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Introduction. Let us consider a hypersurface M"' of a Riemannian
manifold M. For a linear transformation F of the tangent bundle T(M") of
M" we always define a linear transformation f of the tangent bundle T(M™1)
of M™' in such a way that f is the correspondence X< T(M"') to the
tangential components of FX to M" '. The study of such a transformation f
is rather fundamental in studying the theory of hypersurfaces of a Riemannian
manifold whose tangent bundle admits a remarkable transformation F. In
fact, in the previous paper [3] the author has obtained the following result.

Let the linear transformation F be a natural almost complex structure of
an even-dimensional Euclidean space and f the induced linear transformation
of the tangent bundle of a hypersurface in the above sense. If the linear
transformation f is commutative with the linear transformation A which
is defined by the second fundamental tensor of the hypersurface, the hyper-
surface must be one of the followings :

1) (2n—1)-dimensional sphere S*"7,

2) (2n—1)-dimensional Euclidean space E*",

3) Product manifold of an odd dimensional sphere S? with a Euclidean

space E*"~7~1, _

In this paper, we assume that M be an odd dimensional sphere S"+! and F
be a linear transformation determined by the natural contact structure on an
odd dimensional sphere S$***!. Then we can define the transformation f of
the tangent bundle of a hypersurface in S*"*' and discuss the problem that
for what hypersurface the commutativity of f and % to be satisfied. To study
this problem, in §1, we give some properties of the contact structure of
S?"+1 and in §2, some preliminaries of the theory of hypersurface. In §3, we
study a hypersurface of an odd dimensional sphere and prepare some identities
for later use. In the last §4, we determine the hypersurface with constant
mean curvature for which the commutativity h-f=f-h to be valid.

1. Contact Riemannian structure on an odd dimensional sphere. A
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(2n+1)-dimensional differentiable manifold M is said to have a contact
structure and to be a contact manifold if there exists a 1-form 5 on M such
that

11 A\ (dn)"#0

everywhere on M, where dy is the exterior derivative of # and the symbol
A means the exterior multiplication. 7 is said to be a contact form of M.

Since (1.1) means that the two-form d is of rank 2n everywhere on M
we can find a vector field E on M uniquely by

1. 2) n(E)=1,  dn(E, X)=0,

for an arbitrary X e T(M).
Let S*' be an odd dimensional sphere which is represented by the
equation

2n+2

1. 3) > (xf)y?=1,

in a (2n+2)-dimensional Fuclidean space E®"** with rectangular coordinates
x4 (A=1,2+--,2n+2). We put

3

+1
(1. 4) n= % (I"““"dx“—x“dx"““'),

a=1

then the 1-form 7 defines a contact form of S***! and so we find a vector
field E on S**! satisfying (1.2).

The Riemannian metric g on S**! is naturally induced from the Euclidean
space E***? in such a way that

~ ~(2 O x’xt ~ G
) 91n=9 (@7, 5;) =0, + (e ¢=8"—xlx".

With respect to thus defined Riemannian metric, the Riemannian curvature
tensor R of S?"*! satisfies

1. 6) R(X,Y)Z=¢(Z,Y)X—¢(Z, X)Y .

Using (1.5), we define a transformation F; T(S*"*))—T(S***') by
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a7 2 g(FX,Y)=dn(X,Y),

for X,Y € T(S***'). Then the set (F, E, », E) satisfies?

(1. 8) 0B X=X,

1.9 9FX, FY)=9(X,Y)—9(X)n(Y),
and consequently

(1.10) 7(FX)=0,

111 FPX=—-X+9X)E.

In general, the set (¥, E, 5, g) which satisfies (1.1), (1.2), (1.7), (1.8) and (1.9) is
called a contact Riemannian (or metric) structure. It is known® that if the
contact Riemannian structure on S$°"*!' is defined by (1.4),(1.5) and (1.7), it
satisfies further that

(112) (T (X, V) =n(XRY, 2)— 1Y) o(X, ),
(1.13) ViE=FX,

for any vector fields X, Y, Z on M, where ¥/, denotes the covariant derivative
with respect to the Riemannian metric g.

