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Introduction. Throughout this paper we will denote by G a locally
compact abelian group and by M(G) the measure algebra consisting of
all bounded regular Borel measures on G. Measure algebras on Raikov
systems (see Definition 2.1) are important objects in a study of the strue-
ture of the measure algebra M(G). But they are unclarified even now
([91, [12], [13]). In this paper we shall consider measure algebras on
some topological groups as a kind of measure algebras on Raikov systems.
To be exact, we shall investigate how a set of bounded measures on G
with a general group topology stronger than the original topology of G
can be imbedded into M(G) as a measure algebra on a Raikov system
and what properties it has in M(G).

In the first section of this paper, we shall construct a measure al-
gebra on G with a group topology stronger than the original topology
of G. The method of such a construction is based on [1], [6] and [7].
Further we shall show that the measure algebra constructed above can be
imbedded into M(G) as a measure algebra on a Raikov system. This fact
is well-known in such a case that its stronger group topology is locally
compact ([10] p. 496). In the second section, we shall see that the set
of all measure algebras on Raikov systems with one single generators
coincides with the set of all measure algebras on certain topological
groups. Furthermore, we shall investigate a measure algebra on an
inductive limit group of topological groups. In the final section, we shall
consider whether a measure algebra determines its group topology uni-
quely or not.

We will follow [2] and [4] for terminology.

1. Construction of a measure algebra on a stronger topological
group. Let G, be G with a stronger topology than the original topology
of G and let C(G,) be the Banach space of all bounded continuous func-
tions on G, under the supremum norm. C*(G,) means the set of limits
f =lim, 1 f, of increasing generalized sequences {f,} in C*(G,), the set of
all non-negative functions in C(G,). .# means the smallest o-field which
renders all of elements in C*(G,) measurable.
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REMARK 1. _# has following properties;

(i) A4 is contained in the Borel field of G,.

(ii) .4 contains the Baire field of G,.

(ili) . contains the Borel field of G.

(iv) Especially, .# contains all compact subsets in G,.

(v) For each compact set K in G,, two classesof KN .Z ={KNE:
E e _##} and the Borel field in K coincide.

(vi) In such a case that G, is completely regular, _# coincides with
the Borel field of G,.

A measure ¢ on _# will be said to be regular if
| #|(E) = sup {| #|(C): C is compact in G, and E D C}

for each Ee€_#. We denote by M(G,) the space of all bounded regular
measures on _# and M*(G,) means the set of all non-negative measures in
M(G,)). Let (G,) be the set of all bounded linear functionals L on
C(G,) whose restrictions on the unit ball of C(G,) are continuous for the
compact convergence topology. £ (G, is the set of all positive func-
tionals L in (G, in the sense that L(f) = 0 for all fe C*(G,). Note
that &(G,) is a Banach space under the operator norm. Especially, if
G, is locally compact, &°(G,) is the Banach dual of Cy(G,) the set of all
continuous functions vanishing at infinity. In fact, let L be an element
of (G, vanishing on Cy(G,) and let ¢ > 0. Then there exists a compact
set K in G, such that if fe C(G,) vanishes on K and || f|| = 1 then | L(f)| <
€ ([1] p. 53, Corollary of Theorem 2). We choose a function g e Cy(G,)
such that g =1 on K,0 <9 <1 and ¢ has compact support. For any
feC(Gy), f=fg+ @ — g)f. Therefore,

| L) = L(f9) + L(A — 9N = LA — 9)N)| <e

because fgeCyG,) and 1 — g)f =0 on K. Hence L =0 on C(G,). By
the Hahn-Banach theorem, 2(G,) = C(G,)*.

THEOREM 1.1 (cf. [6], [1] p. 52, Theorem 2). There is an tisometric
isomorphism between M(G,) and £ (G,) as Banach spaces such that cor-
responding elements L and p satisfy the identity;

L(f) = S fdp  for every feC(Gy) .
Furthermore, this isomorphism preserves order.

Proor. To see that every pe M(G,) determines an element L of
Z(G,), let ¢ >0 and fix non-zero pe M(G,). We choose a compact set
K in G, such that | ¢|(K°) < ¢/2 where K° is the complement of K in G,.
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We put
VK, &) = {f e C(G): [If]l = 1, sup [fl) [ < e/2]| pl} .

Then

2 =[] s [ s + ] s
< (2] ) - T I(K) + | I(K) < €/2+¢e/2=¢
for each fe V(K, ). Hence, Le £(G,).

