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1. Introduction. The first investigations which are concerned with
the saturation behaviour of approximation processes of the convolution
type on general locally compact abelian topological groups are due to
H. Buchwalter [7]. His brief sketch was followed by the recent papers
[17, 18], [42] which contain a detailed and extended treatment of the
locally compact abelian case by means of the quasimeasure concept. In-
spired by the results of S. Pawelke [35], the study of saturation theory
on compact (not necessarily abelian) groups was initiated by the junior
author [16]. Some of the results of his thesis were announced in [15].
The methods employed in these papers are based on the Peter-Weyl de-
composition theorem and remain to a certain extent in the algebraic
domain.

On the other hand the constructive approximation theory on Lie groups
has made some progress in the past years. In this connection we shall
refer the reader to the papers by P. L. Butzer-H. Johnen [9], H. Johnen
[25-27], R. A. Mayer [29-33] and D. L. Ragozin [37-40]. It is the primary
objective of the present paper to apply the general methods as developed
in [16] to the study of the saturation behaviour of central approximation
processes on compact Lie groups G. In particular, the approximations
by the heat-diffusion semigroup and by the Poisson semigroup which both
are, as is well known, closely connected with hypoelliptic partial differen-
tial equations, will be treated (Sections 4 and 5). Since it is shown in
[15, 16] that the techniques to deduce our saturation theorem for central
approximation processes on compact Lie groups (Theorems 2 and 3 in
Section 3 infra) apply also for zonal approximation processes on compact
homogeneous spaces associated with Riemannian symmetric pairs, we
shall deal in Section 6 with the interplay between zonal and central ap-
proximation processes on the compact Euclidean unit sphere S,. Finally,
Section 7 is devoted to an investigation of the approximation processes
of the de La Vallée Poussin type and of the Fejér type on the special
unitary group SU(2).
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2. Notation, Terminology and Preliminaries. Throughout this paper
G will denote a real compact connected Lie group with neutral element
1€ G and Haar measure v which is assumed to be normalized by v(G) =
1. Let £(G) = Nrzo £2(G) be the complex vector space of all infinitely
differentiable complex-valued functions on G. We shall provide &(G)
with the topology of uniform convergence of the functions and of all
their derivatives. Then the strong topological dual &’'(G) of the Fréchet
space & (G) consists of all complex distributions on G. The space &'(G)
is a complex locally convex topological algebra with respect to the (jointly
continuous) convolution product

(R, S)—~ RxS

of distributions. Moreover, the Dirac measure ¢, forms the neutral ele-
ment of &’(G) and the mapping

S~ S*
which is the transpose of the continuous linear mapping
@) of— (f*Gox—flx)eC) ez (@),

is an involution of &’(@). The involutive topological C-algebra &'(G) is
said to be the group algebra of G.

In the sequel, #Z(G) = £ "(G) will denote the involutive Banach algebra
of all complex Radon measures on G under convolution and &7 (G) will
stand for the complex involutive Banach algebras L?(G) = Li(G;v), p€
[1, + [, and &°%G) simultaneously. Thus the injections of the sequence

(G — A (G)— £'(G)

are monomorphisms with respect to the category of involutive topological
C-algebras. It will be convenient to denote the canonical norms of .97 (G)
and _#Z(G) by the same symbol || - |

It is well known (J. Dieudonné [14]) that L*G) is a complex (com-
plete) Hilbert algebra with respect to the standard scalar product. In
view of the spectral theorem of Ambrose-Gurevié¢ let the external Hilbert
sum

(1) LG = @& a

2€4(G)

be the speckral decomposition of L*(G). Using the picturesque terminology
of J. Dieudonné [13] for some ring theoretic concepts, the feet {a; { A € 4(G)}
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are minimal self-adjoint two-sided ideals of L*G) and also of _Z(G).
Moreover, each foot a;(A € 4(G)) is a lame (complete) Hilbert subalgebra
of L*G) which has a (self-adjoint) identity element uw, and the (finite)
dimension

dimc a;, = uz(l) = ’nf (k S A(G)) .
Here the natural number
1, = ||u; || = longreg(ay)

denotes the longitude of the foot a,. In the following a, will always
denote the t¢rivial foot of dimension nj = 1 which consists of the constant
complex-valued functions on G. It should be observed that the socle of
the ring L*G), i.e. the (algebraic) direct sum

Greey = I a;,

A€ A(G)

which is a vector subspace of £ (G), is an everywhere norm dense two-
sided ideal of &7 (G). Moreover, according to the Peter-Weyl theorem,
there exists a bijection 7 of the set {a;, { A € 4(G)} onto the dual object G
of G such that the group character

1
X2 = —U;
n;
associated with the foot a; and the equivalence class n(az)e@ of con-
tinuous irreducible unitary representations of G are interrelated according
to the equation

Tr ((a) = X

for any parameter )€ A(G).

