Toéhoku Math. Journ.
20(1968), 425-430.

AN EXTENSION OF TANNO’S FORM OF THE
CONVOLUTION TRANSFORMATION

J.N. PANDEY® AND A.H. ZEMANIAN

(Received February 5, 1968)

1. Introduction. The convolution transformation of Hirschman and
Widder [1]:

(1) F(x)=f}(t)G(x—t)dt —oo L x <

has been extended by Tanno [2]—[4] to the case where f(#) is a suitably
restricted conventional function and the two-sided Laplace transform of G(¢)
is a meromorphic function with only real poles and zeros. The particular
form of Tanno’s kernel that we consider here is the following :

1 ioo st
(2) G) = — = T‘Gds,
(3) o) = M=%

The a, and ¢, are real positive numbers such that

0<a=a, =<0, = =c0+; ay = Cx;

0=<Iim k. < lim L < oo,
k- Cp koo Ap
From a certain point on, all ¢, may be equal to infinity.
Our objective is to extend (1) to the case where f is a generalized function
of a certain type and to establish in this case the validity of Tanno’s inversion
formula in a certain weak sense.

2. The Extended Transformation. Let ¢ and d denote real numbers,
let L., be the testing-function space defined in [5], and let L., be the
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corresponding dual space of generalized functions. Now, Tanno [2; p. 41]
has shown that G(¢) is a C= function having the following asymptotic
properties. With p(¢) denoting some polynomial, we have

(4) G(t) = p(t) e ™" + R.(2) = p(—t)e** + R_(t)
where for any given nonnegative integer n and for some ¢ >0,
D"R.(t) = O(e™‘@*9%) t— oo,
D"R_(t) = O(e@*9") t— —oo,

Here, D=D, = d/dt. 1t follows that, if ¢ < a, and d > —a,, then, for each
fixed x and any nonnegative integer k, D ,G(x—t) as a function of ¢ is a
member of L., Hence, we can define the convolution transform of any

feL.a by
(5) Fx) = < fit), Glx—8t)> —co L x < 00,
Precisely the same proof as that of [5; Theorem 4.1] establishes the

PROPOSITION. Let feL,, for some c<a, and some d> —a, and
let F(x) be defined by (5). Also, let a and b be any real numbers such that
a < min(a,, —c) and b > max(—a,, —d). Then, F(x)e L,,. Moreover,

Dt F(x) = < f(t), DEG(x—1t)> .

Note that our conclusion implies that, for each nonnegative integer £,
there exists an 7 >0 such that

(6) Dk F(x) = O(efa-nl=l) x| > 0.

3. An Integrodifferential Operator. Let a be a real number and define
an integration operator on a continuous function ¥(x) by

J ae‘”f V(y) e dy a>0

T

1

T=pja Y@= .
l ——ae“’”f V(y)e ™ dy a<0,

The right-hand side exists if ¥(x)=0(exp[b|x|]) as |x|—c and if |b|<|a].
In this case we also have
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1

- - — Izl 5 00
(7) =pa Y@ =0 |z| e
Moreover,
1 1
T-D.ja Y& = 12D, ja YD

Next, we define the integrodifferential operator P,(D) by

T 1—D/a)1+D/ay)
1= (1—=D/c,)1+D/cy)

P,(D) = =1,2,3,---.

When P,(D) is applied to a C* function ¥(x) satisfying (7) with |&| < a;, the
order of application of the differentiation and integration operators within
P,(D) can be changed in any fashion. Indeed, an integration by parts shows
that, for |a| = a,,

D(l—lD/a q’) - 1—})/a (D).

Furthermore, for |a]| = a,, |8| = a,,

1 1
fi= 1-D/a ’ 1—D//8\I"

and

1 1
fo= 1-D/8 " 1-D/a

v,

a computation shows that
(I = D/a)y1 — D/B)(fi— f2) =0.

Hence, f, — f; = Aexplax] + Bexp[Bx]. But, f,— f; = Olexp[b|x|]) as
|x| — oo, and therefore A = B =0. Thus, f; = f;. These results imply our
assertion.

4. Inversion. We now show that Tanno’s inversion formula can be
extended to the present case if the limit therein is understood in the sense
of weak distributional convergence.

