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Let (2, F, P) be a complete probability space equipped with a non-
decreasing right continuous family (F,) of sub o-fields of F' such that F,
contains all null sets. We shall use the notations given in Meyer [5].
Let M be a local martingale with M, = 0, M° its continuous part and
{M°) the increasing process associated with M°. Weput AM =M — M __
and assume the condition 4M. > —1 throughout this note. Denote the
exponential martingale of M by & (M), that is, &(M), = exp{M, —
1/2)<XM°, + (log 1 + x) — x) - p.}, where g is the integer valued random
measure associated with jumps of M. As is well-known, & (M) is a
positive supermartingale with & (M), = 1 but it is not always a uniformly
integrable martingale. Girsanov [1] raised the problem of finding a
sufficient condition for the process & (M) to be a uniformly integrable
martingale. The purpose of this paper is to establish the following.

THEOREM. If, for some a with 0 S a <1l and a mnon-negative
constant C,

(1) (exp{aMs + ((1/2) — a)}{M*)s — (1 — a)C{M)%*
+ (log(1 +2) — 2+ 1 — a)2*/(1 + ) * fs})ses,

18 uniformly integrable, then & (M) is a uniformly integrable martingale.
Here &4 denotes the set of all bounded stopping times.

REMARK 1. The above theorem is an improvement of the results in
Novikov [6], [8], Kazamaki [2], and Lépingle and Mémin [4]. For ex-
ample, our theorem implies the result in [8] (resp. [4]) in the case of
AM =0 and a = 1/2 (resp. C = 0).

REMARK 2. Let M= M —({(M°) — C{M°)"*) — (x*/(1 + 2))- ¢t and A =
log & (M) — (1 — a)M. If {exp (A)}s. &, is uniformly integrable for some
a with 0 < a < 1, then so is {exp (A¥)}scs, for every g with a < g < 1.
Indeed, letting Se.%4, we have
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exp (AP) = & (M)sexp {—(1 — B)Is}
= g(M)gﬁ—a)/(l—a)g(M)g—ﬁ)/(l—a) exp{—(1 — 5)M} .
Applying Holder’s inequality to the right hand side, we have
E[I, exp (AP)] < E[& (M)s]¢~/4~ E[I,% (M)s exp {—(1 — a)MS}]“—ﬁ’/“—a)
< E[Izexp (A)]e-#/a-a
for each Be F.

REMARK 3. We give an example which satisfies the condition (1)
of Theorem, but does not satisfy that of Lépingle and Mémin [4]. Let
(B,):=o be a one-dimensional Brownian motion with B, = 0 defined on a
probability space (2, F, P). We consider a stopping time 7z given by
c=inf{t; B, <t —t"*—1}. Weset M = B*. Then putting C = 0, since

¢ L' and 7 < « a.s., we have
Elexp{aM. + (1/2 — a){M).}] = Elexp {a(z — 72 — 1) + (1/2 — a)7}]
= Klexp {(1/2)t — ar'?® — a}]
= Elexp{(1/2)(z"* — 1)’ + (1 — a)(z"* + 1) — 8/2}]
= Elexp{(1 — a)z* + 1) — 3/2})] = o .

Therefore M does not satisfy the condition of Lépingle and Mémin [4].

But, putting C = 1, we find that for every T e &4
Elexp {aM; + (1/2 — a){M)r — (1 — a){M>*}]

= Elexp{aBrr. + 1/2 —a)T A7 — (1 — a)T A )}
< Elexp{aBrn. + (1/2 — )T A7 + 1 — a)Brr. = T AT + 1)}]
= E[exp{Brr. — (1/2)T Az + (1 — a)}]
= (exp(1 — a))E[&(M);] <exp(l — a) .

Therefore M satisfies the condition (1) of Therorem.

To prove Theorem, we need the following lemmas.

LEMMA 1. The inequality
(2) (E (M) = M) = & (M)exp{(\ — 1)I + C*/2},
hold for every N\ with 0 <\ < 1.

