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1. Introduction. An interesting class of phase spaces for autonomous
functional differential equations with infinite retardation has been discussed by
Coleman and Mizel [1]. A special case of their results concerns the Banach space
V of functions mapping the interval (—oo,0] into the n-dimensional Euclidean
space R™ with norm ||, defined by

lplr = 19O + [ 1g(6)le*ds

for @ € V. But, as is pointed out by Hale [3] we can.easily. see that the right-hand
sides of even simple differential difference equations. will not be continuous in
the above norm of Coleman and Mizel. Taking a view of this'point, the author
considered a Banach space B of measurable functions mapping (— oo, 0] into R"
with the following properties :

(1) All bounded continuous functions mapping (—oo, 0] into R™ are in B.
(i) If @ is in B, then T, T and X°p are in B for each o =0, where

#(0) for se[—a,0],

T p(s) = {¢(s + o) for se(—o0, —0),

Top(s) = p(s—a)  for se(—o0,0]
and

() —p(—0) for se[—a,0],
X7o(s) =
0 for se(—oo, —0).
(ii) The norm ||z has the following properties: If @, 4 are in B and
|@| = | Y| holds almost everywhere, then || s=|v| 5. For any sequence {@,} ¢ B
which converges pointwise to some function @€ B, |@g, —@|z—0 as n— oo.
Furthermore, |7T°¢ — <@(0)> |z—0 as o— oo, where < @(0)> is the constant
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function 8 such that B(s) = (0) for all se(—o0,0]. ||z =0 if and only if ¢
is zero almost everywhere.

The class of phase spaces considered by Coleman and Mizel is contained in
our case. Furthermore, let C be a space of continuous functions @ mapping
(—o0,0] into R" such that @(s)e*—0 as s— —oco with norm |@|¢=sup|e@(s)|e’,
@ < C. Then this space C also is contained in our case, but not in Coleman and
Mizel’s.

When I was discussing the asymptotic behavior of solutions of a nonautono-
mous system on the phase space mentioned above, Professor Yoshizawa informed
me that Hale considered a more general class of Banach space and discussed the
asymptotic behavior of the solutions of autonomous functional differential
equations with infinite retardation. Therefore, in this paper we shall extend
Hale’s results to a nonautonomous system.

2. The phase space considered by Hale. Let |y| be any vector norm
of R". Let B=B((—o0,0], R*) be a Banach space of functions mapping (— oo, 0]
into R™ with norm |-||. For any @ in B and any & in [0, o), let @° be the
restriction of @ to the interval (—oo, —a]. This is a function mapping (— oo, —o]
into R". We shall denote by B° the space of such functions ¢°. For any 7€ B,
we define the norm |7z of 7 by

7] = ir;f{llfpll, @” =} .

Then the space B’ is a Banach space with norm |+|ze. If « is any function
defined on (—oo, a), a>0, then for each ¢ in [0, a) define the function x, by
the relation x,(s) = z(¢+s), —oc0o <s=0. Let A% a>0, be the class of functions
mapping (—oo, a) into R" such that for each x in A% x is a continuous function
on [0, @) and x, € B. The space B is assumed to have the following properties :

(I) If zis in A™, then z, is in B for all ¢ in [0, o) and x, is a continuous
function of ¢.

(I1) All bounded continuous functions mapping (— oo, 0] into R™ are in B.

(III) There is a v=0 such that if {@;} is any uniformly bounded sequence
in B converging to ¢, uniformly on every compact subset of (—oo,0] then ¢*
5 —0 as k— oo ¥

is in Band |@,"—@”
(IV) There are continuous, nondecreasing, nonnegative functions b(r), c(r),
r=0, b(0)=c(0) =0, and a constant K=0 such that for any ¢ in B,

lol = K&l sup_l@(s)[] + c(lg”lz)

for any ¢=0.

*) In the assumption (III), Hale has assumed that {®x} is pointwise converging sequence.
However, if so, the space C mentioned in Section 1 is not contained in Hale's space.
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(V) If 06=0, @B, and °<c B° is defined by &°(s)=e@(c+s), then
@732 —0 as o—co.

