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0. Introduction. The purpose of the present paper is to extend the
following.
THEOREM A (Coifman-Rochberg-Weiss [4], Uchiyama [11]). If K s
a singular integral operator of Calderin-Zygmund type on R" and if
p,4q,r >0 satisfy 1/p = 1/qg + 1/r < 1 + 1/n, then
|h-Kg — K'h-g|lzszmy < C|| || gown || 9|l zrmn 5
where K' denotes the operator conjugate to K.

As for the definition of H?(R"), see Fefferman-Stein [5]; as for K
and K’, see the definitions in the next section.

In Theorem A, the restriction 1/p < 1 + 1/n cannot be relaxed since,
for f = h-Kg — K'h-g, we cannot expect Ff (&) = o(|&["*™") as € -0 (F
denotes the Fourier transform) if 1/p = 1 + 1/n, whereas any distribution
f in H?(R") has this property.

In this paper, we shall extend Theorem A to the case 1/p =1+ 1/n
by showing that we can obtain a well defined bilinear map H?* x H" —
H?, 1/p = 1/q + 1/r, for all ¢, » > 0 if we form the following “products”:

h-K9 — 2K'h-Kg + K"h-g,
h-K*9 — 3K'h-K*9 + 3K"h-Kg — K"h-g, ---, ete.
(the theorem in the next section will give a slightly more general

“product”).
The argument of this paper is a refinement of that given by Uchiyama

[11]; we shall refine the calculations in [11] so that we can use the in-
equality

[ 78] = Clf Il llumopm » 0<p<1,

as well as Holder’s inequality.
Throughout this paper, we use the following.

* Partly supported by Fijukai Foundation.
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NOTATION. ¢ and +r denote fixed smooth functions on R* which have
the following properties: ¢(x) =1 for |z| £ 1, ¢(x) = 0 for |x| = 2, Y(x) =
1 — ¢(x). B(z, t) denotes the closed ball with center x € R* and radius ¢
with respect to the usual metric. The mark - is sometimes used in
compensation for parentheses; no operator operates beyond this mark.
The letter C denotes a constant which may be different in different
places. fx*g denotes the convolution of f and g. k* is defined by k" =
kY Vxk, j=1,2,---, and k= ¢ = the Dirac measure. Fora=(a, -, a,)
with «; nonnegative integers, differential operator ¢ and its order |«
are defined by 0*=0---9%* and |a|=a,+ --- + a,, Where 9; is defined
by 0;f(x) = (d/ox;)f(x). We shall also use the notation (9/0x)*f(x) =
0" f (x).

1. The result. The result of this paper is the following.

THEOREM. If K, ---, Ky are singular integral operators of Calderén-
Zygmund type on R and if p,q, r > 0 satisfy
1/p =1/g +1/r <1+ N/n,

then there is a comstant C depending only on p,q,7, K, -+, Ky and n
such that, for all he & N HYR") and all g€ . N H(R"),

I3 (=1 (L Eh-(IL, K las < Cllo el gl

where the summation ranges over all the subsets J of {1, ---, N}. Here
K; denotes the operator conjugate to K;, |J| the cardinality of J, J° the
complement of J, [I the product of operators; if J or J° is the empty set,
the corresponding product [[ means the identity operator.

To explain the singular integral operators in this theorem, we need
the following

PrOPOSITION 1.1. (i) Suppose that k is a smooth function in
R"\{0} satisfying

(1.1) | (0/0x)*k(x)| = Cla|™"'*

and

(1.2) sup S k(x)dr| < oo .
0<a<b<oco a<lzl<d

Then there are sequences {a;} and {b;} such that a;— 0, b; > o« and

lim (- )+ [a;)( - [b;) = K
exists in S7'(R").
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(ii) If & is the distribution in (i) and ¢ is a complex number, then
the Fourier tramsform of k + c¢d, 06 = the Dirac measure, is a bounded
Sfunction m which is smooth in R"\{0} and satisfies

(1.3) 1(9/08)*m(8)| = Calg|™'" .

(iii) Conversely, if m is a bounded function satisfying the conditions
of (i), then there are a distribution k arising in (i) and a complex num-
ber ¢ such that m 1s the Fourier transform of k + cé.