2. Hypersurfaces of a Riemannian manifold. Let M™ be an m-dimen-
sional orientable differentiable manifold and ¢ be a regular, differentiable

mapping M™ into M, whose dimension is m+1.

By a regular mapping ¢ we mean a differentiable mapping, such that the
m X (m+1) matrix of functions representing the first partial derivatives in
any parametric representation of ¢ has rank m at every point of M™.

The Riemannian metric ¢ of M naturally induces a metric g on M™ by
the mapping ¢ in such a way that ¢(X,Y)=g(d¢(X), dp(Y)), where we denote
d¢ the differential map of ¢, and X,Y tangent vectors to M™. Since the
image under d¢ of the tangent vectors at each point p< M™ forms a hyper-
plane in the tangent space of M at ¢(p), one can choose either of the two
opposite unit vectors orthogonal to the tangent space image. Since M™ is
orientable, if we assume that M is also orientable, we can choose the unit
normal vector N to the hypersurface in such a way that, if (B, ---, B,) is a
positively oriented frame of tangent vectors at p, then the frame (I, d¢(B,),

1) S.Sasaki and Y.Hatakeyama [4].
2) S,Sasaki and Y.Hatakeyama [4].
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-« -, dd(B,)) at ¢(p) is positively oriented.
The second fundamental form of the hypersurface M™ is defined as the
components along N of the covariant derivative of d¢(X), that is,

@ 1) Vaswdd(Y)="V5Y + H(X, Y)N,

where we denote by % and 'Y the covariant derivative with respect to the

Riemannian metric ¢ and the tangential component of Vagnd$(Y) respectively.

It is easily verified that "V/;Y is identical with the covariant differenti-
ation of Y with respect to the induced Riemannian metric ¢g. Thus we
write (2.1) as

@. 2) VY =VY—HZX,Y)N,

where we identify, for each pe M™, the tangent space T,(M™) with

dA$(T(M™))C Tyn(M) by means of the immersion ¢.
Since N is the unit normal vector field to M™ we have

(2. 3) 9N, N)=1,
and consequently
(2. 4) 9N, 7zN)=0.

This means that the covariant derivative </ N of the unit normal N in
the direction of the tangent vector field X is tangent to the hypersurface.

On the other hand, differentiating both members of the equation g(N,Y)
=0 covariantly in the direction of a tangent vector field X, we have

KV N, Y)+g(N, 7 5Y)=0.

Substituting (2.2) into the second term of the above equation, we get
easily

(2. 5) d(ViN,Y)=—H(X, Y).

This equation is called the equation of Weingarten.
Let {z'},i=1,2,---, m be local coordinates in an open neighborhood U of

pe M™. The set of the vector fields (B,, - -+, B,,), where B,= é% (i=1,2,+--,

m) is called the natural frame of M™. We choose positively orientable frame
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(N, By, + + -, B,,) at each point of ¢(p) < M. Then V4N can be expressed as a

linear combination of B, (=1, ---,m) and we put

%,\’N: - Z hiBi

i=1

or
(2. 6) V5 N=— i h;B,.

Consequently we have from (2.5),
@7 H(B,, B,)= éhf‘;(Bi, B,)= :ghj"y(Bu B)=h}gin=h,

where and throughout the paper we put ¢(B;, B;)=g¢;; and use Einstein’s summ-
ation convention for brevity. In the following discussions we identify H(B,,
B,) and hj* by means of g;; or of g’* which is inverse matrix of g, and so
we denote H(B,, B))=h;,.

Since the Riemannian connections vV and WV are both torsionless, we
easily see that H(X,Y)=H(Y, X) and consequently A, =h,;.

The mean curvature u of M™ in M is defined by

P B
2. 8) ,“':79] hy = m hit.

It is a scalar on M™ independent of the choice of the frame.
When at each point of the hypersurface M™ there exists a differentiable
function a such that H(X,Y)=ag(X,Y) for any X,Y € T(M™), or equivalently

@9 hyi=ag;,
we call the hypersurface a totally umbilical hypersurface. Moreover, when
the proportional function a vanishes identically we call the hypersurface a

totally geodesic hypersurface.

