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1. Introduction. Let V be an oriented Riemannian 2-manifold.
The bundle T, (V) of the tangent unit vectors of V can be equipped
with a family of natural Riemannian metrics given by the following
line element:

do* = g, dwida® + pgad,d,

where g,. is the metric tensor of the basic manifold V, o is an arbitrary
non-zero real constant and we have put

) ) % i
(1) guyyt =1, oy=dy' + {j k}y’dx" .

This metric in the case p = 1 was introduced and studied by S. SAsAkI
[2]. In a recent paper [1] W. KLINGEBERG and S. SASAKI investigated
the tangent sphere bundle of a 2-sphere. The geometry of the tangent
sphere bundle of a FEuclidean 3-space was investigated by A. M.
VASIL’EV in another approach [3].

In this paper we consider the tangent sphere bundle of an arbitrary
Riemannian 2-manifold equipped with the generalized Sasaki-metric (1).
We carry out our discussions using a special orthogonal frame: the first
vector of the frame is the horizontal lift of the supporting element (i.e.,
of the regarded point of T,(V)), the second and the third ones are the
horizontal and vertical lifts of the normalized vector which is orthogo-
nal to the supporting element.

2. Acknowledgements. The author wishes to express his sincere
thanks to Prof. A. M. Vasil’ev (Moscow State University) for raising
the problem and advising him to apply the method of moving frame.

The author is indebted to A. Sziics (Budapest) for the verbal obser-
vation that if (2(¢), y(¢)) forms a geodesic in T, (M) then y(t) moves on
a simple helix relative to the parallel displacement necessarily (cf.
Theorem 1).

3. The structure equations. The Riemannian connection of the
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manifold V defines a direct sum decomposition of the tangent spaces
of TV. Let xcV and y be a tangent unit vector at x. We denote by
e, the horizontal lift of y €T,V to T, ,TV. Let 2ze€T,V be the tangent
unit vector at x which is orthogonal to ¥ and such that the 2-frame
(y, 2) at = has a positive orientation. We denote by e, and e, the hori-
zontal and vertical lifts of 2€ T,V to T, TV respectively. It is easy
to see that the vectors e, e, e, are tangent to the tangent sphere
bundle T,(V) of the manifold V. Let w!, ®? ®° be the linear forms
on T(V) forming a dual basis to the frame e, ¢, ¢,.

PROPOSITION 1. The linear forms @', @w?, @® on T(V) satisfy the
Sollowing structure equations

(2) dw' = —W* A\ @®,
dw* = W'\ @*,
dw® = — Koo'\ o*,
where K is the Gaussian curvature of the Riemannian manifold V.

For the proof it is sufficient to note that the bundle of unit vectors
of an oriented Riemannian 2-manifold can be identified with its bundle
of positively oriented orthonormal 2-frames in a natural manner. Then
the equations (2) correspond to the structure equations on the frame-
bundle.

PROPOSITION 2. The components 6 of the Riemannian connection
Jorm @ corresponding to the gemeralized Sasaki metric can be expressed
wn the form

o=0, 6 = —<%K—— 1)(03, 6 = .—%sz,
0;:(%1{—1)@3, g:=0, eg=+%le,

6 = —;lez , g = _gm , 6:=0.

PROOF. The forms 6§; satisfy the structure equations
dwt = —0; N\ 0* .
On the other hand we have
a9 + 9imbt + gmfT =0,

where the components g,, of the metric tensor are
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Ju=9x=1, 95=0, 0:2:=0s=0s=20.
If follows that

Gi=0i=6=0, 6;+6=0, 6i+pi=0, 6+ 0p6=0.
It is easy to see using Cartan’s lemma that the theorem holds.
4. Geodesics on T,(V). We shall prove the following theorem.

THEOREM 1. The curve (x(t), y(t)) is a geodesic in T(V) with
respect to the Riemamnian metric (1) if and only if

a) the geodesic curvature £ of x(t) 18 proportional to the Gaussian
curvature K of V along x(t), that is £ = aK (@ = constant);

b) the endpoint of the wector y(t) moves on a simple helix with
respect to the parallel displacement along the curve x(t) and has the
constant angular velocity a/o concerning the arc-length parameter of

2(t).

REMARK. #(t) may reduce to a point z,. In this case (¢ = «) the
vector y(t) moves on the unit circle in the tangent plane as x,.

ProOF. The coordinates w® of the tangent vectors of a geodesic
with respect to the frame (e, ¢,, ¢, satisfy the differential equations
@t + Giw* =0,
where the point denotes the derivation by the affine parameter ¢{. This
equations can be written on account of Proposition 2 as '
@' — '@ + pKo'o® =0,
@ + w0 — pKo'w®* =0,
@*=0.