PRrROOF. (i) can be seen if we choose {a;} so that
lim | k(o)y(a/a,p@de

exists. (1.8) for @ # 0 and (iii) are proved by means of the technique
in [6; Proof of Theorem 2.5]. Proof of (1.8) for &« = 0 can be found in

[1; Theorem 3].
The operators in the theorem are the ones in the following definitions.

DEFINITION 1.1. We shall call K a singular integral operator of
Calderim-Zygmund type if it is defined by

(1.4) Kf =k*f+cef = 7 (mF¥)
with %, ¢ and m in Proposition 1.1.

By Proposition 1.1, these operators form a commutative algebra. It
is well-known that such operators can be extended to H? for all p > 0
as bounded operators; see [5; §12].

DerFINITION 1.2. If K is an operator defined by (1.4), the conjugate
operator K' is defined by K'f = k(—:)xf + ¢f = F (m(—)Ff).

The rest of the paper will be devoted to the proof of the theorem.

2. Preliminary lemmas.

DEFINITION 2.1. For a nonnegative integer m, xrc€ R and t > 0, we
define

T, t) = {pe S |supp @ C B(w, t), ||0°P||» <t for |a| < m},
Ta@, t) ={pe F||op| St + |- — x|y for |a| < m};
and for fe %,
M, . f(x) = sup{|<{f, P)||pe T .(x,8), 0 <s=t},
M, f(x) = sup{|{f, P> |lpe T, s), 0 <8< =},
M, f(x) = sup {|{f, P)||p € T (@, 8), 0 <5< o}.
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DEFINITION 2.2. For a nonnegative integer m, we define .°7;, as the
set of all ke€.%” which satisfy
|(9/02) k()| < |2|™7'*! for |a]=m
and

sup
0<a<co

We shall list up the lemmas which will be used later.
LEMMA 2.1. If o >p>q >0, then
L1 £19FNl2o < Cooll £ llzo -
If0<p=1and m > n/p — n, then
| Mo f ll2o < Coll f llao -
Conversely, if M,feL?, 0 < p < oo, for some m =0, then feH? and
[ fllar < Copmll M [|2o -

LEMMA 2.2. Let 0<p=1 and m=0. If suppf C B(x,t) and
M, .f € L*(B(x,, 2t)), then f can be decomposed as f = g+ N0, where
geH?, 6ecL> |0~ < t™?, N\ 18 a complex number, supports of g and
0 are contained in B(x,, t), and

Il + 1M = o], (Maf?)”

LeMMA 23. Let 0<p=landm=0. IfsuppfcCB@,t), M, €
L*(B(x,, 2t)) and

B(zg,2t

| fedz =0 for |l < njp —n1,

them fe H? and

1 £ s = Co(], | Mt )" .

LEMMA 2.4. For |x — x| < 2t,

ML (f()p2(- — 2)[0)(®) S CoMp o f () .

LEmMmA 2.5. If feH?, 0<p <1 and supp f < B(x, t), then f can
be decomposed as follows: f = D5, Na; Where \; are complex num-
bers, a; are bounded functions, |a;|.~ < 7™, supp a; C B(x;, 0;) C B,

2t), S ai@xde = 0 for |a| = [n/p — n], and (5 [N;2)7? = Gl f || z»-

(@,

LEMMA 2.6. If ke 2%, and ve T, (x,t) with m = 1, then, for |B| +
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7| =m — 1 and |w — x| < 1000¢,
|| oro@aiw — 21dz| < Cm-mn
LEmMMA 2.7. If k, and k, are functions in ¢, with m =1, then

Ck, x k, belongs to 2¢,_,, where C depends only on » and m.

LEMMA 2.8. There is a constant C depending only on n such that
| & k| < C for all ke 2%,

LEMMA 2.9. Let 6 be a smooth function with suppd C B(0,1) and
Sa =1; set 6, = t=0(-Jt), £ > 0. Then, for all ke. 5%, with m = 1,

| (R( ) — - [108)) = f(@) — O, b f(x)| < CM,,_f(x) ,
where the constant C depends only on n and m.

ProOF OF LEMMA 2.1. The first part is derived from the Hardy-
Littlewood maximal theorem; see [10; Chap. II, §3]. The second part is
proved by means of the atomic decomposition of H?; cf. [11; Lemma 7].
The third part is a result of Fefferman and Stein [5; Theorem 11].

Proor or LEMMA 2.2. We can take A0 which has the estimates in
the lemma and satisfies

S (f = a0)(@)xde =0 for |a|Z[n/p—n].