Choose an orientation on G and equip G with a (fixed) Riemannian
structure such that the associated metric g is invariant by both right
and left translations. Since G may be identified with the Riemannian
homogeneous manifold G X G modulo the diagonal of G x G such a choice
is indeed possible. Let 4 = 4, be the Laplace-Beltrami operator on G
with respect to the Riemannian metric g. Then

4: £(G)af~div, (grad, f) = =d xdf

where * denotes the Hodge star with respect to the oriented Riemannian
structure of G. It is a well known consequence of Schur’s lemma that
(1) represents a discrete spectral decomposition of L*G) with respect to
the self-adjoint positive-definite elliptic differential operator —4. For the
corresponding eigenvalues {; (A € 4(G)) we have
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&G, =0, C; >0 for neA(G)\{n}
and the countable family
Spec (G, 9) = {; { v e A(G)}
is said to be the (discrete) spectrum of the compact connected oriented

Riemannian manifold (G, g). In particular, the space of all harmonic
functions G — C coincides with the trivial foot a,.

3. Approximation Processes on .7 (G). Let T be a non-empty di-
rected set of parameters. A family (I,);., of continuous C-linear mappings
I: &7 (G) — 7 (G) is said to form an approximation process on the com-
plex Banach space .97 (G) if it converges pointwise with respect to the
section filter of the directed set T towards the identity automorphism of
(@), i.e. if

lim || ,(f) = £1 = 0

holds for each function fe .27 (G).
As usual R} = ]0, + [ = R.\{0} will denote the open positive real
half-line.

DEFINITION 1. The approximation process (I,);.r on % (G) is said to
have the saturation structure (p; 7 (G); V) iff the following conditions
are satisfied:

(I) There exists a mapping @: T— R? fulfilling lim,., #(¢) = 0 such
that fe 7 (G) and

(2) L(f) — fll = olp(®) (e T)
imply
feay.

(II) There exists a vector subspace V of .97 (G) such that fe .7 (G)
and the condition
(3) L) — Fll = O@@)  (teT)
imply fe V.

(III) Conversely, if fe V then f satisfies the condition (3).

In this case, V is called the Favard space of the saturation structure
(P (G); V). ,

After having reviewed these general concepts, let us now turn to
an important special class of approximation processes (of the convolution

type) on &7 (G). We shall agree to retain the preceding notations. In
addition, denote by Z_#(G) the center of the complex involutive Banach
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algebra _#(G) so that 2_#(G) is a closed involutive subalgebra of
A#(G). Observe that .o (@) is in particular a Banach 2_#(G)-module.

DEFINITION 2. A family (g¢.):..r of complex Radon measures which
belong to the convolution algebra 2_#(G) is said to form a central ap-
proximate unit for 7 (G) if the relations

1(G) =1 for any te T
and
lim || g, f = f1| = 0
hold for any function fe &7 (G).
Define for any parameter ¢ € T the continuous linear mapping
IL: &7 (@)asf~ p,xfe (G .
Then (I,)..r is said to be a central approximation process which is gen-
erated on 7 (G) by the approximate unit (f4,);er.

REMARK 1. Since .« (G) is a Banach L'(G)-module, any central ap-
proximate unit for L'(G) is also a central approximate unit for .97 (G).
See E. Hewitt-K. A. Ross [22], Chapter VIII.

Before presenting a general saturation theorem for central approxi-
mation processes, we shall make a few observations and introduce some
further concepts. Since each foot a; is a two-sided ideal of the complex
Banach algebra _#(G) it follows that 2_#(G)xwu,; is a vector subspace
of the center 2°a; for each M€ 4(G). On the other hand, since a;, is a
simple complex algebra, its center 2 a, is isomorphic with the field C.
Denoting by X the Gelfand functor, i.e. the contravariant functor from
the category of complex commutative Banach algebras with identity to
the category of compact topological spaces which assigns to each object
of the first category its space of characters, we obtain the following

THEOREM 1. For any \€ A(G) define

0 FA(G) > p— ni Saaz(x) dpx)eC.
A

Then we have c¢;€ X(Z_#(G)) and the identity
pxu; = (1) - u,
obtains for any measure pe Z_#(G).
REMARK 2. Y. Kawada [28] has shown that the identity
X(ZL(G)) = {e:| 27LG) | M e 4(G)}
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obtains. See also E. Hewitt-K. A. Ross [22], Chapter VII.