It is verified without difficulty that the space mentioned in Section 1 is a
special case of this space considered by Hale.

3. Almost periodic systems. Let B be the Banach space constructed by
Hale. We shall discuss asymptotic behaviors of solutions of a nonautonomous
functional differential equation. We shall use the following notations. Let d(g, D)
be the distance of the point @ from the set D in B, and By be the subset of
B such that for any @ € By ||@|<H and By be its closure. If x(¢) is a continuous
function on an interval [¢,, o) into R" and z,, € B, the positive limit set of x(¢)
denoted by I'*(x(2)) consists of all points & for which there is a sequence {¢,}
such that ¢,— o0 as m— o with x(¢,)—=z, and the positive limit set A*(x,)
consists of all functions @€ B such that there is a sequence {¢,} such that
tn,— oo as m— oo with ||z, —¢| —0.

We shall consider a system

(1) () = P(t, )
and its perturbed system
(2) Z(t) = P¢, x,) + R@¢, x,) + G, x,),

where the following assumptions will be made:

(H1) R and G are continuous on [0, o)X B with values in R™.

(H2) P is continuous on R'X B and almost periodic in ¢ uniformly for
@< B.

(H3) For any H>0, there exists a positive constant L(H) such that
| P(t, )| = L(H) on R'X By.

(H4) Let y(¢) be any function defined on R!, y,€ B, which is continuous
for t=0 and |y.;| < H*,t=0, for some H*>0. For any sequence
{t.} such that t,— o0 as m— oo and for t< R,

Lot
lim |GG, y,)|ds = 0.
Mmoo Jy

m

(H5) Let Q be a fixed subset. For any H>0 and each €>0 there are
fixed numbers §>0 and #>0 depending on & and H such that

| R(t, )| < & holds whenever t=b, @ < By and d(p, Q)<3.
(H6) B is separable.
These hypotheses are sufficient to guarantee a local existence theorem for



ASYMPTOTIC BEHAVIOR OF SOLUTIONS 101

solutions of (1).
The following lemma is well known in the case where B is separable.

LEMMA 1. If P(t, @) is almost periodic in t uniformly for @< B and
if {7'x} is any real sequence, then there exists a subsequence {v;} and a
P*(t, @), which is almost periodic in t uniformly for @ < B, such that

(3) P(t + 7, p)— P*(¢, @) as k— oo
uniformly for all t< R' and @ on compact subsets of B.

The following lemma is due to Hale (p. 43 in [3]).

LEMMA 2. For any 8=0 and any @ in B, there is a continuous function
ed, @), €(0,0) =0 such that for amy x in A® with x,=¢ and |x(s)| =39,
s=0, and for any t in [0, =),

[z = e, @) .

THEOREM 1. Suppose that hypotheses (H1) through (H6) hold for some
JSixed set QC B and that a bounded solution x(t) for t=t, of (2) tends to Q
as t— oo, Then for any sequence {t,} such that t',— o as m— oo, there
exists a subsequence {t,} of {t',}, a function y(t) and a function P*(t, @)
such that

(4) |zt se—yell =0, as m— oo, uniformly on compact subsets of R',
(5) Pt, +t, p)— P*t, @) as m— oo,

uniformly for all t < R and @ on compact subsets of B, and

(6) ¥(&) = P*(t,y;)  for t<R'.

