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1. Introduction. Let X be a Banach space and let {T'(§); £ =0} be a
family of (nonlinear) operators from X into itself satisfying the following
conditions :

(i) T(0) = I(the identity) and T(& + ) = T(§) T(y) for &, 4 =0.

(ii) For each xe X, T(§)x is strongly continuous in & = 0.

We call such a family {T(§); &£ =0} simply a nonlinear semi-group. If
there is a non-negative constant ¢ such that

(iii) 1Tz — Tyl =e* llx—y| for z, y< X and £ =0,
then a nonlinear semi-group {7(£); £ =0} is said to be of local type. (In
particular, if ¢ =0, it is called a nonlinear contraction semi-group.) We

define the infinitesimal generator A, of a nonlinear semi-group {7(§); &£ =0}
by

(1.1 A = ;ugn 3 Y(T®) — Lx

and the weak infinitesimal generator A’ by

(1.2) Ax = W-laim 3 Y(T®) — D,
0+

if the right sides exist. (The notation “lim” (“w-lim”) means the strong
limit (the weak limit) in X.)

REMARK. In case of linear semi-groups, it is well known that the weak
infinitesimal generator coincides with the infinitesimal generator.

H. F. Trotter [9] proved the following convergence theorem of [linear
semi-groups.

THEOREM. Let {T,(£); € =0},11... be a sequence of semi-groups (of
linear operators) of class (C,) satisfying the stability condition

1Tl = Me* for £§=0,n=1,23,---

where M and o are independent of n and €. Let A, be the infinitesimal
generator of {T.(£); £E =0} and define Ax = lim A,x.
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Suppose that

(@) D(A) (the domain of A) is dense in X,

(b) for some M > o, RA — A) = X (or R(x — A) = X).
Then A (or the closure of A) generates a semi-group {T(§); € =0} of class
(Cy); and for each x <X

lim T(§) x = T(§) =

Sor £ =0 and the convergence is uniform with respect to £ in every finite
interval.

In this paper we shall study the convergence of nonlinear semi-groups
{T6); E=0} (n=1,2,3,---) of local type with the stability condition

(1.3) IT&) x = TuE) )| = e |z -y 5

and we can prove the following (see Theorem 2.1):

“Let A, be the infinitesimal generator of {T,(£E): E=0}, and let A’ be
the weak infinitesimal generator of a semi-group {T(£); & =0} of local type.
If there exists a dense set D, such that for each x < D,, lim A,x = A'x and

lim A, T(§) x = AT(§) x for a.a.f (with additional conditions T,(§)x < D(A,)
Sfor a.a. £), then for each x < X,

T(E)x = lim T (&) «

uniformly on every finite interval.”’
(We note here that we may take U {T(¢)x; lim A,T(E)x = AT(§) x} as
zeDo n

a set D in Theorem 2.1.) In particular if X* (the adjoint space of X) is
uniformly convex, then the Trotter theorem holds good for our nonlinear
case (see Theorem 2.3).

For linear semi-group {T(§); &€ = 0} of class (C,), it is well known that

Tz = 1811})1 T{E)x for xzeX, £=0,
where A; =8 Y(T(®) —I) and {TK&); £ =0} is the semi-group generated by
As. And, in this case, THE) = exp(£A;)) is continuous in £ = 0 with respect
to the uniform operator topology (see [3]). In §4 we shall give similar

results for nonlinear semi-groups of local type.

2. Theorems. The main theorems are as follows.
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THEOREM 2.1. Let {T,(&); £=0},.125,... be a sequence of nonlinear
semi-groups of local type satisfying the stability condition

2.1 ITw(®) x — To(€) vl = el z—y|

for £=0, n=1,2,3,--- and x,y € X, where o is a non-negative constant
independent of n,x,y, and E. Let A, be the infinitesimal generator of

(TA€); £=0} and let lim A,z = Az on a set D c [\ D(A,).