DEFINITION 3. A central approximate unit (#,);.r for &7 (G) is said
to be a (central) pro-saturation measure of type (®; ) with respect to
7 (G) iff the following requirements are satisfied:

There exists a function @: T— R satisfying lim,.,®(t) = 0 and a
function +: 4(G) — C where

¥(A) = 0 for NeA(G)\{\}
in such a way that

lim B2 = 0

holds for all \ € 4(G).

REMARK 3. Let K be a closed subgroup of G, with normalized Haar
measure Vg, such that (G, K) forms a Riemannian symmetric pair. See,
for instance, R. R. Coifman-G. Weiss [12]. Then (G, K) is a Gelfand
pair, i.e. the convolution algebra 2 (K\G/K) of all complex Radon meas-
ures on G which are bi-invariant with respect to K, is a commutative
involutive Banach algebra with the identity element v;. Denote by

LYG/K) = @ H(G/K)

the spectral decomposition of the complex Hilbert space L*G/K) which
is deduced from (1) and by (@;);cipy the family of associated zonal
spherical functions. Then the mapping

¢ A (K\G/K) 3 pt— ni Sa@(x) d px)eC

2

is an element of the space X(_#(K\G/K)) for any )€ 4x(G) and we have
Pxw; = ci(p) - w;
for all measures pe #(K\G/K).

Thus, by a generalization of Definition 3, the concept of zonal pro-
saturation measure and, similarly, of zonal approximation process can
be considered for symmetric pairs. Details of a saturation theory which
is generalized in this direction may be found in [16] and [19]. Clearly,
if the subgroup K is the diagonal of G x G, the notion of central pro-
saturation measure for G and of zonal pro-saturation measure for (G X
G)/K coalesce. We shall return to this question in Example (ii) of Sec-
tion 6 infra.

We shall assign to .%7(G) a complex Banach space <#(G) according
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to the following rule:
£U(q) if ' (G) = LYG);
Z (@) = {L(G) if &(G)=Z&G);
L”(G) if &7 (G) = L’(G) and pe]l, + o[ .
As usual, p’ denotes the dual exponent of p. Under these circumstances,

we shall refer to (7 (G), £Z(G)) as an adapted pair. Bearing in mind
this terminology, we establish the following saturation theorem.

THEOREM 2. Let (I,);.r be an approximation process which is gen-
erated on 7 (G) by the central pro-saturation measure (t4),.r of type
(®; ) with respect to 7 (G). Suppose that (7 (G), FZ(G)) is an adapted
pair and define

I (@) ={f e 2 G) | ¥(\) - ua*f = u,+ 0, 0€ Z'(G), M€ A(G)} .
Then (I,);.r has the saturation structure (p; 7 (G); V) where the Favard
space V satisfies the condition

Vo 74(7 (@) .

Proor. (I) Suppose that the function fe .97 (G) satisfies the condition

(2), i.e. that

lim et xf — f1I =0
teT Q)(t)

holds. Then we obtain

%jg%_l.uﬁf:o,

hence
YA U= f =0
for any n € A(G). It follows u;+f = 0 for A € A(G)\{\o}. Let g = f — uy *f.
Then g € L'(G) and u; *g = 0 for each index A€ A(G). A familiar limiting
argument yields g = 0. Hence f = u,; * f€a,.
(II) Suppose that fe .27 (G) satisfies the condition (3). For brevity,
define the function

=1 o
Q(f) = 20 (e f— e (@)

for any te T. The task will be to show that the existence of a section
S of the directed set T and the existence of the upper bound
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sup Q) < + oo

imply the existence of an element p e £#'(G) which verifies the identity

(4) Y(N) - U x f = Uy x 0

for each ne A(G). We provide <#'(G) with the strong dual topology
B(Z'(G), & (G)). Since (7 (G), £ (G)) is an adapted pair, there exists
a natural isometric isomorphism of the complex involutive Banach algebra
7 (G) onto a closed subalgebra of <#'(G). Let .o (G) be identified with
its image under this isomorphism. Owing to the Alaoglu theorem, there
exists a cofinal subset T, of S and an element p € <Z'(G) such that

holds with respect to the weak dual topology ¢(<Z'(G), < (G)). In par-
ticular, for any A€ 4(G), the identity

(5) tlngnuz*Qt(f)=uz*p

holds with respect to the topology of pointwise convergence. On the other
hand, the equality

(6) tIZITI})ul*Qt(f)=a/r(h)-u1*f

obtains pointwise for any A\ € 4(G). Combining (5) and (6) we obtain the
desired identity (4).