For any L e £(G,) we will next find a measure pe M(G,) with the
form:

L(f) = S fdp  for every feC(G,) .

First we consider the case L e <" (G,). To do it we shall now imitate
the Daniell’s construction ([7] p. 65). If f, is a limit of an increasing
generalized sequence {f,} in C*(G,) then L(f,) = lim, 1 L(f,) unambiguously
defines an extension on C*(G,). For, by the Dini’s theorem,

lim | L(f) =0

for every generalized sequence {f,} decreasing to 0 in C(G,). We put
= {E: 1z C*(Gy)} ,
where Y is the characteristic function of E. We define the set function
p*(F) = inf {L(x;z): E€{, EDF}

for each subset F'in G,. Then the class & = {E: p*(E) + p*(E°) = p*(G,)}
is a o-field and the restriction of p¢* to & is a measure. < contains {
and therefore, also the o-field which { generates. The o-field generated
coincides with the smallest o-field _# which renders all of elements in
C*(G,) measurable. We denote by g the restriction to .# of p*. Then p
is a bounded non-negative measure such that

L(f) = | rar

for every fe C*(G,) and therefore, also for every fe C(G,). To see p is
regular, let € > 0 and then there exists a compact set K in G, such that
if feC(G,) vanishes on K and ||f|| =<1 then |L(f)| <¢/2 ([1] p. 53,
Corollary of Theorem 2). Since C(G,) D C(G), it follows that K°c{ and
MUEK°) = sup {L(f): fe C(G,) vanishes on K and 0 =< f=<1}. Therefore
MK°) < ¢/2. From the fact that elements in { are all open, for any Be _#;
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there exists a closed set F' in G, such that p#(B) < y(F') + ¢/2 and BD F.
Hence we have an inequality:
MB) < MFNK)+e.
As FFn K is compact in G,, it holds that
H(B) = sup {¢(C): C is compact in G, and BDOC}.

Therefore p is regular.
For an arbitrary element L of &(G,), we will show the existence
of the corresponding measure. L can be expressed as the form:

L = (Li — L) + «(Li — L) ,

where each L%j =1, 2; k = 1, 2) is a positive bounded linear functional on
C(G,) and

Li(f) = sup {(Li — L) 9): 0= g = f, 9eC(G)} , for k=12,
Lyf) = —inf {(L} — L) (9): 0 =g = £, 9eC(Gy)} , for k=12,

for each fe C*(G,) ([4] (B. 34), (B. 87) and (B. 38)). To show L*e <(G,)
(4=1,2k=1,2), let {f,} be a generalized sequence in C(G,) converging
to 0 uniformly on each compact set in G, and || f,|| <1 for all @. Then
by the definition of L%, there exists a generalized sequence {,} in C(G,)
satisfying:

0=h,=|fel, and Li(fe]) S 2(Li — L3)(ha) = 2| L(h) | -

Then k, — 0 uniformly on each compact set in G,, and therefore L(%,)— 0.
Hence L% f,) — 0, that is, Lie < *(G,). Similarily, Lte < *(G,). From
the preceding assertion there exists gt e M(G,) for j =1, 2; k =1, 2, such
that

L) = \fdr G=12%k=12
for every fe C(G,). If we put in M(G,)
L=t — e — ),
then we have
L(f) = Li(f) — Li(f) + «(Li(f) — Li(S))
=\ — {rams + i({ raps - | rams)
= | raz

for each fe C(G,). This implies that the mapping in Theorem 1.1 is onto.
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Since L(f) = Sfdpz 0 for every pe M*(G,) and every feC*(G,), the
mapping in Theorem 1.1 is order preserving.

We will show that the mapping in Theorem 1.1 is an isometry. It
is clear that || L || < || || for corresponding elements # and L. To show

the converse inequality, let ¢ > 0 and let E,, .., E, be disjoint sets such
that

S HE) | el — ez
Let C; be a compact set in G, such that
| ¢ I(EN\C) < ¢/dn, and E;,DC, t=12 ---,m).

