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0. Introduction. Y. Ogawa has defined the notion of a C-Killing
vector field in a Sasakian manifold ([1]).

In this paper, we shall introduce the notion of a conformal C-Killing
vector field in a Sasakian manifold and we shall show the following
theorem:

THEOREM. In a compact (2n + l)-dimensίonal Sasakian manifold, the
following facts hold good:

(i) If n > 2, then every special conformal C-Killing vector field is
special C-Killing.

(ii) If n = 2, for any conformal C-Killing vector field u, ΰ is a
closed vector field. (Cf. Theorem 3.4.)

REMARK, (i) of the above theorem is analogous to the Theorem 29.2
in [2].

We suppose that our manifolds are connected and the differentiable
structures are of class C°°.

1. Preliminaries. Let M be a (2n + l)-dimensional Sasakian manifold
with structure tensors (φμh gμh ηλ), where the Greek indices run from 1
to 2n + 1. It is well-known that M is orientable.

A vector field ? on a Sasakian manifold is called to be C-Killing if
it satisfies ([1])

(1.1) δξ = O, ^f{ζ){gμλ - ημηλ) = 0 ,

where the operator 8 is the codifferential and «£f (?) denotes the Lie de-
rivative with respect to a vector field ?. Especially we call a C-Killing
vector field ? such that

(1.2) i{η)ξ = constant

to be special C-Killing, where i(η)ξ — ηεζ
ε.

2. Conformal C-Killing vector fields on a Sasakian manifold. We
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call a vector field u on a Sasakian manifold M to be conformal C-Killing
if it satisfies

(2.1)

where / is a scalar field on M that is called the associated scalar field with
respect to the conformal C-Killing vector field u. Especially we call a
conformal C-Killing vector field u such that

(2.2) ur — i(r/)u = constant

to be special conformal C-Killing. Clearly an infinitesimal ^-conformal
transformation which is an infinitesimal contact transformation at the
same time is conformal C-Killing ([2].) It is clear that the set of all con-
formal C-Killing vector fields constitutes a Lie algebra.

The equation (2.1) can be expressed as

(2.3) Vμuλ + Vλuμ - 2uε{φεμΎ]λ + φaημ) -

= 2f(gμλ - Ύ]μηλ) ,

where V denotes the operator of the covariant differentiation. Trans-
vecting (2.3) with rf, we have

(2.4) yεVεuλ + φλ'ut - (i(η)Vηu)rjλ = 0 ,

where Vvu
λ = ηεVεu

λ.
Thus we have

PROPOSITION 2.1. In a Sasakian manifold, for a special conformal
C-Killing vector field u, we have

(2.5)

Next, transvecting (2.3) with gμλ, we have

(2.6) V% - ηeVΛu' = 2nf .

Thus we have from (2.6) and the Green's Theorem

PROPOSITION 2.2. In a compact Sasakian manifold, a special con-
formal C-Killing vector field with a constant associated scalar field is
special C-Killing.

Let u be a special conformal C-Killing vector field. Then making
use of (2.2) and (2.3), we have

(2.7) Vμuλ + Vλuμ = 2uε(φεμ7]λ + φελημ) + 2f{gμλ - ημΎ]λ) .

Differentiating (2.7) with Vμ, we get



ON A CONFORMAL C-KILLING VECTOR FIELD 141

(2.8) V'V,^ = -Rλεu
ε - Auλ + A(n + l)u'ηλ

+ 2(1 - n)fλ - 2{fεη
ε)ηλ - 2Dwηλ ,

where fλ = Vλf and Du = φpσVpuσ.

Transvecting (2.8) with rf , we have

Ύ]aVpVpuσ = 2nu' - 2nfj]ε - 2Du .

On the other hand, we have from (2.2)

ησVpVpuσ = 2nuf - 2Du .

Thus we have from the above two equations

PROPOSITION 2.3. In a Sasakian manifold, for an associated scalar
field f of a special conformal C-Killing vector field we have

(2.9) fεy
ε = 0 .

From the above Proposition, for a special conformal C-Killing vector
field u, (2.8) can be written as

(2.10) VpVpuλ = -Rλεu
ε - 2Duηλ - Aux + A(n + l)u'τ]λ - 2(n - ΐ)fλ .

LEMMA 2.4. In a compact Sasakian manifold, for a vector field u
satisfying (2.7) and (2.9), we have uf — constant.

PROOF. Differentiating (2.7) with V , we have

(2.11) VpVpux = -Rλεu
ε - Vλ(Vεu

ε) - 2Duηλ - 2(Vpuε)φxψ

+ (4w + 2)uΊηλ - 2uλ + 2fλ .

