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Introduction. When we consider the Hilbert transform f(z) = v. p. f % dt

—oo

of a function f, we have to treat the function fi(x)= f il_t)tdt. In

|z—t|=e

particular, it is interesting to estimate the maximal Hilbert transform f*(x)
=sup| fi(x)| by the measure m(e) =f Wll;l—“ dt, where 8=0 or 1 and 0=a<1.

S. Koizumi [4] shows that the operator f—f is of weak type (1, 1) with respect
to the measure m(e) where 8 =1. He says also that the operator f—f* is of
weak type (1,1) with respect to the same measure and the proof is carried
over by the same method. However the latter propositiqn does not seem to be
proved as the former proposition. The purpose of this paper is to give the
complete proof of this proposition.

We estimate the maximal function of Hardy-Littlewood with respect to the
measure m(e) in §1 and then f* in §2 with the same measure.

I wish to express my gratitude to Messrs. G. Sunouchi, S. Igari and K. Yabuta
for guidance and encouragement during preparation of this paper.

1. Maximal function of Hardy-Littlewood. For a non-negative locally
integrable function f on (—oo, +o0), the maximal function is defined by

@@ = st [ rloe

|z—t|=e

where dt is the Lebesgue measure, dm is a measure on (—oo, + o) defined by

1.1) mie) = [ ﬁ dt, 0=a<1, 5=0-or1,

1) For example, see Y. M. Chen [1], in particular, p.243 footnote.
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and L% represents the set of all functions such that f | f(@®)|Pdm < + oo

—o0

In the following, ¢ denotes a constant depending only on «, and may be
different in each occurence.

THEOREM 1. If a non-negative function f belongs to L}, we have for
any v>0

miz; @@ > ) = [ fam).

To prove this theorem, it is sufficient to show the following proposition on

of :
X = sp 1| foae.

PROPOSITION 1. If a non-negative function f belongs to L., we have
Sor any A>0.

m((z; EN@D>M) =S [ Fardmo.

PROOF. Since

1 [aape L [fmEE+)
g ] ode = s [ MEDEED pan

x

where m(€, ) means the m-measure m([€, x]) of the interval [, x]. let us
estimate

7 miE, 2)E+12]9)
z—E

under the condition £ <t=cx.
(1) Case 0=¢<=x. Since 1/(8 +S5%) is decreasing in 0<S< + oo,

8+ [* dS _ 84t [* dS _S+zx[° dS
I~x—§ ; 8+S"§ x 08+S"§ xz J, 8+8°

(2) Case £<x=0. Similarly to (1), we have
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S+ |£]° * dS
€] J, 8+5

I

I\

(3) Case £ <0<x. Setting N=Max(|£|, x),

(f f)s+|5|a—2(8+Na)f 15

Therefore in any cases,

m(&, ) O+ |¢]%) 2(8+N")
(1.2) —F = fs+s~5

Consequently we get
1 [°
ONHx) = ¢ Egep< z—m( %) _[ F@®dm(t).

Thus we shall have Proposition 1, if we show the next proposition on Af:

1 x
W) = swp s | F0amo).

PROPOSITION 2. If a non-negative function f belongs to L;,, we have
for any A>0

s WA > = - [ fOdm).
This is a consequence of the Theorem 2.1. in [2].

REMARK. Theorem 1 is false for a>1. Let f(¢)=¢® for ¢>1 and
f(#)=0 for t=1, where 0<B8<a—1, then we find that (@f)(x) = + oo for all

x. Thus we get that m({x; (Bf)(x)>A})=constant (§=1), =o0(8§=0), which
is impossible.

2. Maximal Hilbert transform.

THEOREM 2. If a function f belongs to L}, we have for any n>0
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m(les P>z o[ 1f@ldn.

In order to prove this theorem, we start with the following: lemma which
1s stated in [3] when 8 =0 and, when 8 =1, it can be shown similarly.

LEMMA 1. For any f< LY and N>0, we get the following decomposition

2.1) F@) = v(t)+ 2 walt) = v(e)+w(@),

2.2) supp w,C I,

(2.3) I, do not contain the origin in their insides and are mutually disjoint,

2.9 ) S,
2.5) [ 1w@iamo + = [ wiotamo = c [ 101dme,
@.6) Emty= o[ 1rolano,

2.7 f_ : w,(t)dt =0.

Corresponding the above decomposition, we get f*(x) < v*(x)+w*(x). We
see v € L% by virtue of (2.4) and (2.5). By [5] we get

f Hapdm@ = c [ o) dmie).

)

So we get, taking (2. 4) in consideration,

({2 >3 f) = [ ir@iano.