We can choose open sets U, --:, U, in G, such that

(i) Ui:)Ci (i = 1, 2» ) n)’

(ii) U,isopeninG (t=12, .-+, n),

(i) U, U, ---, U, are disjoint, and

(v) |#I(TNC) < e/dn.
This choice is possible since y is regular and the topology of G, is stronger
than that of G. Hence there exist f, -+, f, in C(G) such that fi(x) =0
outside U,, fi(x) =1onC,and 0= f; <1 for ¢ =1,2, ..., . Let a, ---,
a, be complex numbers such that a,.(E,) = | (E;) | and put f, = 31, «, f,.
Then

L) = el S| e [rdp — 3 e By | + | 1 B | = 11 ]

<3 Sf,-d# — (E)
<e2+¢2=c¢,

+ 62 = 33{ HC) — wE)| + | £I(UNC} + /2

so that || #|| = sup s | L(f)| = || L||]. Hence the mapping is an isometry.
It is obvious that the mapping is a homomorphism. Hence, the proof is
complete.

THEOREM 1.2. Let i: G,— G be the continuous identity mapping.
Define a homomorphism i*: M(G,) — M(G), by 1*(E) = p(i"(E)) for every
Borel set E in G. Then * is an tsomelric *-isomorphism of M(G,)
nto M(G).

Proor. It is clear from ([10] p. 493, Proposition 2).

THEOREM 1.3. Let +* be as in Theorem 1.2. Let pe M(G), then p
belongs to 1*M(G,) if and only if ¢ is concentrated on some o-compact
set in G, as a subset of G.
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ProoF. The sufficiency is trivial, so that we prove the necessity.
We may assume that g is positive. Let {K,}:., be an increasing sequence
of compact sets in G, such that p¢ is concentrated on U=, K,. Since two
of the topology of G, and the topology of G coincide on each compact
set in G,, each restriction g, of ¢ to K, is in M(G,) by Remark 1(v) and
Y, converges to g with the norm. Therefore, ze t*M(G,).

Henceforth, let G, be the abstract group G with a stronger group
topology than the original topology of G. We say such a topological
group G, simply a stronger topological group G,. Since a topological
(Hausdorff) abelian group is completely regular ([4], (8.4)), M(G,) is the
set of all bounded regular Borel measures by Remark 1(vi). By Theorem
1.1, M(G,) can be identified with &(G,). Now, we will define a convolu-
tion in M(G,). We put

F@ = /@ + vdpw) for feC(G) and pe M@ .

We fix non-zero fe C(G,) and non-zero ¢ € M(G,), and let ¢ > 0. We choose
a compact set K in G, such that |x|(K°) < ¢/4]|f||. For fixed x,€ G,
there exists a neighborhood V of z, in G, such that

sup | f(@ + ) — f(@ + y)| <ef2l[ ¢l
for every x € V. Therefore, we have

[F@) — F@)| =|[£@ + nduw) — | 7@ + duw)
< 20 FIl 1) + || ]l sup | @ + 9) = flan +0)]
<e2+¢2=c¢.

Hence F'(x) € C(G,). For fixed v e M(G,), the mapping: f— v(F') is a bounded
linear functional on C(G,). This functional will be called convolution of
pr and v, and it will be written g xv. It is clear that || gxv|| < || glllv]l,
pxy=vxpand (xv)xt = pxx*7) for p, v, 7€ M(G,). To show that
pxve Z£(G,), let € >0, then by Theorem 1.1 there exist 6 > 0 and a
compact set K in G, such that if f is in C(G,) with ||f]| =<1 and | f(z)| <
0 on K then [y(f)| < e. Moreover, there exist ¢’ > 0 and a compact set
K' in G, such that if fis in C(G,) with ||f]| =<1 and | f(z)| < d’ on K’
then | u#(f)| < 0. We put

VK + K',8) = {feC(Gy): || fI| =1, | f(x)| <" on K + K'}.
Then it holds that for x€ K and for fe V(K + K’, d')
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1F@)| = || £+ auw)| <5,

so that
[W(F)| <e for fe V(K -+ K',d).

Therefore, p*ve F(G,).

M(G,) becomes a commutative Banach algebra under this convolution
and ¢* as in Theorem 1.2 is an isometric *-isomorphism of M(G,) into
M(G) as Banach algebras.

Henceforth, we will not distinguish M(G,) from its image of i*. We
will call it the measure algebra on G,.

We have a following result as a corollary of Theorem 1.3;

COROLLARY 1.4. M(G,) is a measure algebra on some Ratkov system
wn M(G) (see Definition 2.1).

PrROOF. Since o-compact subsets in G, form a Raikov system in G,
it is clear from Theorem 1.3.

