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1. Introduction. Let f be a holomorphic function in a neighborhood
of the closed unit disc in the complex plane C and | be a chord of the
boundary circle C. Then the following inequality holds for every p, 0 <
P < oot

(1) |17 @pidel = K 17@)idel

in which K, is a constant depending only on [, and K, <1 ([1], [6]). If [
coincides with a diameter of the dise, then K, = 1/2 and the Fejér-Riesz
inequality follows ([2]), and this is extended to the H*-functions on the
unit ball of C*, n = 2 ([4]).

The purpose of the present note is to obtain an inequality similar
to (1) for the Hr-functions on a domain in C¥ which is a product of
balls in C", =1, ---, m. This inequality gives, as a special case, an
extension of (1) to H”-functions on the unit polydise in C* which is not
treated in [4], and we note that the constant appearing in the inequality
exhibits a remarkable contrast to that for the unit ball.

2. Statements of results. Let C* =C™" X -.- X C" and let Z =
(2%, ---, Z™) e C", where we shall use the notations Z7 = (2}, e, 2h)ecn
and X' = (o, o, -+, aly;y, 2l )€ R™ with 2z =l +iwn, k=1, -,
ng §=1, -, m. We shall write || Z7|' = |#{[" + --- + [z, and || X[ =
(x4 +(x§nj)2. If Ai=(ai, ---, af,;) e R, we write A’ X'=ajx/+-- -+
ai, %3, We consider a domain B = B,x---XB, in C", where B; is the
unit ball in C" centered at the origin, i.e., B; is the set of points Z’
such that || Z7]| < 1. We let dB stand for the Bergman-Silov boundary
of B,oB = 0B, X --+ X dB,,, where dB; is the boundary of B;. We denote
the Lebesgue measure on 0B by dz; more precisely, this means that dr
is the product measure of elements of the surface area of spheres dB;,
j=1,---,m. The Hardy space H?(B),0 < p < «, is defined and pro-
perties we need can be derived as in the case of polydises ([6]); especially,
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if fe H?(B), then the radial limit f*(Z) exists for almost all Z€ 4B, and
f*eL?(GB). We denote by L a hyperplane in R** and by do the Lebesgue
measure on it.

Our main result is the following, in which, if m =1 and L passes
through the origin, then the inequality holds for the constant 1/2 by

[4, Theorem 1].

THEOREM. FEwvery function f € H?(B) satisfies the following inequality
for any p,0 < p < o, and for any hyperplane L in R*™:

(2) [ D 02) 5 20 mi | |72 ()

When a single space C" is considered, a point in it is denoted by z =
(2 +++,2,) With 2, = €y, + %y, 2,€R, =1, ---,2n. We shall denote
by 4 and T the unit polydise in C* centered at the origin and the
Bergman-éilov boundary of 4, respectively, i.e., 4 = {ze€C"| [2;| <1, 5=
1, .--,n}and T={zeC"||2;]=1,5=1, ---, n}.

COROLLARY. Ewery f e H?(4) satisfies the inequality for any p, 0 <
p < oo, and any L in R™:

[, r@rdo@) < 20w | | £ raca) .

3. A lemma. We shall need the following. Although this can be
proved in the same way as [4, Lemma 1], slight modifications should be
made.

LEMMA. Let B be the unit ball in C™ centered at 0 and let L be a
hyperplane in R*™. Then there exists a constant K for which every

holomorphic function f in a mneighborhood of B satisfies the imequality
Jor every p,0 < p < oo,

[, f@rde@ = K| |7@Pdse) .

K =1 in general, and K = 1/2 for any hyperplane L passing through
the origin.