PROOF. Let x(t) = (¢, to, ¥), a1, =, be a solution of (2) which satisfies
the hypotheses of the theorem and |x(¢)| <¢ for some constant ¢ and for every
t=t,. By Lemma 2, there exists a constant 7(, V) such that |x;|=7% for all
t=t,. By boundedness of x(¢), there is a 2 and a subsequence {¢,} of {¢,.}
such that x(¢,)— =2 as m— oo, Take any compact interval Iy =[—N, N] and let
{€x} be a decreasing positive sequence such that &,—0 as m—oco. We can
assume that
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(7) to + N<t, tn <Etmeis for m=1,2,3,+--,
and that
tm+ N
(8) : f IG(s’x:)ld5<8m m=12,3,---,
tm—N

by (H4), taking a subsequence again, if necessary. From (H5) it follows that
there are numbers s,, >0 and §,, >0 such that we have |R(¢, )| < &, whenever

t=s,, @< E, and d(g, Q) <38,. Since x,—Q as t— oo, the numbers s, can be
taken so large that d(x,, Q)<$, for all t=s,. We assume that t,=s,+N
and consequently that

(9) |R(t, 2,)| <& for all t=¢,—N.

For any t>1#', t' >t,, we have
13

(10) 2lt) = 2ty [ (s, ) + Ris, 2) + Gls, 2} ds.
un :

Set z,,(t) =z, +t) for —oc<t=Nand m=1,2,3,---. By (H3), let M be
the number defined by

11) M = sup{| P(t,)|; t<R', p< B,} .

Using (7) and (10), we see that
-t
12) Zn(t) = x,(0) + f P(t,, +s,(x,);)ds + f {R(s, ;) + G(s, x,)} ds .
0 tm

The sequence {x,(¢); ¢t < Iy} is uniformly bounded and equicontinuous, since for
any m and for —N=s5,<s,=N, it follows from (8), (9) and (11) that

Sz 2 tm+ N
| Z($1) — Zm(S2) | éf Mds+f &,ds + f |G (s, z,) | ds

tm—N

=M+E)sy—s)+E,.

By Ascoli’s theorem, we can choose a subsequence which converges uniformly
on Iy. Letting N=1,2,3,--- and using the familiar diagonalization procedure,
we can get a subsequence that will be uniformly convergent to a function y on
all compact subsets of R'. The limit function y is continyous and bounded, and
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hence y belongs to B by (II). Define £, and ¥ by .

x(t+6) for —(t—to)gego,
2= | o
4(0) “for —oo <0< —(t—1y).
and :
~ 0 for —(tfto)ée<00
JH6) = {_H ' .
Y= (6) — 4r(0) for —co <O < —(t—1t,).

For the » given in (IIl) and ¢, such that ¢, +s=v and ¢, + s=t#, hypothesis
(V) implies

1) =25l = 12 s + P —
= [Bruss = 3] + 9

= Kol sup |x(tu+s+60)—y(s+0)|1+c(|204s—yl15.)

—v=0=0

+KBL. sup_ (9O 1+ e(|p [atnrs).

~(tn+s=7=

Since a(t,,+6)— y(6) uniformly on compact sets and hypotheses (III) and (V) are
satisfied, ||(x,);—y:|l—0 as m—co uniformly on compact sets. This proves (4).

Now let H(P) be the set of functions H(P)={P(¢+h, ®),t < R'} and H(P)

be the uniform closure in the sense of (3) of H(P). Using Lemma 1, we can
assume that for the same subsequence {¢,} and for some P*(z, )< H(P),

13) | P(ty, + t, @)— P*(t, )| =0

uniformly for all £€ R' and @ on compact subsets of B, as m— oco. For any
t€ R', we have

10 [ (Pl + 5 (o))~ PR 71 ds|

=[[ 1Pt ) - P el

[ 1P 0 = PHG 30 1ds

By (4), we can see that the set {(x,);; s< R'} has the compact closure in B,
and therefore it follows from (13) that the first term on the right-hand side of
(14) tends to zero -as m— oo. Since P*(t, ¢) is uniformly continuous on compact-
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sets of (¢, ), the second term also tends to zero. Using (8), (9), (12), (13) and
(14), we can see that

t
¥ =z+ f P*(s, y,)ds for all e R'.
0

This completes the proof.

REMARK 1. The above result (4) shows that the set {x;|t=¢,] is
relatively compact in B. The above result has been shown by Hale (Lemma 2
in [4], p. 44) for an autonomous system.