Hence the lemma is reduced to Lemma 2.3.

ProOF OF LEMMA 2.3. We shall estimate M, .f(x) for m' =m +
[#/p — n] + 1. Take e 7,.(x,s). If P denotes the Taylor series of ¢
expanded about x, up to the terms of degree [n/p — n], then

| 12 = | 70 — P =)

(1) If [o = o] < 2t and 5 < 4¢, then || /o] S M f(0) S Moo f(0);
(ii) if | — 2] < 2t and s > 4¢, then C (@ — P)g((+ — x,)/t) € T (=,
4t), and hence

72| = CMuus@);

(iii) if |@ — 2,] > 2¢ and s < | — %]/2, then qu: = 0;
(iv) if |x — x| > 2t and s > |2 — %,|/2, then, for every y ¢ B(x,, 2t),
Co'(t/|x — )21 @ — P)g((+ — x,)[t) € T (¥, 4t),
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and hence

{ so] = Ctie = mpprem(e | Maufr)”

(i)-(iv) give the pointwise estimate for the function M, f(x) in terms of
M, . f; by integration, we obtain the desired estimate.

PROOF OoF LEMMA 2.4. Let |z — x| < 2t and @€ .7 ,(x, s). Then the
function C'¢(2(- — =,)/t)p(-) belongs to 7 ,.(x, 3t) if s > 3t and to 7 ,.(x, s)
if s < 3t (the constant C depends only on % and m). Thus the claim
follows from the definition of the maximal functions.

PrOOF OoF LEMMA 2.5. Modify the proof of Latter [7]. If f has
compact support and belongs to H?, p <1, then it is orthogonal to
polynomials of degree less than or equal to [n/p — n]; hence g, con-
structed in the proof of [7] can be, after the multiplication of some
constant, a p-atom by itself.

PrROOF OF LEMMA 2.6. By integration by parts, the integral in the
lemma can be rewritten as

(0**1v(z) — Fv(w)k(w — 2)dz + *v(w) S k(w — 2)dz ,

S lw—z| <1001t |lw—z| <1001¢

which is majorized in absolute value by

S ‘/'ﬁt—n—lﬁﬁl—l]w — 2" "dz + g = O A
lw—z| <1001¢

ProOF OF LEMMA 2.7. First we shall estimate

(0/0) (e« k(@) = | 9o — Wk -

Decompose this integral as follows:
- saounanay + { (- 1000w — )lzDay

{0 = s(10ule)) — p(10(y — @)/lz D)y
=1+ 1II+III.
We can estimate I and II by using Lemma 2.6; |I|, |II| < C|z|™ '« for
la] £ m — 1. As for III, we have, for |a| £ m,

I = CS ly |~ 1<y < Cla| e .

lyl>|z1/10

Thus
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(2.1) |(0/0x)*(k, * k,)(@)| = Cla|™ 7', |a|=m —1.
Next we shall show
2.2) sup H (Fe, » kz><x>¢<x/a>dx| <cC

with C depending only on 7, which combined with (2.1) proves the lemma.
Decompose the integral in (2.2) as follows:

[ (| 1w — wiswiore Jewiswirondy + || ke — vkws@awwi00ddy

=I141I.

We can estimate I by using Lemma 2.6 twice; |I| < C. As for II, we
have

s cff |ly|dady < C .

lz] <2a31y|>10a
This proves (2.2).
Proor or LEMMA 2.8. See [1; Theorem 3].
ProorF or LEMMA 2.9. This lemma follows from the estimate
CHk(- (= +/108) — (0, x k)(-)) € T ni(0, 1),

which is proved in a way similar to the proof of Lemma 2.6.

3. Proof of the theorem. We shall prove the theorem in the special
case K, = --- = Ky = K. The general case requires little modification;
see the remark at the end of this paper. In the special case, the “product”
of the theorem can be rewritten as

AN\ _,. )
(_1).7< J >K’Jh,KN"'.1g ,
0

M=

J

I

where K" = K° = the identity operator.