This completes the proof of the saturation theorem.—

REMARK 4. Theorems 4, 5 and Theorems 7, 8 infra will show that,
in general, the “set theoretic estimate” 975(.(G)) for the Favard space
V can mot be improved.

In order to establish a further characterization of the space 77.(.%(G)),
we shall recall the concept of relative completion in the sense of E.
Gagliardo [21], N. Aronszajn-E. Gagliardo [1] and H. Berens [4].

Let (X; ||+ llx)y (Y5 1l-1ly) be complex Banach spaces. Suppose that
the inclusion X< Y holds and that the canonical injection X=— Y is
continuous and has norm < 1. The completion [X, Y], of X relative to
Y is the complex vector space of all limits with respect to the norm
topology of Y of those sequences (%,),», in X which are bounded with
respect to || - ||x. The natural norm

[X, Y]oayw( inf {sup (@, |y § ljg ly — aully = 0} = [yl

Znlnzl M2L

turns [X, Y], into a complex Banach space. It is to be emphasized that
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the identity [X, Y], = X holds in the case when the space X is reflexive.
Let (&7 (G), &Z (G)) be an adapted pair and +: 4(G) — C be any mapp-
ing. The graph norm
I (@) f~ I fll>=IFIl+ el

where o€ <#'(G) is the unique element associated with f according to
the equations
Y(N) - Uy * f = uzx 0 (A e 4(G)),
turns 73(.(G)) into a complex Banach space. In a similar way, define
the complex vector space
VW (Q) = {fe X (G) | ¥(\) - waxf = uzxg, g€ 7 (G), e 4(G)} .
Then %73(5(G)) is a Banach space when equipped with the graph norm
AL @)of~> [ fll»=1F11+1gl.
Now 73(7(G)) admits the following characterization:
THEOREM 3. Retain the above motations and assumptions - then the
identity
757 (@) = [ #3(¥(G)), (B,
obtains.

PrROOF. Let us suppose that .97 (G) = L'(G) holds and let fe 73(L'(G))
be fixed. In view of a result due to E. Hewitt-K. A. Ross [22], Chapter
VII, it is possible to construct a central approximate unit (%,V).s; for
L!(G) such that h,€S.:4 and ||h,»]|| =1 for any integer » = 1. Let
0 € #(G) be the Radon measure associated with f such that y(\)u, xf =
u,* 0 holds for any A€ 4(G). This being so, it then follows that

hoxfe 73LNG) (vz1);
SUp [| ko fll» = 1 £11 + 10115
lim [[ Ao *f = Il = 0.

Thus fe [#Z (L'(G)), L'(G)]..
Conversely, let fe[?7 (L'(G)), L'(G)], be given. Choose sequences
(fu)nz: and (g,).=: in the space L'(G) such that

Um |l f, = fll=0;
YN s wkfo = Uy g, (=1, Ne (@) ;
s"gplifnlly = sup fall 1 gall) < 4o
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By virtue of the Alaoglu theorem, the subsets of _#(G) which are bo-
unded with respect to the strong dual topology are relatively sequentially
compact with respect to the vague topology. This fact implies the ex-
istence of a subsequence (g,,Y).», of the sequence (g,Y),s; and of a Radon
measure p € _#(G) such that

limg,y=p
k—oo

holds with respect to the vague topology of _#(G). Consequently, the
equations

lim u, * g,, = ;% 0 (A e 4(G))

k—oo
and
My (Nu, * fo, = wix o (M€ A(G))

hold with respect to the topology of pointwise convergence. In particular
VOWUa* f = Uz % 0

obtains for any \ € A(G), i.e. fe 73(LYG)) and || fllo = || fll>-

Summing up, we have proved the equality 73(.(G)) = [ #%(7(G)),
&7 (@)], in the case %7 (G) = L'(G). If &7 (G) = £%G), the proof follows
in a similar fashion. Finally, for .7 (G) = L*(G) and pe€]l, + [, the
statement of the theorem is immediate from the reflexivity of the spaces
L*(G).—

In the special case when G = T is the one-dimensional torus group,
a proof of Theorem 3 based on the convergence theorem for Fejér means
may be found in the monograph by P. L. Butzer-R. J. Nessel [10],
Chapter 10.