LEMMA 2.1. A necessary and sufficient condition for a hypersurface to
be umbilical is that the following equation is satisfied :
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(210) | hatt= = (Y,
m
where h'*=g’"¢"*h,; and h,"=g'"h,,.
PROOF. This follows from the identity
(hss = b g B = =Ryt = — (),
and the positive definiteness of the Riemannian metric g

The relation of the curvature tensors M™ and M is given by the following
Gauss equation

(211) Ryjin=g(R(A$(By), d$(B,)dd(By), d$(Bi)+hyihun—huihyn,

where R, m‘ denotes ¢(R(B,, B,)B,, B,) for brevity.
We also give the equation of Codazzi.

(2.12) Vihin— ik =g(R(AH(B)), dp(B,))dd(B.), N)

where

oh
Vihin= axijh - {;:i}hrh_ {J%}htr-

If the Riemannian manifold M is a space of constant curvature, that is,
if we have

(213) RW, XY =k{yX, VYW —g(¥,W)Z} for any X,Y and W e T(M),
then, from {2.11), the curvature tensor Ry, of M™ takes the form

(2.14) Ry jin=k(5196n— gei9in) + hsihocn— huilsn.

In the same way, for a space of constant curvature M, we have

(2.15) Vihin— ihjn=0,

because of (2.12).

3. Hypersurfaces in an odd dimensional sphere. We consider a hyper-
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surface M*" in an odd dimensional sphere S***!. In this paper we regard S***
as a contact manifold with contact Riemannian structure (F,E,, ¢g) defined
by (1.4), (1.5) and (1.7).

The transform FX of a tangent vector field X < T(M?*")c T(S**') can be
expressed as a sum of its tangential part (FX)" to M®" and its normal part,
that is,

FX=(FX)"+¥(X)N.

The correspondence X € T(M**) to (FX)" and that Xe T(M*") to Y(X)
define respectively a linear transformation f:7(M*")—T(M?*") and 1-form +
on M?". So the above equation can be rewritten as

(3. 1) FX=fX+y(X)N,
from which we get
3. 2) W(X)=y(FX, N)=—y(X, FN).
By means of definitions of F' and f we have immediately that

3.3 9IX Y)=—yX, fY).

Let {x'} be a local coordinates in a neighbourhood U of pe M?". We
choose a frame (N, B,,+--, B;,), B,= 5%(1‘=1, e+, 2n) in T(S™™*'), then from
(3.1) we have

. 2n
3 49 FB,=3"fIB,+fN,
k=1

where f;* is the components of the matrix which defines the linear transfor-
mation f and f; is that of the 1-form .

On the other hand the transform FN of the unit normal N by F is
perpendicular to N and consequently tangent to the hypersurface M.
Hence it follows that

2n

3. 5) FN= 3 ¥'B,.

h=1

Substituting (3.5) into (3.2), we find
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2n

(3- 6) fi = ‘I’(Bi)z - ; k”?(Bz, Bh): —k;.

Thus, in what follows we identify f; and —k* by means of the Riemannian
metric g and denote &* by —f".
The vector field E being tangent to S*"*!, it is represented as

2n
@7 E=3 p'B.+qN,
h=1

from which we have immediately
(3. 8) 7B = (B, E) = £ gun,
and consequently we denote 7(B;) by p.
We also get easily that
3. 9) g = g(E, N) = n(N).

Transforming again the both members of (3.4) by F and making use of
(1.11), (3.4), (35) and (3.6), we find

—B, +;biE=ﬁ"f,,jB,- +fihan_ﬁijj -
Substituting (3.7) into the above equation, we get
=B, + pp"By + gpN=f"f,'B; + f" /1 N— f.f'B;,

from which

(3.10) [if'==8+ pp + fif’,
(3.11) fitgn=aqp,.

Transforming again the both members of (3.5) by F and making use of
(1.11), (3.4) and (3.6), we get

—N+9(N)E=—f'f,"B, —f'fiN.

Substituting (3.7) and (3.9) into the above equation, we have
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—N+gqp"B, + ¢*N=—f'f"B, — f'fiN,
from which
(312) ffi'=—qp",
(3.13) Sfi=1-¢%.

Since g(FN, FN)=¢(—f‘B,,—f'B;)=¢,,f’f% the last equation shows us that
the square of the length of FN is always less than 1.