Take two sufficiently large integers m and m’ (they can be deter-
mined depending only on p, g, r, N and n). We shall prove that there
are positive numbers u < ¢, » < r and C such that the following point-
wise inequality holds throughout R":

31 M, (ﬁ (-1)1‘(13,7 )K'fh -K”"'g)
< O3, (MK + HLWYMK™9) + )

+ C{M(Mah))} M o(Mng)")}"*
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(v and v depend only on p, ¢, , N and n; C depends only on o, q, 7,
N, n and K). Since K and K’ are bounded operators in H*® for all
s >0, (8.1) gives, via Holder’s inequality and Lemma 2.1, the inequality
of the theorem.

We assume that K = k= -, ke 9%, with an m'’ sufficiently large and
show (8.1) with C depending only on p, q, , N and n. Proof for the
general K requires an easy limiting argument, which will be omitted.

From now on we simply denote .7, 9., M, and M, by 7, .7, M
and M, respectively. We use the following notation: if Af = a *f, then,
for ¢ > 0,

ACf = (a(-)p(—-/10t)) * f .

Take p e T (2, t), ®, € R*, t > 0 arbitrarily. What we must do is
to estimate

ng(h-K”g — NK'h-K" g £ -+ + (=1)K'""h-g) .

The first step is to rewrite this integral as

S S <¢(y) — No(z,) + (1;,)¢(z2) T+ (—1)”50(%«)))
X Mk(Y — 20z, — 2,) - -+ k(zy_, — w)g(w)dydz, - - - dzy_dw
and decompose it into the following four terms:
[ - e = wonongiw — eaondyds, - day_dw
n S S {++ W((w — 20)/10t)dydz, - - - dzy_dw
e Wi = wotondyds, - daydw

— S S {- Wy — @)/10t)0((w — @,)/10t)dydz, - - - dzy_,dw
=I+I1+ 101V,

We shall estimate these terms separately.

Estimate for III. III can be written as a finite linear combination
of the following terms:

r = { e@)(| k@ — 2w — w0/1000w )(| btz — wigw)dw)az,

where k, =k and k, = k""", j=1,2, ..., N. By Lemma 2.7, we can
assume that %, and %, belong to .97, with an m’’ sufficiently large (or
k, = 0 when j = N).
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Consider the following function in the region [z — x,| < ¢

7@ = | Moy — 2w — 2100y .

Decompose this as follows:
1@ = | ey — 2w — a10nay

+ | hw)isy — 2) = by — 2w — 27100y
=J,+ J,.
In our notation, J, = K, “h(x,), where K, is the convolution operator with
the kernel k,. Since, fgr |z —x,| < t, the function (k,(: — 2) — k(- — 2o))y((- —
2,)/10t) belongs to .7 (x, t) when it is multiplied by _some constant C
depending only on » and m, it holds that |J,| < CMh(x,). Thus we
obtain, for |z — x,| < ¢,
(3.2) | f(@)] < | K/ k()| + CHA(a,) -
Moreover, if 1 £ |a| = m, then
C1'1(/02)°k,(- — 2)((- — #,)/10t) € T (@, t)
with C depending only on » and m, and hence
(3.3) [(8/62)*f(2)| < Ct='* Mh(z,) .
(8.2) and (3.3) mean that
(| K{9h(m)| + CMI(wy)) " 'pf e T (%, t) .
Hence
ITIT'| < (| K/ ()| + CHh(x0) M(K,g)(,) -
This estimate combined with Lemma 2.9 gives the desired estimate for

III.
Estimate for II is similar to that for III.
Estimate for IV. IV can be written as a finite linear combination

of the following terms:

v = ||| e@r@w — D@ — wigpiw - ay10n
X p((w — w0)/10t)dydzdw ,

where &k, =%k9 and k, = k"9, j=1,2,---, N— 1. By Lemma 2.7, we
can assume that &, and %, belong to .27, with an m'’ sufficiently large.
In the same way as in the estimate for III, we have, for |z — x,| < ¢,
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|| ety — 29w — a1ondy| < | K Oh@) | + CihG,)

|S F(z — w)g(w)p((w — xo)/IOt)d'wl < | KPg(w)| + Cllg(x,) -
From these estimate, we see that

IIV'| < C( KIh(zo)| + ()| K g(m,)| + My(ay)
which combined with Lemma 2.9 gives the desired estimate for IV.
Estimate for I. This is the essential part of the proof.
For 0 ¢.&% we set
Gov,w = |- [ 0w - Now) = - + (—v 0wy

X k(y - zx) te k(zN—1 - w)dzl e dzN—1 .
We define an operator Ay, by

Ayof(w) = S FW)en(p; y, w)dy - ¢(w — ,)/20¢) .
Mapping properties of this operator are given in the following lemmas.