Considering a sequence {¢,} such that x,,—+ as m—co, the following
corollary follows immediately from Theorem 1.

COROLLARY 1. Let the hypotheses of Theorem 1 hold. Then the positive
limit set A*(x,) of the path x, is not empty, and for each element § ¢ A*(x,;)
there is a sequence {t,}, a function y(t) and a function P*{, @) such that
Ln—>00 as m— oo,

lxy,+e —y: | =0, as m— oo, uniformly on compact subsets of R',
P(t, +t, @) — P*(t, @) as m— oo,
uniformly for all t and @ on compact subsets of B, and
¥(@t) = P*(t, 5, on — oo <t< oo
with y,=4r.

REMARK 2. The above result has been obtained by Miller (Corollary 1 in
[6]) in the case where the phase space is C([—r, 0], R™).

COROLLARY 2. Let the hypotheses of Theorem 1 hold. Then for each
point z € T*(x(t)) there is a sequence {t,}, a function y(t) and a function
P*(t, @) such that t,— o as m— oo,

x(t, +2)— @), as m— oo, uniformly on compact subsets of R',

P(t, +t,@)— P*t, @) as m— oo,

uniformly for all t € R' and @ on compact subsets of B, and
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W) = P*t,y,) on —oo<t<oo
with y(0) = z.

This corollary also follows immediately from Theorem 1 by considering a
sequence {t,} such that x(¢,)—=z as m— oo. Furthermore, this corollary shows

the relation {¥(0)|y € A*(z)} O {z|z € I"(x(£)}.

REMARK 3. For the case where P(¢,®) in (2) is autonomous, the above
results correspond to Yoshizawa’s [7]. Miller [5] has extended Yoshizawa’s result
to almost periodic systems, and furthermore, Miller [6] has extended his results
to almost periodic systems of functional differential equations with finite
retaradation.

DEFINITION. A subset U of B is said to be semi-invariant (see p.54 in
[8]) with respect to the almost periodic system (1), if for each element ¥ € U

there is an almost periodic function P*(¢,) ¢ H(P) and a solution y(¢) of
¥(t) = P*(¢,y,) such that y, =49 and y,€ U for —oo <t < oo,

COROLLARY 3. We assume the hypotheses (H1) through (H6). Let Q,
be the largest semi-invariant subset of Q with respect to (1). If x(¢) is a
bounded solution of (2) such that x(t)—Q as t— oo, then x,—Q, as t— oo,

PROOF. The conclusion of Corollary 1 implies the semi-invariance of
A*(x,) with respect to (1). It is easily proved by (4) that x,—A*(x,) as
t— oo, since A*(x,) is nonempty and compact by Lemma 3 in [3]. From Corollary
1 it follows that A*(x,)C Q. Therefore x,— Q, as t— oo.

4. Liapunov functions and asymptotic behaviors. In this section we
shall apply the results of Section 3 to the system (1). If W(¢) is a function,
then let

Wie) = lim sup }11 (Wt + h) — W),

THEOREM 2. Let V(¢, @) be a continuous function on R' X B such that
V(t, ) =0 for each solution x(t) of (1). Suppose P(t,9) and V(t, @) are
almost periodic in t uniformly for @ € B and P(t, ) satisfies (H3). Let U
be the subset of B consisting of all trajectories y, such that corresponding
to y, there exists a sequence {t.}, a Sfunction P¥ec H(P) and a function
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V*e I——I(V) such that t,— oo, as m— oo,
P(t, +t, )—> P*¥t, @), V(tn +t,@)—> V¢, @)

uniformly for all on comgpact subsets of B,

&) = PXt,y)  for t< R,

¥(t) is bounded for te R,

and
V*(t, y)=0  for teR'.

If x(t) is a bounded solution for t=t,=0 of (1), then U is nonempty and
x,—U as t— oo,

Since the proof of this theorem is similiar to that of Miller (Theorem 3 in
[6]), we omit it.