2. Raikov systems and an inductive limit topology of group topo-
logies.

DEFINITION 2.1. A Raikov system is a collection .&# of o-compact
sets in G satisfying the following conditions;

(i) If Fe# and E is a o-compact set in G with ECF then
FEe &,

(ii) If F, F,e. s then F, + F,e &#,

(i) If F,es for 1=12, -+ then Uz, F,e .7,

(iv) If Fe# and 2€G then F + xe 5.
If this system also satisfies the following

(v) If Fe # then —Fe &, ‘
we shall call it a symmetric Raikov system. If a Raikov system is con-
tained properly in the Raikov system consisting of all o-compact subsets
in G, we say that it is proper. If a Raikov system .&# 1is the minimal
(symmetric) Raikov system containing a collection {H,} of o-compact sets
in G, then we say that each H, is a generator of . If a Raikov system
has a countable set of generators then it has a single generator ([12]).
In a symmetric Raikov system, any generators may be assumed to be
o-compact subgroups of G. Let # be a Raikov system. Then bounded
measures in M(G) concentrated on .# form a subalgebra M(%) of M(G)
([9]). We shall call it the measure algebra on #.

Let &, be the symmetric Raikov system consisting of all o-compact
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sets in G,. Corollary 1.4 asserts that M(G,) = M(%,).
A topological group is said to be locally o-compact provided that
every point has a base of neighborhoods which are o-compact.

PROPOSITION 2.2. The set of all measure algebras on symmetric
Raikov systems with each single gemerator coincides with the set of all
measure algebras on G with locally g-compact group topologies stronger
than the original topology of G.

PrOOF. Let .&# be a symmetric Raikov system with a single generator
H which is a o-compact subgroup in G. We introduce into G a topology
which has a neighborhood basis at the unit in H as a neighborhood basis
at the unit. The group G with such a topology is denoted by G,. Gy
is a locally o-compact group stronger than the original topology of G,
and H is an open o-compact subgroup in G,. As H generates .&#, every
set belonging to &# is o-compact in G,. On the other hand, if a: G, —
Gu/H is the continuous canonical mapping, then a transfers o-compact
sets in G, to og-compact sets in Gy/H. Since H is open in Gy, Gy4/H is
discrete, so that every o-compact set in G is covered by a countable set
of translates of H, and therefore, every og-compact set in G, belongs to
Z. By Theorem 1.3, this proves that M(% ) = M(G,). Conversely, let
@, be a stronger locally o-compact group and take a o-compact symmetric
neighborhood V at the unit in G,. We put

H:DnV, where nV = {2, + 2, + ++« + 2,02, X, v+, £, € V}.
n=1

Then H is an open o-compact subgroup of G,. Hence, G, = Gy using
the previous notation, and the Raikov system .# consisting of all o-com-
pact sets in G, is generated by H. By Theorem 1.3, M(G,) = M(%).

DEFINITION 2.8. Let {G,}..; be a family of stronger topological groups.
The inductive limit group G, = lim G, is defined to be the abstract group

G with the strongest group topology weaker than that of G, for every a.

REMARK 2 ([10] p. 467-471). Concerning the definition above,

(1) We can, without loss of generality, assume that {G,..; is an
inductive system, by which we mean

(i) I is a directed set,

(i) If @ < B then the topology of G, is stronger than that of G,.

(2) If the index I is countable then a basic set of neighborhoods

of G, is given in forms
V=UWi+ Vit -+ V),
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where V, runs through a basic set of neighborhoods of G,; n =1, 2, ---.
In this case, an inductive limit group of locally o-compact groups is also
locally o-compact. Further, an inductive limit group of locally compact
groups {G,};=, such that the topology of @, is strictly stronger than that
of G,,, for each n, is locally g-compact, but not locally compact.

PROPOSITION 2.4. Let G, be an inductive limit group of locally o-
compact groups {G,)o=, stronger than the original topology of G. Then
M(G,) is a closed subalgebra in M(G) generated by {M(G,)}i;-

Proor. It is clear that M(G,) contains the closed subalgebra gener-
ated by {M(G,)};... To see the converse inclusion, we may assume by
Remark 2(1) that

MG)CcMG)cC---CcMG,)< - C M(G,) .