Suppose that "

(@) A(defined on D) is a restriction of the weak infinitesimal generator
of some nonlinear semi-group {T(£); £=0} such that for any 8>0, {T(£);
0 =& =B} is equi-Lipschitz continuous on every bounded set,

(b) there exists a set D,C D such that for each x < D,

(b)) for each n, T, (£)x < D(A,) for aa. £=0,
(b,) T()xeD for aa. E0.

Then for each x < D, (the strong closure of D,) we have
(2.2) TE) x=1im T () x for each £ =0,
and the convergence is uniform with respect to & in every finite interval.

REMARKS 1. If for any bounded set B there is a positive constant Mj
such that |T(¢) x — T(€) y|= Mz||x—y| for £<[0,8] and x,yec B, then the
family {7(¢); 0= ¢ =B} is said to be equi-Lipschitz continuous on every
bounded set.

2. The above theorem remains true even if the conditions “D ﬂ D(A,)’

n=1

and (b,) are replaced by “DCUﬂ D(A,)” and the following (b)),

. k=1 n=k
respectively.

(b)) For sufficiently large n, T,(§) x € D(A,) for a.a. £ =0.
The proof is given in §3.

In the above theorem, if X is a reflexive Banach space and D>D(A,),
where A, is the infinitesimal generator of {7(§); £ =0} in the assumption
(a), then the assumption (b) is automatically satisfied by taking D,=D.
In fact, if xeD, then xeD(A) and x<D(A,), where A" is the weak
infinitesimal generator of {7'(¢); £=0}; and hence T(§)x and T,(§)x are
strongly absolutely continuous on every finite interval (see the proof of
Lemma 3.3). Thus the reflexivility of X shows that T(§)x and T,.(§)zx are
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strongly differentiable at a.a. £ = 0 (for example, see Y.Komura [5]), so that
the semi-group property (i) (in §1) implies

T.(8)xecD(A,) for a.a. £=0
and

T(E)x € D(A)C D for a.a. £=0.

Thus we have the following

THEOREM 2.2. Let {T,(§); £ =0},-12s... be a sequence of nonlinear
semi-groups in Theorem 2.1 defined on a reflexive Banach space X, and let
A, be the infinitesimal generator of {T.(£);E =0} and assume lim A, x= Ax

on a set D.
If the condition (a) in Theorem 2.1 is satisfied and D>D(A,) (i.e.,

A'DADA,), then for each x< DV we have

TE xz=1limT(E)x for all £=0,
and the convergence is uniform with respect to £ in every finite interval.

T.Kato proved a generation theorem of nonlinear contraction semi-groups
defined on a Banach space such that the adjoint space is uniformly convex
(see T.Kato [4] and F.E.Browder [1]), and his result has been extended to
some class of nonlinear semi-groups (which contains semi-groups of local
type) by S.Oharu [8]. Using Oharu’s result, we can prove the following

THEOREM 2.3. Let the adjoint space X* of X be a uniformly convex
Banach space. Let {T,(€);E=0},.13,... be a sequence of nonlinear semi-groups
in Theorem 2.1, and let A, be the infinitesimal generator of {T,(§); &€ =0}
and define Ax = lim A, x.

Suppose that i

(@) D(A) (the domain of A) is dense in X,

(b for some h,<(0,1/w), RA—h,A)=X.

Then A is the weak infinitesimal generator of a nonlinear semi-group {T(€);
£ =0} of local type and for each x< X

(%) TE)x=limT &)z for all £=0,

and the convergence is uniform with respect to £ in every finite interval.

1) It is easy to see that D=D(A")=D(4,).
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REMARK. If we omit the condition (a"), then A is the weak infinitesimal
generator of a nonlinear semi-group {7(£); £ =0} of local type defined on

D(A) and the convergence (x) holds on D{A).
PROOF. If we can prove the following
the limit operator A is the weak infinitesimal generator of a
(2.3) nonlinear semi-group {T(£); £ =0} such that for any 8 >0, {T(£);

0 = £ = B} is equi-Lipschitz continuous on every bounded set,

then the convergence (%) follows from Theorem 2.2 by taking D=D(A)
because X is reflexive with X*, and the convergence implies