LeEMMA 3.1. Supposethat0 <e<land(l—¢)n<1l/s <1+ (N—c¢)/n.
Then, for fe H*® with supp f C B(x,, 20t), we have

”AN,sof”X(s,a) é Cs,at_n_N-H”f”H‘ ’
where X(e, s) is defined as follows: X(e,s) = H” with.l/s —1/p=(N —¢)/n
if 1/s > (N — ¢)/m; = BMO if 1/s = (N — ¢)/n; = B: . (the homogeneous
Besov space; see [2; §6.3]) with 1/s + a/n = (N — ¢)/n if 1/s < (N — ¢)/n.
LEMMA 3.2. Let ¢, s and X(e, s) be the same as in Lemma 3.1. If
| fllze £ t™* and supp f < B(x,, 20t), then

HAN.SDf”X(e,a) é Cs,at_n_N+s .

LEMMA 3.3. If 6 and 6 are bounded functions with supports con-
tained in B(x,, 20t), then

[ vs00| = clofllor )i

Proofs of these lemmas will be given in the next section.

We shall proceed to estimate I. Takee, w and v such that 0 < ¢ < 1,
Ilp<14+(N—=-¢)n, 0<u<gq, 0<v<r, lu+1lv=1+ (N —e¢)n.
By Lemmas 2.2 and 2.4, we have

h()¢(( - xo)/l()t) =h, + N0,
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9(-)¢((+ — ,)/10t) = g, + \'¢",
where £,, g,, 6 and 6’ have their supports contained in B(w,, 20t) and

Il + s (], )",

B(z,40t)

(3.4) loudlw + Iz (] aagr)”,

6]l Sty |||z S t7°

B(z,40t)

(if w>1or v>1, we take A0 = 0 or \'¢ = 0). Corresponding to this,
I can be decomposed into four terms:

1 = || n@)iute; v, waaiyaw + 1 | 60)u; 9, wow)dydw

+ ¥ || nwines v, woaiydw + w || 0wine; v, wio@idydw
=L+L+L+1.

Since X(e, ) (notation in Lemma 3.1) is the dual space of H® (see
[6; Theorem 2], [7] and/or [38; Theorems 2.1 and 2.5)), if 1/u > (1 — ¢)/n,
we can use Lemma 3.1 to obtain

|I1| = C“AN,sohluA’(s,u)“glHH” = Ct—n—N+E[1h1[|H“llglllH” .

The same estimate holds also in the case 1/u < (1 — ¢)/n since in this
case we have 1/v > (1 — ¢)/n and hence we can argue with the roles of
u and v interchanged using a variant of Lemma 3.1 (i.e., a lemma for
the operator dual to Ay,). Similarly Lemma 3.2 and its variant give

LI = Gt I\l gullar s [Tl S CE777 [ By [l aul M|

(I, and I, appear only in the case w <1 or v < 1; hence we can always
apply Lemma 8.2 or its variant.) As for I,, we use Lemma 3.3 to obtain

L] = GV N[N

These estimates and (3.4) give

1= C(t“" Sa(zo,mn (Mh)")l/u <t"" SB(zo,4Ot) (Mg)v>m
=< C{M((MR)*) @)} { Mo((Mg)*) o)} .

Thus we have reduced the proof of the theorem to that of Lemmas
3.1-3.3.

4. Proof of Lemmas 3.1-3.3. In order to prove Lemmas 3.1 and
3.2, we use the following Lemmas.
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LEMMA 4.1. (5/0y;)Cn(0; ¥, w) = —(8/0w)Cx(6; ¥, ) + Cx(0,0; ¥, w).

LEMMA 4.2. If |y — x,] < 1000¢, |w — «,| < 1000t and |& + B + 7| =
m (M sufficiently large), then, for any ¢ > 0,

|(9/0y)*(0/ow)*Ln(0"P; ¥, w)|
é Cgt—n—N+s—lr||y _ wl—e MaX {t—n+N—Ia|—]ﬂl, Iy — wl—-n+N—ltx|—|ﬁ|} .

