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Introduction. When we consider the Hubert transform f(x) = v. p. I J-^- dt

J_OQ3' t

of a function f, we have to treat the function f.(x) = I J-±-l dt. In

particular, it is interesting to estimate the maximal Hubert transform /%r)

= sup|/β(;r)| by the measure m(e)= I ^ , \adt, where 8 = 0 or land 0^a<l.

S.Koizumi [4] shows that the operator/—>/is of weak type(1,1) with respect
to the measure m{e) where 8 = 1. He says also that the operator f—*/* is of
weak type (1,1) with respect to the same measure and the proof is carried
over by the same method. However the latter proposition does not seem to be
proved as the former proposition0. The purpose of this paper is to give the
complete proof of this proposition.

We estimate the maximal function of Hardy-Littlewood with respect to the

measure πι{e) in § 1 and then f* in §2 with the same measure.
I wish to express my gratitude to Messrs. G. Sunouchi, S. Igari and K. Yabuta

for guidance and encouragement during preparation of this paper.

1. Maximal function of Hardy-Littlewood. For a non-negative locally
integrable function / on ( — oo, +oo)>s the maximal function is defined by

where dt is the Lebesgue measure, dm is a measure on.( — 99, +©P) defined by

(1.1) m(e)=f * dt, 0 ^ t f < l , δ = 0 or 1,

For example, see Y.M.Chen [1], in particular, p. 243 footnote.
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and Lib represents the set of all functions such that I \f(t)\pdm< -f-oo.
• ' - o o

In the following, c denotes a constant depending only on a, and may be

different in each occurence.

THEOREM I. If a non-negative function f belongs to Um, we have for

any λ>0

m{{x; (®f)(x)

To prove this theorem, it is sufficient to show the following proposition on

Of-

= sup
-oo<ξ<x

PROPOSITION 1. If a non-negative function f belongs to L™, we have
for any λ > 0 .

x (*/)(*)> λ}) ̂  -^- f f(t)dm(t).

P R O O F . Since

x — l

where m(ξy x) means the ra-measure m([ξ, x\) of the interval [ξy x\ let us

estimate

τ_m(ξ,xX8+\t\°)
x-ξ

under the condition ξ ^
( 1 ) Case 0^ξ<x. Since 1/(8 +5 α ) is decreasing in 0 < S < + oo,

dS ^*+χaΓ dS

Jτ_δ±Aa Γ-dϊL<«±ί! Γ
x-ξJξ B+S = x JoJξ B+S x Jo 8+S x

( 2 ) Case ξ < x ̂  0 . Similarly to ( 1 ) , we have
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δ+5«

(3) Case ξ<O<x. Setting ΛΓ = Max(|f | ,x),

dS ^.2(δ+N") ΓN dSj *+\t\-ir , f\
J ~ x-ξ \Je

 +JJδ+\S\<'- N Ja 8+S'

Therefore in any cases,
,x)(β+\t\")^2(S+N") Γ dS ^) Γ

κx "> x-ξ = N Jo S+S° =

Consequently we get

Thus we shall have Proposition 1, if we show the next proposition on Af:

PROPOSITION 2. If a non-negative function f belongs to Lλ

m, we have
for any λ>0

m\ *) > λ}) ̂  ~γ f f(t)dm(t) .

This is a consequence of the Theorem 2.1. in [2].

REMARK. Theorem 1 is false for a>l. Let f(t) = tβ for t>l and
f(t) = O for ί ^ l , where 0<β<ct-ly then we find that (Θ/)O) = +oo for all
x. Thus we get that m({x; (θ/)(x)>λ}) = constant (δ = l), =oo(S=0), which
is impossible.

2. Maximal Hilbert transform.

THEOREM 2. // α function f belongs to Liu we &αu£ /or αn^ λ > 0
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\fit)\dm{t).

In order to prove this theorem, we start with the following lemma which
is stated in [3] when δ = 0 and, when 8 = 1, it can be shown similarly.