On the other hand, transvecting (2.7) with gμλ, we get

(2.12) Vεu
ε = 2nf .

Substituting (2.12) in (2.11), we have

V V Λ - -RXεu
ε - 2Dwηλ - 2(Vpuε)φλ'ψ

+ (4^ + 2)u'ηλ - 2uλ + 2(1 - n)fλ .

Calculating the Laplacian of u', we have from the above equation
VpVpu' = O Since the manifold is compact, u' must be constant ([3]).

q.e.d.

From this lemma, we obtain

THEOREM 2.5. A vector field u on a compact Sasakian manifold is
special conformal C-Killing if and only if it satisfies the relations (2.7)
and (2.9).



142 K. MATSUMOTO

Next, we consider the relation between a conformal C-Killing vector
field and a special conformal C-Killing vector field. Then we have

THEOREM 2.6. For a conformal C-Killing vector field u on a Sasakian
manifold, a vector field v defined by

(2.13) Vλ = uλ- u'ηλ

is special conformal C-Killing. Conversely for a special conformal C-
Killing vector field v and any scalar field h, a vector field u defined by

(2.14) uλ = vx + hηλ

is conformal C-Killing.

Since the proof of the above theorem is completely same as Theorem
3.4 in [1], we omit it.

3. Special conformal C-Killing vector fields on a compact Sasakian
manifold. In this section, we show that a special conformal C-Killing
vector field on a compact (2n + l)-dimensional Sasakian manifold (n > 2)
is special C-Killing.

Let u be a special conformal C-Killing vector field. Then differen-
tiating (2.7) with Vp and adding them cyclically with respect to the indices
v, μ and λ, we have

(3.1) VvVμUλ - Rμz>εU
ε = (V»Uε)(φεμ7]λ + φa7]μ) + (Vμ

- {Vλu
ε){φεμηv + φεvημ) + 2u'ηλg,μ + 2u

+ fu(gμλ - ημηλ) + fμ(guλ - η»ηλ)

Let ΰλ = φλ

εuε, then we can easily obtain

(3.2) dΰ = e{η)u + Γu - 4fφ ,

where the operators d, e{η) and Γ are same as the operators defined in

[1].
The following lemmas have proved by Y. Ogawa ([1]):

LEMMA 3.1. In a compact Sasakian manifold, for any vector field
u satisfying uf = constant we have

(3.3) (Γu, e(η)u) = -(e(η)u, e{η)u) ,

where (u, v) denotes the global inner product of any p-forms u and v.

LEMMA 3.2. In a compact (2n + l)-dimensional Sasakian manifold,
we have for any p-form u and (p + V)-form v
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(3-4) (Γu, v) = (u, Dv) - 2n(e(η)u, v) ,

where (Dv)h...Xp = <PpaVPvσλv..λp.

PROPOSITION 3.3. In a compact (2n + l)-dimensional Sasakian mani-
fold, we have for a special conformal C-Killing vector field u

(3.5) (Γu, Γu) = (e(η)u, e{η)u) - An(n - 2)(/,/) .

PROOF. Calculating DΓu for a special conformal C-Killing vector field
u, we have from (2.8) and (3.1)

(3.6) {DΓu)λ = (Du - u')Ύ]λ - (2n - ΐ)ux + 2(n - 2)fλ .

Thus we have

(3.7) (u, DΓu) - (u\ Du) - (2n - l)(u, u) - (u\ u')

Since Γu' = 0 for a special conformal C-Killing vector field u, we have
(u\ Du) = 2n(u', ur). Substituting the last equation in (3.7), we have

(3.8) (u, DΓu) = -(2n - l){(u, u) - (u\ u')}

- An(n - 2)(f, f) .

Taking account of Lemmas 3.1, 3.2, and (3.8) we obtain (3.5). q.e.d.

Calculating (dΰ, du) for a special conformal C-Killing vector field u
and taking account of (3.2), (3.3), and (3.5), we have

(dΰ, dΰ) - -An(n - 2)(f, f) + 16(fφ,fφ) - S(ΓuJφ) .

On the other hand, since (fψjψ) = n(f, f) and (Γujφ) = 2n(f, /), we
have

(3.9) (dΰ, dΰ) = -An(n - 2)(f, f) .

Thus we have

THEOREM 3.4. In a compact (2n + l)-dimensίoτιal Sasakian manifold,
the following facts hold good:

(i) If n > 2, every special conformal C-Killing vector field is special
C-Killing.

(ii) If n = 2, for any conformal C-Killing vector field u, ΰ is a closed
vector field.
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