REMARK 4. The essential part in the proof of this theorem is that
V(¢ x,)—V, for a constant V, as t— oo for a bounded solution x(#), and
|V (¢, x,)| is bounded since we assume that V (¢, @) is almost periodic. Therefore

it is clear that we can replace the condition V(¢, ) <0 by V(¢, x,)=0.

If P and V in Theorem 2 are periodic, the above theorem has the following
form.

COROLLARY 4. Let P(t, @) and V(t, @) be periodic in t of the same
period 0. Suppose P(t, ) satisfies (H3) and V(t,y)=0 for each solution
&) of (1). Let U be the set of solutions y, such that y(t) is bounded on
(—o0, ) and V(t,3,) =0 for —co<t<oo. If z(t) is a bounded solution
for t=t,=0 of (1), then x;—U as t— oo.

The following lemma is easily proved by modifing Hale’s result (Lemma 1

in [2]).

LEMMA 3. Let the function P(t, @) of (1) satisfy (H3) and V(¢, @) be
continuous on [0, )X B. Define

UC) = (L) Vi, ) <C} |
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Suppose there is a constant K such that for all (¢t,9)cU(C) we have
|@(0)| =K and V(¢, )=0. If V(¢t, 2)=0 for all solutions x(t) of (1), then
all solutions of (1) which start in the set U(C) are bounded for all future
time. .

PROOF. Let (¢) be a solution of (1) with initial condition (%, x;,) € U(C).
Since V (¢, 2,)=0, V(¢, 2,)<C for all t=¢, and |z(t)| =K as long as (%)
exists. By (H3), we can see that x(f) exists for all t=¢, and |x(¢)| =K for
all t=¢,.

By combining Theorem 2 and Lemma 3 we can generalize certain result of
Hale (Theorem 1 in [2]), Krasovskii (p.153 in [3]) and Miller (Corollary 4 in
[6]).

COROLLARY 5. Let V(¢, @) be a continuous function on R'X B such
that V(¢, ) =0 for each solution of (1). Let P(t, @) and V(t, ) be almost
periodic in t uniformly for @ € B and P(t, ) satisfy (H3). Suppose that
there are constants C and K such that V(¢t,9)=0, |¢(0)| =K for each
(&, @) e UC). If U, is the set of solutions vy, which satisfy the following
conditions ; corresponding to vy, there exists a sequence {t,}, a function
P*<c H(P) and a function V*< H(V) such that t,—oo as m—oo, P(t,+t, @)
- P¥(t, @), V(t,+t, ) > V*t, @) as m— oo, uniformly for all t< R' and @
on compact subsets of B,

() = P*t,y,)  for t<R',

ly@®)| =K for teR!
and

V¢, y) =0 for teR'.

Then all solutions x2(t) of (1) with initial value in U(C) remain in L(K),
where L(K) = {z||x| =K}, and x,—U, as t— oo.

The following corollary corresponds to Corollary 5 in [6].

COROLLARY 6. Let P(t,@) and V(t,@) are almost periodic in t

uniformly for @< B and Pt,y) satisfy (H3). Suppose that
(i) there exists a sequence {t,)}, a function P¥ < H(P) and a function
V*e H(V) such that t,— oo, as m—oco, P(tn+t,@)— Pt @),



108 Y. HINO

V(tn+t, @) V¥, @) as m— oo, uniformly for all t< R' and ¢ on
compact subsets of B,
(ii) V(¢ x)=0 for each solution x(¢) of (1),
(iii) for each &>0 there is a & >0 such that if |@| <8, then
|V (¢, @)| <& uniformly for t< R,
and
(iv) there is no solution y(t) of y=P*(,y,) such that y(t)%£0, y() is
bounded and V*(t,y,)=0 on t< R
If a(¢) is a solution of (1) with V(T, 2;)>0 for some T >0, then for each
H, >0 there is a number t,=t,(H,, 2(£))>T such that |x(¢,)| > H,.

The author wishes to thank Professor T. Yoshizawa and Professor J. Kato
for their many useful suggestions.
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