4. The Heat-Diffusion Approximation Process. Let us agree to re-
tain the notations and conventions introduced in the preceding sections;
in particular R* denotes the open positive real half-line, equipped with
the induced Lebesgue measure di.

We first define by means of Spec (G, g) the family of functions

(7) g R¥ 2t~ exp (—(it) (M e A(G)) .

Let now the value t€ R* be fixed and consider, following E. M. Stein
[44, 45], the continuous endomorphism exp (4t) of the complex Banach
space L¥G). Since the positivity of the resolvent of 4 on R} implies that
the restricted operator

exp (4t): £%(G) — £(G)
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is a positive linear mapping, there exists exactly one (positive) Radon
measure , € _#(G) such that #(G) =1 and
exp (4t): £(G) > f~ fx p, € &A(G)
holds. By an extension to L*(G), we infer the identities
U, * exp (4t)f = exp (4t)(uz = f) (N e 4(G))
for any function f€ L*G). The spectral decomposition (1) then shows that
exp (A)f = 5 aityu; S

holds in the complete Hilbert algebra L*G). Consequently, the kernel
function

K= 3 ¢.®u

A€ A(G)

is an element of the complex Fréchet space L, (R* x G).

As usual, let 2(R* X G) be the complex vector space of all infinitely
differentiable complex-valued functions on the manifold R% x G whose
support is compact. Provide the space <(R} x G) with the canonical
FLF topology and let &'(R* x G) be its strong topological dual which
consists of all complex distributions on R* x G. Then we have

'R x G) = 2'(R)® &'(@)
and we may identify the Fréchet space Li,. (R¥ x G) with its image under
the continuous injection
h—>h-dtQRVY).
Let the heat-diffusion operator 0/0t — 4 be operating from the space
2'(R* x Q) into itself as a continuous linear mapping. We observe that
for an arbitrary finite subset 4, of A(G) the function K, = 3;c4, ©: ® U2

which belongs to & (R* x G) satisfies the heat-diffusion equation (9/0t —
A)K, = 0. We obtain therefore the identity

<_aat‘ _ A>K= 0 in 'R xG).

On the other hand it is a well known fact that the parabolic differential
operator 0/0t — 4 is hypoelliptic: see, for instance, F. Tréves [46], Chapter
7. It follows that the singular support of K in R* X G is empty, i.e.

KezR: x Q) = LR)R £(G) .
Therefore we have

L = K, -)v  (teRY),
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i.e. the Radon measure y, admits the central function K(¢, -) as its
Lebesgue-Nikodym density with respect to the base v.

From the fact that (exp (4%))..r, forms a strongly continuous one-parame-
ter Markovian semigroup in .&(G) which admits 4 as its infinitesimal
generator (see too N. Dunford-J. T. Schwartz [20], Chapter XIV), we
infer that the generating family (#2): e r is a central approximate unit for
7 (G@). Moreover we have the following result.

THEOREM 4. The heat-diffusion approximation process (exp (4t));. R*
on 7 (G) is central. It has the saturation structure (@; 7 (G); 73(7(G)))
where the mappings @, ¥ are defined in the following way:

P:R¥st—1t; P AG@) N~ =, .

ProOOF. For the character ¢;€ X(2_#(G)) defined in Theorem 1 we
obtain in the present case obviously

ei(tt) = qi(t)

for any pair (A, t)€ 4(G) x R}. It follows that (#).,.rx forms a central
pro-saturation measure of type (®; ) where the functions @ and « are
defined as indicated above. Let V denote the Favard space of (exp (4?)).exr*
with respect to .%7(G). By virtue of Theorem 2 which ensures the va-
lidity of conditions (I) and (II) in Definition 1, and in view of Theorem
3 it suffices to prove that the inclusion

[ 73 (@), ¥ (@), CV

holds.
(III) Let any function fe[ Zu(¥(@)), % (G)], be given. Choose

sequences (fn).z: and (9,).z: in 57(G@) such that
lim || £, = f1l = 0;
YO wax fo=wsxgn (221, M) ;
Sup [|falls = sup (11ull + 0. 1) = M < +oo .
A direct computation shows that the identity
exp (40)f, — fo = S:exp (47)g.d
obtains for any » = 1 and te R*. It follows
llexp (40)f — fll = M- ¢
for t € R*. Thus we have
llexp (40)f — Il = O(®(®))  (¢—0+),
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i.e. fe V and the proof is complete.—

Let Dom (4) denote the domain of the infinitesimal generator 4 of
the heat-diffusion semigroup (exp (4t));cr, in .7 (G). Taking into account
a general theorem due to H. Berens [4], we obtain furthermore the fol-
lowing result.