PrOOF. By an easy calculation we have

Mog(l+z)Zlog(l +xx) Slog(l + 2) + (W — Dz/(1 + %)
for x > —1 and so
(F(M)) = exp MM — (1/2){M°) + (log (1 + x) — @) ¢}
= exp (MM — (V2)XM°) + (log (1 + &) — Ax) - p} = E(WM)
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SEM)exp{(x — DM — (v — D)KM*) — C{MH)
— (= DA + ) - g — (1/2){( — 1)M)V? + CY + C*/2}
< &(M)exp {(» — 1)I + C¥2}.
LEMMA 2. Let0=Za<1land 0<N=1. Then we have the follow-
ing inequalities:
(3) EWM) = &(M)* /42 exp {1 — MAY/1 — a) + C*/2},
(4) ZM) < exp{(n — @) + A= + C¥2} .
PrROOF. From the definition of A, it follows immediately that
M = (log &(M) — A?)/(1 — a) and &(M) = exp{A® + (1 — @)M}. Then
we have
EOM) £ & (M) exp {(n — 1)IT + C/2}
= & (M) exp {((M — 1)/(1 — a))log & (M) — A®) + C*/2}
= ZM)*2/t=2 exp {1 — MAY/1 — a) + C¥2}.
Hence
ZOM) £ &€ (M)exp{(n — 1)M + C*2}
=exp{A“ + (1 — a)M + (v — DI + C*2}
= exp {(» — @)/ + A@ + C*2} . q.e.d.
We now prove Theorem. Since & (M) is a positive local martingale,
we have E[Z(M).] =1. Therefore, & (M) is a uniformly integrable

martingale if and only if E[&(M).] = 1. We prove Theorem by apply-

ing the method in [4]. We define the stopping time T, by
T, =inf{t > 0; I, < -k}, k=12, ---.

We show first that £ (WM) is a uniformly integrable martingale for any
fixed » with @« < A < 1. Letting Be F and Se€.&, we have, by (3)

E[I;Z (WM)s] = (exp (C*/2))E[1:Z (M)§~=/*"® exp {1 — MAF/1 — a)}] .

Applying Holder’s inequality with exponents (1 — a)/m —a)>1 and
1 — a)/1 — ) we first show that the right hand side of the above
inequality is smaller than

(exp (CVZ))E[%(M)S]““"”“_“’E[IB exp Afga)]u—z)/u—a) ,
which is dominated by
(exp (C2/2))E[I3 exp Afsa)](l—l)/(l—a) .

Since {exp A{"}sc, is uniformly integrable by assumption, so is &(\M).
Next we consider the family (£ (A\M);; @ <\ < 1} for each k. By using
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(2) and (4), we have
g(xM)Tk = (Tk=°°)g)(xM)Tk '+‘ I(Tk<w)g()\,M)Tk
S Ippee@ (M), exp {(1 — Nk + C*/2}
+ Iir, <o €Xp {(@ — ME + Af) + C%/2}
< & (M), exp {k + C*/2} + Iy, €xp {AF} + C%2},

for each N with ¢ < A <1. The last expression, which is independent
of \, is integrable, hence {&(A\M),,; @ <\ < 1} is uniformly integrable.
Then &(WM),, — & (M),, in L' as » — 1, since &AM),, — & (M), a.e. as
A — 1. Combining this fact with the uniform integrability of (2 (AM),)iz0
we have E[Z(M),]=Ilim,, E[Z(\M);,]=1. On the other hand,
recalling the uniform integrability of {exp A{}s.», and using (4), we
find

E[E(M)r iy, co] = (exp{—1 — @)k} E[exp (AF)) i, <]
< (exp{—(1 — a)k}) Ssup Elexp (A)]— 0

as k— o. Consequently, we have
1 = E[Z(M);,] = E[& (M) L1 ] + E[E (M)l ig)=en)]
S E[& (M) L iryce] + E[E(M)] -
Letting & — o, we obtain E[%(M).] = 1, which completes the proof.
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