THEOREM. Let fe L,  for some c<<a, and some d > —a,, and let F(x)
be defined by (5). Then, for every C= function ¢(x) of compact support,
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(8) lim <P(D)F, > = < f, >

PROOF. The proof consists in establishing the validity of the following
manipulations, wherein D = d/dx:

(9) <P.D)F,p> = <F, P(D) p>

(10) = <PuD) p(x), < f2), Glx—1)>>
(11) = < flt), <Pu(D)g(x), Glx—t)>>
(12) = <ft), <@(x), PD) G(x—t)>>

and then in showing that <@(x), P,(D)G(x—¢t)> converges in L., to ¢(¢) as
7n— oo,

The equality in (9) is established by repeatedly integrating by parts and
using the order estimates (6) and (7) to show that the limit terms in each
integration by parts are equal to zero. Obviously, (9) is equal to (10).

To see that (10) is equal to (11), we first note that (7) implies that for
each v >0
(13) PD) p(z) = O(e"*1) x| > o0

This fact coupled with (4) imples that

(fX - fx) Gl@—1) PyD) p(2) dx

converges in L., to zero as X — oco. These results and the estimate (6) imply
in turn that, given any ¢ >0, we can choose X so large that

‘ ( f j + fx m) < F(@), G—£)> PuD) () dx] <e
and simultaneously
‘ < fe), (ﬁ:" + L"") G(x—t) P(D) p(x) dx> | <e€.

Finally, we can show that

[ <10.6a-0> PAD ) dz = <0, [ Ga—t) P(D) pler) d>
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by using Riemann sums in exactly the same way as in [6]. This verifies that
(10) is equal to (11).

We get from (11) to (12) by repeatedly integrating by parts and using
the estimates (4), (7), and (13) to set all limit terms equal to zero.

Now for the last step: let G, = P,(D)G, n=1,2,3,---; G, isa C~
function. Tanno [2; pp. 43, 45, and 48] has shown that

(14) G(t)=0 —oco<t< oo,
(15) f an(t) dt =1,

(16) sgn DG,(t) = — sgnt,

a7 lim G,(¢) =0 0< |t < oo

n—>00

We also need two lemmas.

LEMMA 1. For any 8§ >0,

lim | G,(t)dt =0.

e Jit>8

PROOF.

ng G,.(®) dtéB‘*’f 22 G,(t) dt_g_a‘zf t*G,(t) dt .
1t|>8 '

[t|>8 -
By [2; Theorem 4A), the right-hand side tends to zero as n — oo,

LEMMA 2. Let 8§>0, c<a,, and d> —a,., Then, as n-— oo,
expl—ct] G,(t) tends uniformly to zero on —oo <t = —3§, and expl—dt]G,(¢)
tends uniformly to zero on & =t < co.

PROOF. If ¢=0, our assertion about exp[—ct]G,(¢) follows directly
from (14), (16), and (17). So, assume 0 <c <<a,;. Also, choose the real
number a such that 1 < a < a,/c. By virtue of (14) and (16), we may write
for t <0

3

t/a o
18 0= (d—l)<— 7:[—) et G = f ule ™ Gy(u) du < f ute G,(u) du .
t —oc0

Our assertion concerning exp[—ct] G,(¢) will be completely established
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when we show that the right-hand side of (18) tends to zero as #n — co. Set
s = ca. By using [2; p.45, Eq.(3)] and differentiating twice with respect to
s, we find that the right-hand side of (18) is equal to

_ T 1-=s/ck
(19) p: T =57+

k=n+1

Then, by using logarithmic differentiation, we find (19) to be equal to

d 1 1 45t [ & 1 1 :
(20) J(s) kz (ak—s2 T =gt ) + J(s) [kgm(ai——ﬁ T st )]

n+1

1
'n(s) kgl[(ak—52)2 B (62—52)2]

where

1-5°/a;
Jo= 1 :
T e 1m8a
The last manipulation is justified by the fact that each arising infinite series
converges uniformly for s is restricted to any compact subset of the open
interval (—a,, a;). For s = ca, (20) tends to zero as n — oo, which is what

we had to show.
The conclusion of Lemma 2 concerning exp[—dt]G,(¢) is established in

a similar way. »
The above properties of G, = P,(D)G are precisely the ones needed to

show that <g/(x), P.(D)G(x—1¢t)> converges in L., to @(¢) as n— oo, The
proof is the same as that in [5; Theorem 5.3] and is therefore omitted.
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