COROLLARY. The approximation process (exp (4t));. r* 0N S (G) has

the relative completion
V = [Dom (4), 7 (G)],
as its Favard space.

5. The Poisson Approximation Process. We continue to follow the
treatises of E. M. Stein [44, 45] in replacing the family (¢)icse in (7)
by the functions

P R¥stw—exp(—V ) (Wed@).
Then the Poisson kernel

P= 3 1p:Q@u;

A€ A(G)

associated with the compact Lie group G belongs to the space Li,. (R X
@). Denote by

the Laplace-Beltrami operator of the Riemannian manifold R* x G and
assume that 4 acts on the space 2’'(R* X G) of distributions. Then P
is a harmonic distribution on R* x @G, i.e.
4P=0 in Z2'(R*xQG).
Therefore an application of Weyl’s regularity lemma shows that P is a
harmonic function on R* x G. In particular, we have Pe & (R% X G).
Define the Radon measures
T, = P@E,-)v  (t€R3)

on G. Then the family (7,).,.x* forms a central approximate unit for
7 (G). The associated strongly continuous one-parameter Markovian
semigroup (exp (—V —4 t)).cr, has —V/—4 as its infinitesimal generator.

THEOREM 5. The Poisson approximation process (exp (—V —4 t»‘“‘i
on 7 (G) ts central. Define the mappings

P:R*st~—t; i AG) 3N~ =V .
Then (exp(—V —4 t))teki has the saturation structure (9; X (G); 73(7(@))
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and the identity
73(7 (@) = [Dom (=V'=4), 7],
obtains for the associated Favard space.

The proof is based on Theorems 2 and 8 supra and follows by an
application of the method outlined in Section 4. We omit the details.

REMARK 5. Let ac]0,1]. Needless to say, there are analogous
results concerning the saturation behaviour of the central approximation
processes (exp (—(—4)%t));er on 7 (G). A discussion of this case, of
course, depends upon the concepts of fractional differentiation and in-
tegration. See, for instance, P. L. Butzer-H. Berens [8], Chapter II, and
the recent paper by H. Bavinck [3]. We shall return to these problems

within our general framework in a forthcoming paper.

6. Applications I. (i) Let G be an n-dimensional abelian compact
connected Lie group. Then G is isomorphic with the Euclidean torus
T" = R"/Z" = (R/Z)" of dimension n. We shall identify the integral lat-
tice Z™ with its dual one, i.e. with the lattice of all vectors x € R* such
that the scalar product (A |x) belongs to Z for all xe€ Z*. Then we have

AT =T = 2.

If R">x~ & e T" denotes the canonical epimorphism, we obtain for any
wave number X\ € Z" in the present case

n, =1;

Uy = Y T" o2&~ exp Bri(\|x)) € C;
c: A (T") s~ F p(\)eC;

where & : _#Z(T") — &£°(Z") stands for the classical Fourier transforma-
tion.

Let the manifold R" be endowed with its canonical orientation and
with its canonical Riemannian structure such that the corresponding
metric g, induces the Euclidean norm |- |. Denote by g,/Z" the unique flat
Riemannian metric on 7" such that (R", g,) is the universal Riemannian
covering manifold of (7", g,/Z"). Then we obtain

Spec (T, g,/Z") = (4T N [2§ N e Z7}
and the heat-diffusion kernel K admits in the present case the following
expansion in a theta series:

K: (RY x T%)3(t, #) =~ 3, exp 2mi((M|2) + 2mit(h| V) = 64z, @) -
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Here O,(z,;, -) denotes the classical theta function of characteristic 0 and
of modulus

T, =4mit-1, (teRY)

where 1, stands for the (n, ») identity matrix. Therefore 7, belongs to
the Siegel upper-half space of degree n: see, for instance, J. Igusa [24],
Chapter 1.

An application of Theorems 4 and 5 in the present situation fur-
nishes results due to R. J. Nessel-A. Pawelke [34]. If we assume n = 1,
the Cauchy problem which is solved by the heat-diffusion semigroup
(exp (4¢))icr, in &7 (T) is known as the “Fourier torus problem” (A.
Sommerfeld [43], Kapitel III). Detailed treatments of this problem and
of the corresponding Dirichlet problem from the saturation theoretic point
of view may be found in the monographs by P. L. Butzer-H. Berens [8]
and P. L. Butzer-R. J. Nessel [10]. Also see [17] for a study of satura-
tion on abelian quotient groups.