IT¢) z — T(E) y| = el x — vl
for =0, x,ye X.
We shall now prove (2.3). Let £ and y be elements in D(A). By Lemma
3.1, for each n, we have

Re(Anx - Any7f) :<: (1)”.7) -yllz

for f=Fx—y), where F denotes the duality map from X into X*. Letting

7n — oo
2.9 Re(Azr — Ay, f) = oz — »|°

This means that B= A — » is a dissipative (i.e., Re(Bx — By,f)=0).
And the assumption (") implies

R(1 — ho(1 — how)™'B) = X,

so that R(1 — &B)= X for all €>0 (see S. Oharu [7], Y.Koémura [5],
T. Kato [4]). This leads

(2.5) R1—hA) =X for all he(0,1/w).

Let 2 €(0,1/w). Since |z —y — h(Ax — Ay)||lx — y]| = Re(x — y — h(Ax — Ay),
) =lz—y1*—h Re(Ax — Ay, £) =1 — ho)|x — y||*(x, y € D(A), f= Kz —y))
by (2.4), we obtain

lz -y — WAz — Ay)| = A — ho)lz — 3]
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for each x,y e D{A). Consequently
(2.6) for each h<€(0, 1/w), (1 — hA)™! exists on X.

Now (2.3) follows from Oharu’s results ([8; Theorems 4.1 and 4. 2]).» Q.E.D.
3. Proof of Theorem 2.1. We start from the following

LEMMA 3.1 If {T(§); E=0} is a nonlinear semi-group of local type
with |T(E)x — Ty Zet|lx —y|(E=0,x2,y<X), and if A is its weak
infinitesimal generator, then for each x,y < D(A’) we have

Re(A'z — Ay, f) = oz — y|*
for any fe Fx — ), where F is the duality map from X into X*.
PROOF. Let x,y< D(A’), and let fe Fx — y).
Re (¢'[T®)z — ] — E'TE)y -y ).0)
= E'R(T(§) x — TE) v, f) — §'Re(x — y, f)

=8TE 2 - TEyllx -yl — £z -y
=&7(e* — Dz -yl

Letting £ —0 + , we get
Re(Ax — Ay, f) = 0|z — y|
Q.E.D.

LEMMA 3.2 (T.Kato [4]). Let x(§) be an X-valued function on an
interval of real numbers. Suppose x(£) has a weak derivative x'(n)e X at
& =9 and |z(E)| is differentiable at £ = 7. Then

2l [ % 12®1|_= Re(z(.f)

£=9

for any f < F(x(n)).

LEMMA 3.3. Let {T(£);E=0} be a nonlinear semi-group with the

2) We note that (2.4) implies the condition (S) in his theorem.
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weak infinitesimal generator A’, and let for any 8 >0 the family {T(§);
0=¢ =B} be equi-Lipschitz continuous on every bounded set. If x < D(A")
and T(E)x €« D(A") for aa. £ =0, then A'I(E) x is strongly measurable and
essentially bounded (and hence, Bochner integrable) on every finite interval,
and

TE) x — x = f AT(xdy  for all £=0,

Consequently T(£) x is strongly differentiable at a.a. £ and
(d/de)T(E)x = AT(E)x  for a.a. £ =0.
PROOF. Let 8> 0 be an arbitrary given. If we put
B={T§)x; 0=£(=1} and K=supd™|T®)z — =],

then B is a bounded set and K is finite. Since the family {7T(§); 0 < = 8}
is equi-Lipschitz continuous on B, there exists a constant M}y such that

1Ty — TE) 2|= Maly — =|
for all y,z< B and £ <€[0,8]. Therefore, for 0=¢(=<8 and 0 =8 =1, we have
(3.1 T + 8)x — T(E) x| = Mp|| T(®)x — x| = M3 Ka.

This shows that 7(£)x is strongly absolutely continuous on [0, 8]. Since
T(E)x e D(A’) for a.a. £=0,

[ ATz = wlin$~(T®) - DTE) =
&2 1 = wlim8(T(& + B — T(®) )

for aa.£=0; hence AT(§)x is strongly measurable (for example, see [3,
Theorem 3.5.4]). By (3.1) and (3. 2)

|ATE) x|= Mz K for a.a. £<[0, 8],

so that A'T(E) x is essentially bounded on [0,8]. Consequently AT(§)x is
Bochner integrable on [0, 8].