If z(t) is the vectorfield along «(t) such that (y(¢), 2(¢)) forms an
oriented orthonormal frame at 2(¢) on V, than we can write the above
equations in the form
(3) T = oy + 0z, Vi = 0z,

Vit = —pKo'ewy + pKo'w*z , V.V = —(0%%
(c.f. [1], p. b1, equations (2.1)).

If we put ¢ = ||| = VW) + (0, we see from d/dt(z, &) =

2(z, V&) = 0 and

%W&y, Vi) =2y, Vi) =0
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that ¢ and @® are constants.

If ¢ = 0 we have the case mentioned in the Remark.

Let s be the arc-length of #(t) and dash denotes the derivation by
it. We can write the equations (3) as follows

1 2 3
Qo = ﬂy-’-g)_z, szz.ciz,
¢ c ¢
2 1 3\ 2
Vou = — pK(—;—way + pK%aﬁz , V.w.y = —(%) Y.

The geodesic curvature £ of x(s) satisfies

& =72 =

’

Bl
c

o' o’
—pKw'w®; pKo'w®

sign £ = sign det = sign (0K @) .

So we have £ = pKw'/c i.e. a = pw/c.

The equation V. V.y = — (®*/c)’y means that the endpoint of the
vector ¥y moves on a simple helix along the curve z(t) with respect to
the parallel displacement.

On the other hand let x(s) be a curve in V (s is its arc-length
parameter) such that the geodesic curvature £ of 2(s) is proportional
to the Gaussian curvature K of V along 2(s): £ = aK. Let y(s) be a
vectorfield along x(s), the endpoint of which moves on a simple helix
along 2(s) and has the constant angular velocity a/0. Now we state
that (2(s), y(s)) is a geodesic in T, (V) with respect to the metic (1).

Let z(s) be the vectorfield along «(s) such that (y(s), 2(s)) forms an
oriented orthonormal frame. We can write the differential equations
of x(s), y(s), 2(s) as

2 ="y + 7z,
V.o = —kYy + kY2,
Voy = 2,

0

If we take

a)l
'7‘:——’ ’72=_.., = —_
c c Cc 4
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we get the equations of geodesics (3).

COROLLARY 1. If V s an elliptic or hyperbolic plane then the
geodesics on T(V) are helices around circles on V.

In fact, in this case K +# 0 is constant on V, and the geodesic
curvature £ of 2(t) is constant.

COROLLARY 2. If V s a FEuclidean space, then the geodesics on
T.(V) are helices around straight lines (£ = a0 = 0).
5. The curvature of T,(V).

PROPOSITION 3. The components of the curvature forms 2. = do +
0i N\ 6. in our frame can be expressed as follows:

25 = K<1 — %K)w‘/\w2+ —’é—Kla)‘/\a)3 + %szz/\aﬁ ,
2
2 = %Kla)‘ A @ + %Kza)‘ A @,
2
2 = %Kﬂ)l N @ + %szz/\ o,
where dK = K,0' + K,0*.

The proof is obtained by a simple calculation using the results of

Proposition 2.
Now we can find in which case will be the 3-manifold T,(V) of
recurrent curvature or locally symmetric or of constant curvature with

respect to the metric (1).

THEOREM 2. The Riemannian mantifold T,(V) equipped with the
metric (1) s of recurrent curvature if and only if K =0 or pK = 1.
In the case K = 0 it is flat, in the case pK =1 T,(V) has the constant

curvature K/4.

PROOF. We get from Proposition 3 the components of the curvature
tensor:

R, = K<1 - %B‘K> ’ R,; = %K1 ’ Ry = ng ’
2
K1 ’ R1313 = %Kz ’ R1323 =0 ’

2
Kz ’ stw =0, Rzazs = %Kz .
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Using these expressions we can calculate the components of the covari-
ant derivative of the curvature tensor. For example we have

pz 102
Rlazau = _‘IKKz and Rxszs;z = _ZKK1 .
From the recurrence of the curvature tensor it follows K, = K, = 0,
that is K = constant. But in this case we have

By = K<1 - §4L0‘K> y Ry = %ZKZ y Ry = %Kz ’

and the other components are 0. Now we calculate

2 4

We obtained that if T,(V) is of recurrent curvature than K =0 or
oK = 1. In the first case we have evidently that T, (V) is flat.
Now we suppose that pK =1. We get

Rma:l = lp—zKa - —g—K2<1 — %)-K) = %KZ(PK— 1) .

Rlﬁlz = "'I4£ ’ Rﬁus = _Ii‘:o ’ Rz]s]‘za = %p
%(gugzz - g%) , %(gugsa — g%, %(gzzgas - g%),

and R;;;; = 0 in the other combination of the indices. This completes
the proof.
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