(ii) Now suppose that the compact connected Lie group G is dif-
feomorphic with the standard sphere S,_, of an Euclidean space R*(n = 1).
Since S, is not connected and S, is diffeomorphic with the torus T as
treated in Example (i) supra, we may suppose # = 3. Then, according
to a well-known result due to H. Samelson [41], only the choice n = 4 is
possible. Indeed, the Lie group SU(2), the group of unit quaternions, is
diffeomorphic with the sphere S; and SU(2) acts as a subgroup of the
special orthogonal group SO(4) in a natural way transitively by rotations
on S,. As usual, let

ASU@) = %N,

be the family of weights, where N = Z,.

Let the compact manifold S; be oriented to the exterior and let it
be endowed with the Riemannian structure induced by the canonical
structure of R‘. Denote by g the Riemannian metric of S;. A direct
computation (cf. M. Berger-P. Gauduchon-E. Mazet [6]) shows that

n; =2n+ 1 (ke%N);

Spec (SU(2), g) = {4x(x F1)fre %N} .

In order to obtain explicitly the units u; and the characters y;
(A€ (1/2)N) of the spectral decomposition of L*(SU(2)), fix the North pole
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1=(0,0,0,1)e R* of S,. Then we may consider SO(3) as the stabilizer of 1
in the rotation group SO(4) and identify S, with the compact homogeneous
manifold SO(4)/SO(3). Since (SO(4), SO(3)) is a Riemannian symmetric
pair, we obtain for the unit u, the identity

— 7 1
U = 4y ()\/ € —2—N)
where Z* denotes the zonal surface spherical harmonic of degree 2\
with pole 1 on S;. See, for instance, R. R. Coifman-G. Weiss [11, 12].
Thus, for any \ € (1/2)N, the character y, takes the following form:

L Z122(904) = Hg'%) (x4) .

Xt S5 3 (%)).5j54 on 1

Here T[i/*Y?(X) € R[X] denotes the ultraspherical polynomial (Gegenbauer
polygomial) in the indeterminate X of degree 2\ with exponent 1/2 i.e.
the Cebysev polynomial of the second kind

G2 (x) = —1)m r — m)! 2.X)2a-m
IL(X) osmz‘ém( ) m!(2x — 2m)! 2X) |
The heat-diffusion kernel K and the Poisson kernel P admit therefore the
following expansions in Laplace series:
K: R% % 803 (t, @iz~ 3 exp (—4M(n + ) - @0 + DTGP @) 5

€(1/2)N

P:R* X 8,5 (t, (%)isis) ~ 3, exp(—2V/A(% + Dty - @n + D IIEP (@) .

A€(1/2)N

Equip the sphere S; with the normalized Lebesgue surface measure
which may be identified with the Haar measure v of SU(2). Then an
application of Theorems 4 and 5 to the special unitary group SU(2) yields
results which are concerned with the saturation behaviour of the ap-
proximation of functions fe .7(S;) performed by Laplace expansions in
C’ebyéev polynomials of the second kind.

At this juncture, bearing in mind the notion of zonal approximation
process [19] as outlined in Remark 3 supra and the fact that the com-
mutative complex Banach algebras .# (S0(3)\S0(4)/S0(3)) and 2_# (SU(2))
may be identified, we shall summarize the preceding considerations in the
following

THEOREM 6. On the compact unit sphere S; in R*, the zonal ap-
proximation processes with respect to the compact homogeneous manifold
S0(4)/S0(3) and the central approximation processes with respect to the
special unitary group SU(2) coalesce.
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For further results concerning saturation theory on spheres we refer
to S. Pawelke [35] and H. Berens-P. L. Butzer-S. Pawelke [5]. Also see
S. Pawelke [36]. Details for saturation on general compact homogeneous

spaces may be found in [15, 16].