Let feX* Since (T(&)x,f) (= fT(E)x)) is absolutely continuous on
[0, 81, (T(€)x,f) is differentiable at a.a. £ €[0,8] and
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Y d
(M) x.f) ~ @) =[ -G Tz dn
for any £ €[0,8]. Moreover it follows from (3.2) that
GO 5.f) = ATO2.9)

for a.a. £€[0,8]. Thus the above equalities and the Bochner integrability of
A'T(€) x on [0, B8] show that

3
(&) %.f) — @ f) = [ (AT 2, Ndn
£
~( f ATG)z dn,f)
for all £€[0,8]. Hence we get
TE)x — z = f "AT()zdy for all £<[0,8]

and (d/d EYT(§) x=A"T(§) x for aa. £ [0, B].
Q.E.D.

LEMMA 34. Under the assumptions of Theorem 2.1, for each x <D,
we have the following :

3.3) { AT(E) x is strongly measurable and essentially bounded on every
) finite interval.

3. 4) T®z—z= [ ATG)zdy  for all E=0

and (d/dEYT(E) x=AT() x for aa.£ =0.
3.5) T, )x— x= f f A, T,(p) xzdy for all £=0
and (d/d E)T (&) x = A, TR(§) x for aa. E=0.

PROOF. If we denote the weak infinitesimal generator of {7T(§); & =0}
by A’, then the condition (a) is as follows;
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(3.6) Dc D(A") and Ax=A'x for x e D.
Let < D,. By (3.6) and (b,)
zxe DA, T(¢)xec D(A") and AT(E)x = AT(§) x

for a.a. £ = 0. Therefore it follows from Lemma 3.3 that AT(§)x (=AT(¢) x
a.a.) is strongly measurable and essentially bounded on every finite interval,
and

Tz —x = fEAT(n)x dn for all £=0,

d/dETE)x = AT(E)x  for aa. £ =0.

We remark that for any 8>0, {T,(§); 0=§ =8} is equi-Lipschitz
continuous on X, because it is of local type. Since x e D(A,) and T,.(£)x
€ D(A,) for a.a. £ =0 (see M(b,)), (3.5) also follows from Lemma 3. 3.

Q.E.D.

PROOF OF THEORE 2.1. Let x< D, and put

3.7 2,(§) = TW(§) z — T .

By Lemma 3.4

3
2®) = [ (AT = — ATG) 2) d,

and each z,(£) has the strong derivative
2 &) = A, T(E)x — AT(E)x  for aa. £ =0;

moreover each |z,(€)| is differentiable at a.a. £ = 0 since |z,(£)| is absolutely
continuous in £ = 0. Therefore it follows from Lemma 3.2 that for aa. £ =0

3.8) { 24Nl [(@/d )] 2a(E)]] = Re(2'a(€), f2)
= Re(A,Tw(&) x — AT(E)z, f1)

for every f;e F(2,(£)). And
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£ &
@9 =@l = [ @dnlemlidy =2 [ Iz (@/dnlztnl] dn

for all £ =0. _
Let 8>0 be arbitrarily given. We shall show that the sequence
{2.E [(d/d )| z(E)II1} is uniformly (essentially) bounded on [0, 8]. Put
K, = ess sup |AT(E) x| (< )