Let pe M(G,). Sinece M(G,) = M(G,) + M(G,)* ([9]), # can be decomposed
uniquely with the form

t= e+
where u¢, € M(G,) and t, € M(G,)* for each n. We have
I tnsr — fall = || tasill — |l ta ]| for each n ,

and
Nl Sl w2l = =l el

so that g, converges to a measure v in the closed subalgebra generated
by {M(G,)}z=.. Put ¢ = p—y. Then ¢ 1 M(G,) for all n. By Remark
2(2), the Raikov system consisting of all o-compact sets in G, coincides
with the symmetric Raikov system generated by all of o-compact sets in
G, for all n, so that ¢ 1 M(G,). But £ belongs to M(G,), so that ¢ =
0, that is, ¢ belongs to the closed subalgebra generated by {M(G,)}=..

We don’t know that Proposition 2.4 is true when an index is un-
countable (and further, for an inductive limit group of stronger general
topological groups). But this problem is reduced to the following problem:;
“The Raikov system consisting of all g-compact sets in an inductive limit
group of stronger topological groups {G.,}..: (not necessarily countable!)
is generated by all of o-compact sets in G, for all a.”

If this problem can be solved affirmatively, the following extension
of Proposition 2.2 holds good; “Every symmetric Raikov system is a
measure algebra on some stronger topological group.”

3. Uniqueness of a topological group determined by a measure
algebra. Generally, a measure algebra does not determine a topological
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group uniquely, that is, there exist stronger topological groups G, G,
such that G, and G, are different, but M(G,) = M(G,).

ExAMPLE. Let Z be the set of all integers. We define two different
topologies on Z;

(a) the weakest topology on Z for which all of elements in the
torus T are continuous as characters of Z, and

(b) the discrete topology on Z.
Z,(Z;) will mean the abstract group Z with the topology of (a) ((b),
respectively). Then Z, is a non-discrete pre-locally compact Hausdorff
group ([10] p. 480 and [4] (4.23)) and the completion Z of Z, is a locally
compact Hausdorff group ([5] p. 212). Let Z,(Z,) be Z with the topology
which has a neighborhood basis at zero in Z, (Z,, respectively) as a neigh:
borhood basis at zero. Since Z is a countable set, Z is o-compact in Z.
Therefore, by Proposition 2.2, M(Z,,,) = M(Z), but Z, and Zd are different.

However, we have a following proposition;

ProprosITION 8.1. Let G, be a stronger topological group weaker than
that of a stronger locally compact group G,. If M(G,) = M(G,) and there
exists a monzero positive measure (t in M(G,) such that the mapping
x— F(¢=*0,) on G, is continuous for each fixed F e M(G,)*, where 0, 1s
denoted the measure with point mass 1 at ¢ and M(G)* is the Banach
dual of M(G,), then G, = G,.

PrROOF. To prove the Proposition, we will now repeat the argument
of [8].

The set L = {¢re M(G,): x — F(| | *9,) is continuous on G, for each
Fe M(G,)*} has not L-ideals in itself and is an L-ideal in M(G,). Hence,
L = L'(G,), where L'(G,) is the group algebra on G,. Let {x,} be a gen-
eralized sequence converging to x, in G, then

F(\+0,)— F(\*0,)

for every Fe M(G,)* and every € L'(G,). The mapping y—»S fdp for
each feCy(@G,) is a bounded linear functional on M(G,), so that

[ a0 xs.,)— | faon <o)

for each fe C/(G,), the set of all elements in C(G,) vanishing at infinity.
Since every feCy(G,) is uniformly continuous, for & > 0, there exists
€ LY(G,) such that || M| =1 and

'f(x) - Sf(w + y)dx(y)‘ < ¢/  for every xeG, .
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Hence, there exists an index «, such that

£ = £@)]
= | £@) = [ f@e + w0 | + | @) = [ F+ Darw

+ [[r@anso. )@ - [rwan0.)w|
<eB+eB8+eB83=c¢,

for ¢ = «,. Therefore, f(x,) — f(x,) for every fe C(G,), so that z,— z,
in G,. This proves that the topology of G, is stronger than that of G,
and therefore, G, = G,.

COROLLARY (cf. [11]). Let G,, G, be two locally compact groups
stronger than the original topology of G. If M(G,) = M(G)) then G, = G,.

ProOOF. Let G’ be the inductive limit group of G, and G,. By Propo-
sition 2.4, M(G,) = M(G,) = M(G’). By Proposition 3.1, G, = G’ = G..

The author thanks Professor S. Igari and Y. Kanjin for their helpful
criticism and invaluable suggestions.
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