7. Applications II. In this section we shall continue to study central
approximation processes on the Lie group SU(2). In order to adopt the
conventions of R. A. Mayer [29, 30], let us now parametrize the spectral
decomposition of L*(SU(2)) by the set

ASU©2)) = N*.
Henceforth we will write
k=20t 1 @e%N)

for the weights of SU(2). Let us identify SU(2) and S, as in Section 6.
Then we have
Uyt S50 (T3)1s554 > Z17(20)
(ke N*).
Xt S5 (Tj)isisa H%—%) (x4)
(iii) In the algebra 2_#(SU(2)) define the sequence ({,).s, by letting

o= B GE TG L) e wem

Obviously £,(SU(2)) = 1. Since p, = 0 (R. A. Mayer [30]) it follows
ltall=1 (meN).
Consequently, the continuous linear mappings
V.. LI(SUQ)) o f~ o, x fe L(SU2)) (neN)

are contractions. Therefore (V,),s, forms an equicontinuous family which
converges pointwise on the socle S.:gye), towards the identity automor-
phism of L'(SU(2)). Since S.:sy), is everywhere norm dense in L'(SU(2)),
it follows from Remark 1 supra that (g,).»: is a central approximate unit
for &7 (SU(2)) which generates the approximation process (V,).z. of the
de La Vallée Poussin type on .57 (SU(2)). In the present case we obtain

2n + 2 2n + 2\ . .
ck<ﬂn)={<n+k+1>/(n+z) if 1<k=<n+1;
0 ifn+1<k;

whence
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lim &) =1 _ 1 _ e
1/n

n— oo

for any ke N*. Therefore (#,).=: forms a central pro-saturation measure
of type (n~ 1/n, k~—~ 1 — k*) with respect to .&7(SU(2)).

THEOREM 7. The approximation process (V,),=. on 7 (SU(2)) of the
de La Vallée Poussin type is central and has the saturation structure
(p; 7 (SU2)); 7%(SU(2))) where

P N omwL;  g:iNsko1—k.
n

Proor. Let V denote the Favard space of (V,).:: with respect to

7 (SU(2)). In view of Theorems 2 and 38 it suffices to prove that the
inclusion

[ 738U @2)), 7 UE@)l, cV
holds.

(III) Let the function fe[ Zw(SUQ)), 7 (SU2))], be given. There
are sequences (f,).=: and (¢,).s: in the space .97 (SU(2)) such that

lim|[f, = £l = 0;
YERYu xfo = xg, (21, kz1);
sup [|fu 1 = sup (1 £ |l + 1104 1) = M < +< .
Since the identity
Y(k)ew(tts) = —3(F + 2)(eltts) — eultti-))

holds for any pair (k, j) € N* x N*, we obtain for all integers » = m = 1:

1
_ — —_— V. N*) .
Va(fa) — Vo(fa) méj 705D Vi(g.) (n e N*)

Thus the estimate

| Vil Fa) = full < M- 1 ;S Pm)- M (meNY)

mg‘g g+ 2

obtains. Hence fe V and the proof is complete.
(iv) Finally, let

#n—l - <1§k§n k2>_1 <l§k§% ka>2” (n € N*) )

As in the preceding section it can be shown that the sequence (ffn_\)nz:
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forms a central approximate unit for .97 (SU(2)). Since the identity

- _ 6(zn + IR — Kk — 1) *
nt T lgkén—l <1 Skn(n + 1)(277/ i 1) >ukv (’ne N )

obtains (R. A. Mayer [30]), it follows

lim Ctay) — 1 _ _ 3 [(1/2)F]
e 1/(n — 1) 2 k

for ke N*.

THEOREM 8. The central approximation process (F,_)).z. on 7 (SU(2))
of the Fejér type which is generated by the approximate unit (Uy_)nz:
for &7 (SU(2)) has the saturation structure (p; 7 (SU2))); Vy (7 (SU(2)))
where

@!N*anw;l’ W:N*akw—%[(l/z)kzl.
n

k
Since the proof of Theorem 8 is similar to the preceding one, we may
omit the details. For further results concerning summation processes on
the special unitary group SU(2) we refer to R. A. Mayer [31-33].

8. Conclusion. Let us briefly review Sections 4, 5 and 6. As it
was pointed out by E. M. Stein [45], his construction of the heat-diffusion
semigroup (exp (4¢)).cx, and of the Poisson semigroup (exp (—V' =4 t));exr,
which is based on the celebrated paper by G. A. Hunt [23], can be ex-
tended to nom-compact connected Lie groups. In this connection also see
R. Azencott [2].

On the other hand, it is a well known fact that the expansions in
series of special functions require in general the study of non-compact
Lie groups. For these reasons we shall return to saturation theory on
Lie groups in a forthcoming paper. In particular we shall draw upon
the theory of nuclear topological vector spaces.
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