PrOOF. First, we parametrize the unit sphere 3B by the mapping
G,y -+, Oppy) = (X, -+, Tyn_y, X,,), Where
x, = cosd,,
(3) x;=s8inf, ----- sin@;_,cos8;, j=2 ---,2n—1,
Loy = SBING, ccvvrvernnenenn.n. sin 8,,_, sin Opns »
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06, -+,0,,=7,0=0,,_, <2r. With respect to this parametrization,
we have dr = [[%7%(sin ;)" 7'd@, - - - d0,,_,. Next we begin with the
hyperplane L, LN B+ @, defined by the equation x,,=a,0=a <1.
Functions «,, ---, 2,,_, in (3) and x,, = a can be used as a parametrization
¥ for LNB,¥:G— LN B, where G is defined by G = {(6,, -- -, 0,,_1) €
R ||T@, -, 0.,)<1,0<0,<mj=1,---,2n —1}, and we have
do = TI%:!(sin 0,)*"7d6, - - - df,,_,. Writing ¢' =@, ---, 6,,,) and Q =
0, ) x --+ x (0, ) CR“ :, we define D={0"eQ|(, 0,,_,) €G for some
6,,_, € (0, #)}. Take an arbitrary point ¢'e€ D, and let (¢, 6,,,) €G. Then
¢’ determines a point 2’ = (2, ---, 2,_,), and 6,,_, satisfies the inequality

(sin @, - - - sin B,, ,)*(cos 0,,_,) + a* <1 — ||z’|]*,

where ||2'||> = |2,* + - -+ + |2,_.[° hence runs through an interval (a, 8) C
(0, ). The corresponding point 2, = ,,_; + 7a lies on a chord I of a
circle C in C of radius (1 — [[?2’||*)*. On the other hand, for a point
2,€C, we can write z, = (1 — ||2']|)"%", 0 =< t < 27, and (7, 2,) = D(¢', t).
Now the inequality (1) implies that

= {7, 2P 1dz]
< & - 12 1@ = ey pa

here, since |dz,| = siné, --- sin 6,,_,d0,,_,, 0,._, € (o, B), on the left-hand
side, we get

- Sﬂl (f°w)(0’, O2n_1) lp sin 6, - - - sin 0,,_,d0,,_, .

It follows that
|, If@Pdo

Lne

= ||, -+, by, 0 DI TL (51007700, - - d,.,
do, - - db,,_, S [(foU)O, Osy)|? H (sin 6;)**~#~*sin @, - - - sin 6,,_,d06,,_,
(sin 0,757, -+ 0., 1 £&, (L = 129 L — |27t

on .

a0, -+ 0., |1 7@, 2 .| | ] (sin 0,5 ~at

@Iz, de@) < | | @) (@) .
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Finally, let I be an arbitrary hyperplane in R*", LN B = @. Take
a unit veetor w in C* orthogonal to L with respect to the real inner
product Re {u, v) of R*™, where <{u, v) = >3-, u;v; for u = (uy, -+, ),
v= (v, ---,v,)€C". Choose a unitary transformation U in C" so that
Uw= (0, ---,0,%). Then L':=U(L) is a hyperplane defined by the
equation Im 2, = const., 2’ = (2}, -+ -, z,) € L'. Hence, denoting by do’ the
measure on L', we get

Smﬂl (fo UM (2"IPdo’(2) = SaBl(f° U™(@)[Pdz(2") .
It follows that
|, f@rio@ s | |r@Prae .
REMARK. Let Uz =2". Then |2,|=|{&, 0, -+, 0,2 = [/, w)|;
hence we have

|, /@t = K| | @i wylde@) .

4. Proof of Theorem. Let L be a hyperplane in R*, LN B+ ,
defined by the equation 3™, A'X? + ¢ = 0, where A7 = (al, ---, arfnj) €
R, j=1,..--,m, and a€ R. We may suppose that || A™| 17 (2n;) is
the maximum among the values || A*| II;.(2n;), k=1, ---, m, and that
a3, # 0. We shall derive the inequality:

m 1/2 m—1
|, @ rdo@) = (5 14°1) "1 4% 17T @ | 722 o) -

This is sufficient, because, letting | A*|| = max{||4’|||j=1, ---, m}, we
have

Sl A [ T @ng) ™ = (S 147 = 4% T )
é m1/22—(mf1) .
Now, the defining equation of L becomes
(4) an, = S BIXi + B"X™ + b,
J=1

thre B = (biy Tty b2jnj)y -7 = 1; T, M — 1’ B™ = (bin, Tt b;':zm——l) with bI]c:
—ai(az, )Y, and X™ = (a7, ---, 2% _,). First, we shall prove the above

inequality for functions f holomorphic in a neighborhood of B. It
suffices to show