Since the second condition of (1.2) is equivalent to ¢(FE, X)=0 for any
X e T(M?"+1), it follows that FE=0 and consequently we have

FE = p/FB, + ¢gFN=0,

because of (3.7). Substituting (3.4) and (3.5) into the above equation, we
obtain

Pfi"B,— qf*B, + pPf.N=0,
from which
(3.14) P =qf"
(3.15) Pf,=0.

From (3.7) the second condition of (1.2) is now rewritten as

WE) = g(E, E) = (B, + gN, p'B; + gN) = p p’g,, + ¢* = 1.

From this fact we have
(3.16) 9P =1—qg".

Differentiating (1.7) covariantly in the direction of Z and taking account
of (1.7) and (1.12), we find

(317) WDHZ, D)o W2 Ry + - a7 5%, D =gV FR), V).

Substituting B,,B; and B, for X,Y and Z respectively and regarding the
fact that

dn(X,Y)=29(FX,Y)=2¢9(fX,Y) for X,Y < T(M*")
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we obtain
2{n(B.)g(B:, B;)—1(B.)y(Bs, B;)} +dn( 5,Bs, B))+H(B,, B,)dn(N, B.)
=29(V 5(fu"B,), B)+2f,9(V N, B)

from which
(3.18) NS = D9 — tugsi + Fihin — il

where we put

— r_ r s T _rr]S
Vifin=9u 177 = gn. (0,7 + fi {]S} S {]D
Substituting N, B, and B, for X Y and Z respectively in (3.17), we get
2 N)Y(B, B)+dn(V 5N, B)=¢(V (FN), B).
This implies, together with (3.5), (3.6) and (3.9), that
(319) Vifi=—a9; + f*hgns,
where
Vi f=ga¥ P =ga@ | L)
iJi in Vj gin\%; jr .
Differentiating (3.8) covariantly in the direction of B;, we obtain
Ve p=9(VsE, B) + g(E, V5,B,).
Substituting (1.13) into the last equation, we get
— h T h
(3.20) Vb= @;p"+p {rj ]’) Inu=Fu+qhy.
In exactly the same way, we have
(3.21) Viq=Vsq=Ff;— p'hy
because of (3.9).

4. Determination of the hypersurfaces with f-h=h-f. Let M®" be a
hypersurface of an odd dimensional sphere S?**! of radius 1. In this paragraph
we always assume that the vector field E over S***! is not tangent to the
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hypersurface at almost every point on S***!.

LEMMA 4.1. If the mapping f and h are commutative, the following
identities are valid.

4. 1) H; f'p =0,
(4. 2) H,ff* = Hp'p.
PROOF. We operate f-h to p'B,, then f-h=h-f and (3.14) show us that
(4.3 S-h(p"B,) = h-f(p'B,) = h(p'f,'B,) = qf'h(B)),
and consequently it follows that
(4.9 9(f-h(p"B,),p'B))=qf* p'g(W(B:),B;)=qH, ' p'.
On the other hand, from (3.3), we have
(4.5 9(f-h(#'B.), p'B;)=—g(h(¢"B.), f(¢'B;))
=—H(p"By,p'f'B;)=—qH.p'f.
Comparing (4.4) (4.5), we get (4.1). This proves the first assertion of the

lemma.
Next we consider the inner product of f-h(p"B,) and p'(B;). Then we get

(4. 6) 9(f-h(p"B.), f'B;) = g(af "By, f'B;) = ¢H . 'f*,

because of (4.3).
On the other hand, from (3.3) and (3.12), it follows that

9(f-h(p"Bs), f'B;) = — g(h(p"Bs), f1(B)))
=— g(h(p"By), ff;'B;) = qHy pp p.

This shows, together with (4.6), that (4.2) is valid. This completes the proof
of the lemma.

A vector field X is called an infinitesimal conformal transformation if it
satisfies for any Y and Ze T(M?")

(4.7 (LXNY, Z) = 2py(X, Y),
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where p is a certain scalar function on M?" and L(X) is an operator of the
Lie derivative.

LEMMA 4.2. Assume that the mapping f and h are commutative. Then
the vector field FN is an infinitesimal conformal transformation.