(see (3.3). Since [A,Tw(f) x| = lim|8~(Tw(E + )z ~T(B)2)| = et lim 37| T (®)x
— x| = e*|A,x|(aa. £) and since lim A,xr = Az, there is a constant K,
independent of n such that

ess sup A, To(8) x| = K.
Consequently, for all n, we get
ess sup 22 = ess sup [ATw(E)x — AT(E) x| = K, + K,

and

4
(3.10) 2.5 = f I AnTw(n) £ — AT(n)z|dn = (K, + K3) 8

for every £ €[0,8]. Hence by (3. 8)
Hiza@®l [(@/d E)zaENT | =22 [Ifel = 122 [12(E)]
= (K, + K,)’8

for aa. £<[0,8]; so that {||z.(&)| (d/dE)|z.(E)|1} is uniformly (essentially)
bounded on [0, 8]. Thus by the Lebegue convergence theorem

lim sup [|z,(£)||* = lim sup 2 f I za(ml [(d/dm)||za(m)]|]1dn
(3.11) nesee ey

£
<2 lim sup 2.l (/dn)l=a()]1

for all £ €0, 8].
Since T(§)x < D c D(A,) and T,(§)x< D(A,) for aaf, it follows from
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Lemma 3.1 that for aa.£ =0
(3.12) Re(A,TW(&) x — A, TE) z, fr) = ol 2.5
for every f; <€ F(z,(§)). Combining this with (3. 8), for a.a. £ € [0, 8]

Iz [(d/d )l za(E)]] = Re(AT(E) x — ATE) z, f2) + @[ 2aE)]?
= | ATE)  — ATE) z| 2.1 + @25
= (K + KB ALTE) z— ATE)z| + ofz4(8)]I* (see (3.10));

and hence

3.13) lim sup [lz,(&)]| [(d/dE)]2nE)]] = @ lim sup [[z.(E)]*

for a.a. £¢[0,8]. If we put

9®) = lim sup |2,®)|* for £<[0,A),

then 0 = g(¢) = (K, + K,)’8? on [0,8] (see(3.10)), and from (3.11) and (3. 13)

we obtain

3
0= g®) =20 [ gtn) dn

for every £ €[0,8]. It is easy to see that the above inequality implies g(§) =0
for £€[0,8). Thus we get

lim | T(&) x — T(€) z|(= lim [[2.5)[) = O

for all £<[0,8]. We shall show that the above convergence is uniform. Since

¢
@1 =2 [ 1220 leala)]

(see (3.8) and (3.9)),

8
sup @) =2 [ 140 lea()l dn —0
0=¢=A 0

as n— oo, because the integrand converges boundedly to zero. Thus the
theorem holds for x € D,.
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Finally let x € D,. There is a sequence {x} (x; € D,) such that likm T =X.

Now

ITw&) x — TE)x| = [ T&) x — Tu(®)
+ 1 Tu(&) e — TE) || + 1T(E) 2 — TE) x|

= ez — x| + [Tz — TE) x|l + Mslxe — x|

for £<[0,8]. (Note there is a constant My such that [T(&)x, — T(§) x|
= Mjz|zx, — x| for £€[0,8] and %k, since the set B= {x, x,, 2y, } is
bounded and the family {7(£); 0 =§ =B} is equi-Lipschitz continuous on
bounded set.) Hence we get

lim [T(&) x — TE) x| = 0
uniformly on [0, B].
Q.E.D.
4. Approximation of semi-groups. Let {T(§); £ =0} be a nonlinear

semi-group of local type with |T(§)x — T(&) y|| =< e*|x — y||, and let A, be
its infinitesimal generator, and put

Ay =8 NT@E) —I) for §>0.

THEOREM 4.1. L Each A; is the infinitesimal generator of a semi-group
{T5&); £ =0} of local type satisfying the following conditions :

(a) For each x <X, Ty&)x e CY[0, ); X)® and
(d/dETs(E) x = AsT(E) x  for all £=0.
(b) For each £=0
sup IToE+h) z—TE+h) y—(TE) x—Ts&) y) | /|x—y] =0 as h—0.

II. Suppose that

(4.1) { there exists a set D, such that D, Cc D(A,) and for any x<D,,
' T(£) x € D(A,) for aa. £ =0.

3) CY([0, =);X) denotes the set of all strongly continuously differentiable X-valued functions
defined on [0, «). :
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Then for each x c D, we have
4.2) TE) x = }iim THE)x for all £=0,
-0+
and the convergence is uniform with respect to £ in every finite interval.