(5) |, 1/Z)Pdo(Z) < eoer e 1@ re,
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where ¢, = (| B*[|* + -+ + || B™|)"%, ¢, = || B™|| with B™ = (&}, ---, b%%, o,
—1). Since the case m =1 is proved in Lemma, we have only to
verify the inequality (56) under the assumption that the case m — 1
is valid. Let G be the open subset of R**~' consisting of points
(Xt -.., X1 X e R**' such that | X||<1,5=1,---, m—1, and
| X™|* + (2w )* <1, where #7, is the function of X', ..., X' X™
defined by the equation (4). Let ¥:G— LN B be the transformation
defined by X/ = X/, j=1, ---,m — 1, and X" = (X™, 27, ). The measure
do on LN B with respect to this parametrization is do = ¢, dX*---
dX™'dX™, where we write dX’=dxf.-- dxgnj, j=1 ---,m—1, and
dX™ = dap --- dag, . Let D= {X'eB,|(X', X% ---, X™)eG for some
Xz .-+, X™) e R}, Take an arbitrary point X'e€D. Then a
hyperplane L' := L'(X*) in R** ™ is determined by the equation

op =S BiXi + BYX™ + (BX' +b).
=2

Let G'(X*') be the open subset of R¥~™~* such that || X/|| <1,j=2, .-,
m — 1, and || X™|?*+ (2%, )* <1. Then a parametrization ¥": G'(X") —
L'NB’, where B =B, X --- X B, is defined by X=X/, =2, .-,
m — 1, and X™ = (X™, a7, ). The measure do¢’ on L'N B’ is given by
do’ = ¢,_dX*---dX™, ¢,_, = (|B*||*+ -+ + || B™||»)**. Note that the set
G'(XY) consists of points (X? ---, X™) such that (X' X? --., X™)eG.
For an arbitrary function f holomorphic in a neighborhood of B and p,
0 < p< e, we have

L= 15@pdo@) = e | |F&X, X7, -+, X PAXIAX? - dX

LNB
= { axt| 1r@0, v, X)PAX - axe
D ¢ (xh
= cmc;,l_lg XmS | £(Z", Z')|da’(Z")
D L'NB’

where we write Z' = (Z? ---, Z™). The induction hypothesis implies that
m—1
[, |72, 20Pd0(2) < cusei TL @) | 1522, 20 Pae(2)
L'NnB’ =2 oB’
where dz’ denotes the measure on 0B’, hence
15 e T @ny | ax| 152, 2)de(2)
=2 D ’
<ot T @ny | ax:| | 172, 2) paz 2y
i=2 By aB’

= e T @no [rrar | ae@) | 1602, 20pan ),

1
0
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where dz, denotes the measure on o0B,. Here, since f(Z*, Z') is a holo-
morphic function of Z! in a neighborhood of B, for every Z’'coB’, we
see by [3, Lemma 2] that

|| f07, Zypae(z) < ||| 72, 2P e,
hence

1= o [L@nyem) | ae@) || 172, 2 pde2)

= caer* TL @0 | | £(2)rd=(2) .

aB

Now take an arbitrary function f € H?(B), 0 < p < . Then, from Fatou’s
lemma and the inequality (2) which is valid for functions f(#Z), 0 <r <

1, holomorphic in neighborhoods of B, it follows that
[, |7@Pdoz) < liming | | 702)do(2)
LNB r—1 LNB

< lim 2~ "0 g2 Sm] ) Pd(Z)

r—1

= 2w | | D) Pde@)
The proof is completed.
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