

The following theorem is the converse of Theorem 1.

THEOREM 2. Let T be an operator such as T™ is compact for some
integer m =0. If every subspace which is invariant under T reduces T,
then T is necessarily a normal operator.

PROOF. Since each %:\) (W€ o, (T)) is invariant under 7, N:(\) is a
reducing subspace for each A € o,(T"), and we have TT*z=NT*x for x € Ns(N).
It follows that

IT*z—\zl|* = (TT*z, ) — MT*z, 2) — MTz, z) + |n]*]z]?
= MT*z, ) = MT*z, z) — [M*z]® + [M]*]|2]?
=0.

Thus {N+(N): Mea,(T)} is a mutually orthogonal family of reducing subspaces
and the restriction of T onto H,=)_ @RNs(\) is a normal operator. Let Q be

Aeos(T)
the orthogonal projection onto H,=Hj. It is sufficient to show that 7Q = 0.
Now, suppose the contrary. Then 7™Q = (TQ)™ #0. In fact, if (TQ)™ =0,
(TQYTQ)"'x=0 for xc H, and 0€ o,(T), which is a contradiction. By this
fact, And6’s discussion [1: p.339] is fairly applicable to the compact operator
(T'Q)™ since a polynomially compact operator®> has a non-trivial invariant
subspace by a recent result [3], and we can conclude that 7Q=0. For the

*) An operator T" is called polynomially compact if p(7T") is a compact operator for some
polynomial p(.).
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sake of completeness, we shall state the detail of the proof. Consider the family
F of all subspaces M C H,; which are invariant under 7, the restriction of 7 onto
H,, and satisfy the condition |P.T7| = |T7||. Then we can see that the family
F contains a minimal member M,. This is an immediate consequence of
Zorn’s lemma and Lemma 2 which will be proved later. Of course, M, = (0)
since T7#0. If dim M, =2, M, contains a non-trivial subspace M which is
invariant under 7, by [3]. MM reduces T, by hypothesis and we have

”TT” = ”PmoT;n“ = Max{”PmTin”’ ”(Pmo_Pm) T;n"} -

It follows that either M or M, NMLS=M, is a member of F, and this contradicts
the minimality of M,. In case dim M, = 1, M, = {ax: a complex} for some
unit vector x € H, and Tx=MAx for some complex number A, which is also a
contradiction. At any rate, it does not happen that 7,70 and the proof of
the theorem is finished if Lemma 2 is proved.

The following lemma shows that the family F in the proof of Theorem 2
is inductive and assures the existence of IM,.

LEMMA 2. Let A be a compact operator on a Hilbert space H and
{M.} be a totally ordered family (by inclusion) of subspaces each af which
is invariant under A and satisfies |Prn Al|=|A4|. Then |P,A|=|A| where
N=NM,.

PROOF. Let £€>0 be given. For each «a, there exists a unit vector
Z, € H such as

|(Pa—Pas) Azal) > [(Pa—Puo) All — =-.

Since {«.} is a bounded set and A is a compact operator, we can choose a
subnet {Zs} and an x < H such that {Ax.,} converges to x strongly. As Py
is a strong limit of P, there exists a » such that

ll(Pma,—Pn)xll<%, IleaV—xll<——i—.

Then we have
[(Po—Pug) Al < |(Pe—=Pu) Azl +-5-

= (P Pao YAy =2)| + (P P 2l + -

V-
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=2 Azo,~2] + |(Pi= Pual + 5 <.

As &> 0 is arbitrary, we have

I1P.A|l = lim| Po,, All = [ A
which completes the proof.

3. In connection with the results in section 2 and [5] we shall prove a
theorem. Following V. Istriitescu [4], an operator T is called of class (V) if
| T?z|=||Tz|? for all unit vectors £ H. Then the following theorem is a
special case of the result in [5].

THFOREM B. Let T be an operator of class (N) such as T™ is compact
for some integer m =0. Then T is necessarily a normal operator.

The following lemma is an easy exercise (see [2]) and we omit the proof.

LEMMA 3. Let T be a hyponormal operator and P a projection. If
PTP=TP and TP is normal, TP=PT.

From Theorem B and Lemma 3, we have the following theorem.

THEOREM 3. Let T be a hyponormal operator and I a subspace which is

invariant under T. If T™P. is a compact operator for some integer m =0,
then M reduces T.

PROOF. For a unit vector x € H,

| T Puzx|? = (T*TPux, x) < | T*TPux|
= |T*Pux| = [(PTw)’z] .

Hence TP. is an operator of class (N). On the other hand, 7"P. = (T P.)"
is a compact operator by the hypothesis and so TP, is a normal operator by
Theorem B. Therefore TP,=P,T by Lemma 3.

ADDENDUM. Professor T. Andé has kindly remarked in a private com-
munication that when 7T is a normal operator 7™ is a compact operator if
and only if T is a compact operator and hence our Theorem 1 is an immediate
consequence of Theorem A.
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