Next we turn our attention to w*(x). We denote by a, the center of I,
in the Lemma 1, and I} the interval which is obtained by magnifying I, two

times with center a, and set Q%= U I;. Let us investigate wn,(x) for x in
n
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0Q*. |
Setting B(x, &) = {t; |x—t| =€}, we get by 2.7)

W) = fl ] La8) gy

(1 1 I '
'/:.uo (x——i - x—aﬂ) wn(t)dt’ lf In " B(x. 8)2 g

f wa(t) dt, if I,nB(x, & #0.

|lz—t|=e x—t

If I,nB(x, &)+ @, I,CB(x,3€), so that

f LD 4, fo | wa(t) | dt = = |wa(t)ldt,

|z—t|=e |z—t| € |z—t|=3¢

and that we find

@l =] |- lwOlde [ wilde
—oo x—t |z—t] <36
Summing up with respect to n, we get

~ 1

@, [ @i

€ {x—t|=3e
"1
=2/ 5-
where ®w stands for &(|w|). Consequently,
* T

(2.8) wHx) =Y P
for x e (CQ*.

Hence

(2.9 f <Z f

)dm(x)
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= ;LI: dm(x)j:!;—cljt— xian

lwa(2)| d2

By virtue of the following Lemma 2, the last sum does not exceed

czf lwa(t)| dmle) =cf_°° |w(£)| dm(2).

LEMMA 2. For a function g whose support is contained in an interval
[a—Fk, a+k] not containing the origin in its inside, it holds that

A [ I%_t ~ o/ lo@lde = cf_: | 9®)|dm(®) .
PROOF.
f.z_a.gzk dmi() f :[ A ILOIL

1

_L1_al~"£_
x—t x |8+ |x+al®

o

(lz]z2k)n(lz+a|>]al/2) )

=f_kk|g<a+t>|dtf

|| =2k
k

:f |gla+t)|dt <f
-k (|z]z2k)n(|z+a|=|al/2)

1 X

A_L'&dk
x—t x |8+ |x+al®

For |t|=k and z<c(|zx| =2k)N(|z+a| > |al|/2), |lat+t|=|a|+|t]|<2|al
=4|x+al, so that 1/(8+ |x+a|*)<4/@+|t+al|*). We get

J

(lz|=2k)N(|z+al|>]al/2)

1 dx 4

k-,__,,L' - 1
x—t x |0+ |x+al*= 8+ |t+al®

Lol
x—t v e

x| =2k

C
[
=8+ |t+tal*’

While, if (lxz|=2k)N(lx+al=lal/2)# ¢, then k=3l|al/4, so
that |a+t|<2|a|, and |z—¢|[=k and |x|=]al/2 for Itlék and
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ze(lx|=2kN(jxz+a|=|al|/2).So we get |1/(x—t)—1/x|=2/|a|. Consequently,
by (1.2)

[ Lol e 2 dz
x—t x |8+ |x+al|l*~ |al d+|x+al”

(lz|z2k)n (Jz+a|=]al/2) lz+a|<lal/2

_ 2 lﬂa[ﬂ 1 . ¢ ¢
=Ual/2), s+12F%*=s+(lal/2r <5+@lalF < 5+ [ate]*"

Thus we get

J o]

- c[’ 1) |dm(s).  (q.e.d)

;L_i—ﬁhg(t)idtécf_k\g(a"'t)‘ﬁlc];_—kt_]“ dt

Since w*(x) satisfies the inequality (2.8) for z e (Q¥,

fee 00t wiw > -]

11
x—t X —

oo |lwa0lde> |

“frecenz]

U {x € 0Q*; (Ow)x) > —1%‘ =E UE, say.
From (2.9), we get

mE)=4 [ lw@ldno=-< [ 1£@1dno.
While, from Theorem 1,

mE) =5 [ Twiano=5 [ 1@,

So that, if we show that m(Q*)= 7‘;_.[ |.f(2)|dm(¢), then we get
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(|23 @0 >3- = [ 1A

and the proof of Theorem 2 is completed. To prove that m(Q¥*)= % f

| f(®)|dm(e), it is sufficient to show m(I})=cm(Il,) due to (2.6). But this is
clear from the following lemma.

LEMMA 3. If we put I=(a—k,a+k), a>k>0, I*=(a—2k, a+2k), then
m(I*) = cm(I).

PROOF. m(a, a+2k)=m(a, a+k)+m(a+k, a+2k)=m(a—k, a+k), so that
we need only to show that m(a—2k, a)=cm(a—k, a). But this comes from an
elementary calculation; for example, consider the two cases 0<<k<a/4 and

a/4<k<a.
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