LEMMA 1. For any fz Um and λ>0, we get the following decomposition :

(2. 1) At) = V(f) + Σ «/n(0 = <*) + «<*) ,

(2.2) suppwnc/n,

(2. 3) /„ do not contain the origin in their ίnsίdes and are mutually disjoint,

(2.4) \v{t)\ ^cX, ^

(2.5) [ I t<ί) I dtnit) + Σ ί I w.(ί) I <M0 ^ c f I fit) I ^m(ί) ,
•'-oo n ' ' - c o ' ' - c o

(2.6) Σ ^ G U ^ -

(2.7) f «;„(*>** = 0.

Corresponding the above decomposition, we get f*(x) ̂  v*(x) + te ̂ j :). We
see v^Um by virtue of (2. 4) and (2. 5). By [5] we get

J Z*(x)2dm(x)^cj \v(t)\2dm(t).

So we get, taking (2. 4) in consideration,

>(*)> -̂  JW -£- J
Next we turn our attention to w\x). We denote by an the center of In

in the Lemma 1, and /* the interval which is obtained by magnifying In two

times with center an and set Q*= \J 1%. Let us investigate Wnt(x) for ^ in
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Setting B(x,S)= {t; \x-t\ gf i] , we get by (2.7)

— f

If In

^~dt,

0 , / n c β(Λ, 3fi), so that

if

if

•Ί*-t|fc | X Γ |

and that we find

\Wr
J ^ x—t x—an

Summing up with respect to n, we get

1 1

4-f \wn{t)\dt

iw.WI ^ — ί Λ; — αn

where Θtc; stands for θ ( | w | ) . Consequently,

(2. 8)

for x e CQ*

Hence

(2. 9) /
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n JCI*n

dm{x)Γ
_ x-t x-an

wn(t)\dt

By virtue of the following Lemma 2, the last sum does not exceed

c Σ, ( I V>»(t) I dniit) = cί \ w{f) \ dm(t).

LEMMA 2. For a function g whose support is contained in an interval
[a—k,a + k] not containing the origin in its inside, it holds that

/ dm(x)f
x—t x—a

\g{i)\dtfkcf \g(t)\dm(t):

PROOF.

( dm(x) f
x—t x—a

\g{t)\dt

dx

= ( \g(a + t)\dt(\ f

x—t X

dx

For \^k and χz(\x\^2k)Π(\x + a\ > |α |/2), \a + t \ ^ \a\ + | ί | <2\a\
so that 1/(8+ | ^ + ̂ | a ) < 4 / ( 8 + \t + a\a). We get

x — t
_1_ dx

*\x x—t x
dx

While, if (|.r| ^2k)Π(\x + a

that |α + ί | < 2 j α | , and | j : -

^ \a\/2)Φ 0, then A ^ 3 | α | / 4 , . so

and | x | ^ |α |/2 for [ ί ] ^ * an^
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xz(\x\^2kn(\x+a\^\a\/2). So we get |l/(x—t)—l/x\^2/\a\. Consequently,
by (1.2)

jf.
1 1

x—t x

dx

\x+a\ —
dx

2 f|o|/2 1
(|α|/2)J0

Thus we get

δ-f \a+t\a '

d t

= c\ \g(t)\dm(t). (q.e d.)

Since w*{x) satisfies the inequality (2. 8) for x € CQ*.

2

c
1 1
— ί α;—α n

\wn(t)\dt>-

U U e CQ* (ΘWXΛ) > -^-f = Ev UE2, say .

I lz j

From (2.9), we get

>=τ-f ι/ωi^(ί)

While, from Theorem 1,

^ x / I w(ί) i dm{t) ̂ m(t)

So that, if we show that m(Q*)^-^-- I \f(t)\dm(t\ then we get
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m[\x; w*(x)>-£- IW-£- [" |/(ί)|dm(t)

and the proof of Theorem 2 is completed. To prove that m(Q*)^ — I
Λ J-oo

\f{t)\dm(t\ it is sufficient to show m(I*)^cm(In) due to (2.6). But this is
clear from the following lemma.

LEMMA 3. / / we put I=(a-k,a + k), a>k>0, I*=(a-2k,a+2k\ then

P R O O F . m(a, a + 2k) = m(a, a4-k) + m(a + k,a + 2k)^m(a — k,a + k\ s o t h a t

we need only to show that m(a—2k, a)^cm(a—k,ά). But this comes from an
elementary calculation for example, consider the two cases 0 < k < a/A and
a/4<k<a.
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