REMARK. In case of nonlinear contraction semi-groups, the theorem
has been proved by the author [6] (see also J.R. Dorroh [2]).

If X is a reflexive Banach space, then the assumption (4.1) is satisfied
by taking D,=D(A,). (For, if x < D(A,), then T(§)x is strongly absolutely
continuous on every finite interval. It follows from the reflexivility of X that
T(E)x is strongly differentiable at a.a. & and a fortiori 7T(£)x € D(A,) for
a.a. £ =0.) Thus we have the following

COROLLARY 4.2. If {T(§); £ =0} is a nonlinear semi-group of local
type defined on a reflexive Banach space, then for each x < D(A,)

T€) > =limT&) for all £ =0,

and the convergence is uniform with respect to £ in every finite interval.
We shall now prove Theorem 4. 1.

PROOF. I Fix > 0. Since the map x — As;x is Lipschitz continuous,
uniformly in x€ X (in fact, |A,x — Asy| =8 e+ 1)|x — y|| for z,y<X),
the equation

{ (d/dE)yuE; x) = Aau(E; x) for £=0
u0; x)=x

has a unique solution #(£; x) e C'([0, o0); X) for any x < X. If we define T5(§)
by

TsE)x=u(; x) for £E=0, reX,

then {75(£); £ =0} is a nonlinear semi-group satlsfymg the condition (a) and
its infinitesimal generator is A,.

We shall now prove that {T5(&); £ =0} is of local type. le x, yeX
and put

2(E) = T&) x — Ts(&) y.
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Clearly z(&) € C'([0, o) ; X) and

[ (@d/dE)2E) = ATu®) x — ATy
| 200 =z —y.

Since |[2(£¢)| is absolutely continuous, |[2(£€)| is differentiable at a.a.
By Lemma 3.2, for aa. £=0

=) [(d/d E) [=(E)] = Re(2'(§), f7)
= Re(A:sT5&)x — AsTHE)y, fo)

for every f;< F(2(£)). Note that for each u, ve X
Re(Asuw — Asv, f) =87 (e’ —1) |lw — v|?
for all fe F(u — v). Hence

[2(E) (d/d &) [=(E)] = call2()|*  for aa. §=0,

where ¢; = §~'(e**— 1); and
§
I2@)1° = 120 + [ [d/d ) I=)l"]
o
= 12O +2 [ el (/d ) =)l
§

= [2O)* + 2, [ Il dn

for any £ = 0. This leads the following inequality
n &
=@l = 12O e /R1 + [Ceoy/t) [ € = ny L=0)*

for all n and f'; 0. Letting 7 — oo, we get [2(£)|* = €| 2(0)[? ie.,
(4.3) I Tz —To@yl=e*|z—y| for all £=0,

so that {T5(&); £ =0} is of local type.

§=0.
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We shall show (b). Since |Asxr — Asy| =8 e+ 1)lx —y| for all
z,yeX,

ITo(€ + h)x — To& + h)y — (T5(&) x — Ti(&) y)|
E+h

= || | (AsTs(n) x — ATs(n)y)dn|
£

E+h

=38+ 1) | f [ Ts(m) x — Ts(n) y| dn|
£

c8<s+xn1)n

=5 e+ 1)e x =yl |h|.

Hence we obtain (b).

II. Since ¢; =8 (e*®*—~ 1) > w® as 38— 0 +, there is a constant ¢ > 0 such
that ¢; = ¢ for 0 << 8 =< 1. Hence by (4.3) we obtain

4.4 IT3) x — To(€) v = e* |z -yl
for every x,y<X,£=0 and 8 < (0, 1].
Let {3,} be a sequence such that 8, — 0 +. Put
TwE) = Ts,8) and A, = As(= 8:(TG,) — D).

Since lim Asnx = A, x on D(A,) and D(A,) = X, the assumptions in Theorem 2.1

are sat;sﬁed by taking A=A, and D = D(A,). Therefore for each x< D,
we have

TE) x=1limTs(§)x for each £ =0,

and the convergence is uniform with respect to £ in every finite interval.

Q.E.D.
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