PROOF. By definition of the Lie derivative the left hand member of (4.7)
takes the form

LY, Z) = VX, 2)) — 9(X,Y), Z)+9(¥, [Z X])
= 9(VyX, Z) + g(V.X,Y),
from which
4.8  (LEN)Y)B, B)) = g(Vs(EN), B) + o(75(FN), B)
= — 9(Vs(f"Buw), B;) — 9(V5,(f*Bn), By)
== Vfi — V.ifs
Substituting (3.19) into the last terms of the above equation, we obtain
(L(FN)9)(By, B;) = hy"fir+hi'f 1 +299; = 2995
because of the assumption h-f=f-h. This shows that the vector field FN is
an infinitesimal conformal transformation. This completes the proof of the

lemma.

Owing to Lemma 4.2, FN is an infinitesimal conformal transformation
and consequently we have®

4.9 ViVifo + Ryinff == 9V 30 — 9inV i@ + 95V,

because of (4.8).
On the other hand covariant differentiation of (3.19) gives us that

(4.10) Vszfn = vjh'irf;cr - Pnhji + Prhirgjh
— fihihye + fiR TR — 9in NV 59,

3) For example K. Yano [6].
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because of (3.18). Since S*"*! is a space of constant curvature k=1, we have

Rkjih. = G5i9kn — Jxi¥in + h'jihkh - hkihjn,
by virtue of (2.14), from which

(4‘11> Rk]'ihfk:gjifk_g]’hfi+hjih’khfk—h]’hhkifk-
Substituing (4.10), (4.11) into (4.9) and making use of (3.21), we get

- vjh'irfhr - Pnhji - fhhirhjr +hjihkhfk= - giiprhkr-

Suppose now that M?" has the constant mean curvature p. Then the
above equation gives us that

(4‘12) — phit — fhhjih'ji + hiihjhfj =—2np'h;,

because of (2.15). The equations (3.13), (3.16), (4.12) and Lemma 4.1 imply
that

(413) (1 — g)h,' = 2nh,,p' P,
and
(4.14) A—gh;h" =h'h;, 1

Again using Lemma 4.1 and eliminating A, f'f", we get
(415) (=g Ay = o= (i)} =0
. Ji 2n i .

Let M, be a set of non-umbilical points of M?". Then M, is necessarily
an open set of M?*". Furthermore by means of Lemma 2.1 and (4.15) it follows
that ¢°=1 in M, consequently we get pp'=0 because of (3.16). The
Riemannian metric ¢ being positive definite, this shows that =0 at each
point of M,. From this fact, in M, we have

Vit =fi+ qh; =0,

by virtue of (3.2). However since f;; is skew-symmetric and A; symmetric
with respect to their indices, the last equation means that f;;=0, 2;=0 in
M,. Thus we have

p=0

at each point of M, The mean curvature g being constant over M, it
follows that A;,=0 in the complement of M, in M*". Thus we can deduce
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that if there exists a non-umbilical point in M?®", the hypersurface is totally
geodesic. From these consideration we can prove the following

THEOREM 4.3. Let M be a hypersurface with constani mean curvature
of an odd dimensional sphere S’ and E be the unit vector field on S™™*
which is determined naturally from the contact form of S*"*'. If E is not
tangent to M at almost everywhere and if the mapping f and h are
commutative, the hypersurface is umbilical. Furthermore if M is complete,
it is a 2n-dimensional sphere.

PROOF. The proof of the first statement of the theorem has already
given in the above discussions and so we give the proof of the latter
statement of the theorem.

Since M?®" is totally umbilical, from (2.14), it follows that

1
(416) Rijin =+ E)g5i90— Guifon) k=5 ho".

This shows that the hypersurface M?" is a space of positive constant curvature.
M?™ being connected, complete Riemannian manifold, we have from the
Myers’ theorem?®, M?®" is compact. Moreover, M?®*" being orientable and even-
dimensional, it is simply connected.” Thus we have the latter assertion of
the theorem.® This completes the proof.

REMARK. Recently Y.Watanabe [7] have proved that in a normal contact
Riemannian manifold, a complete, totally umbilical hypersurface with constant

mean curvature u is isometric with a sphere of radius 1/./1+u’ Using this
result, we can also prove the latter assertion of the theorem.
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