Proor or LEMMA 4.1. Repeated application of integration by parts.
In order to prove Lemma 4.2, we need the following

LEMMA 4.3. If P is a polynomial of degree less than or equal to
N — 1, then

S cee S <P(y) — NP(z,) + (Z)P(Zg) T+ (—l)NP(’W)>

X k(y — 20k, — 2,) - k(Ry_, — w)d2z, ++ - dzy_, = 0.

Proor. Let &, denote the symmetric group over {1, :---, N}. For
each o € &y, define a linear transformation (z,)}5' — (27)75' by the following
rule: if y —2,=a, 2, — 2, =ay, -+, 2y, — W = ay, then y — 2{ = a,y),
B — 2] = Qomy **ty By — W = G,u. The Jacobian of this transformation
is +1 or —1 and the function k(y — 2,) k(z, — 2,) - - - k(zy_, — w) is invari-
ant under each of the transformation. On the other hand, if P is a
polynomial of degree less than N, then

0eGy

> <P(y) — NP(z) + (Z) P)F -+ + (—1)NP(W)> =0.

(This equality reduces, by an elementary calculation, to the following
equalities for polynomials in a,, -+, ay:

N

[N
Z(~1)N_]<j> 5 @+ a) =0, lsmsN—1.
KISN

=1

Hence, if we denote the integrand of the lemma by I(z, - -, 2y_,) = I(z),
then

S Iz)dz = (N S Iz)dz =0 .

ge6y

This proves Lemma 4.3.

PROOF OF LEMMA 4.2. We may assume 7Y = 0. Applying Taylor’s
formula to @ and using Lemma 4.3, we can write {y(®; ¥, w) as a finite
linear combination of the following terms:

J, = S: (1 = )" 0°p(x, + sy — @))ds-(y — x,)’k(y — w) ,
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Ty =, (= 57", + sw — w)ds-w — 2Ky — w),

Jo = “ . (1 — 8)¥10°p(x, + s(z — 2,))(2 — 2,)°k(y — 2)ks(z — w)dzds ,
0<8<l;ze R"

where 0| =N', 1= N'< N, z,€ R" (we can fix N’ and =z, arbitrarily),

kk=k"E=Fkandk=Fk"? 57=1,2 ---, N—1. If we take x, which

satisfies |y — x| < |y — w| and |w — x,| < |y — w|, then
[(0/0y)P(0/ow)*d,| = Ct™"V'|y — w|~*TV'~lel=lfl,
[(8/0y)’(3)ow)*d,| = Ct™ |y — w|~*¥'~lel=lél |

If #, is as above and if —» + N’ — |a| — |B]| £ 0, then, for any ¢ > 0,

|8/0y)H(@faw)"J,| < Co=¥"+*|y — |-+ -lei=ipi=

(this estimate can be obtained in the same way as in the proof of Lemma

2.7). Thus we obtain the desired estimate by taking N’ = N if —n +

N—ja|—|Bl<0and N =n+ |a|+ |8 if —n+ N—|a|]—|B8]|=0.

This completes the proof of Lemma 4.2.

Proor or LEMMA 3.1. We shall prove that
(4.1) [(=A)"2Ay of lae < Celt ™| £ lze s

where 1/s — 1/v = (1 — ¢)/n and A denotes the Laplacian. This estimate
together with the well known mapping properties of the operator
(—A)~¥-272 (fractional integration; see [3; Theorem 4.1] and [8; Theorem
3.2]) gives the desired result. In order to prove (4.1), it is sufficient to
show the same estimate for 0*Ay,f, || = N — 1.

First consider the case s > 1. We can write

0“Ay,of (W) = S S@)(0/ow)*(Cx(P; ¥, w)d((w — ,)/208))dy .

Lemma 4.2 shows that the integrand is majorized in absolute value by
Clf@lt™ "y — w|™™". Hence the fractional integration theorem in
L*-spaces, p > 1 ([9; Chap. V, §1]), gives the desired estimate.

Next suppose that s < 1. By Lemmas 2.3 and 2.5, it is sufficient to

show the estimate
1/v
(4.2) (I (M@ href)r) < Gt
B(z(,80t)

for a sufficiently large b and for f’s which satisfy
supp f C B(¥,, P) C B(w,, 40t) , || fllzo = 07,

@O [ sawrdy =0 for |61 bs— .
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In order to prove (4.2)-(4.3), we take ¢ .73(z, a), |x — x,| < 80¢,
a < 160¢ and study the function

T0.0) = | @10 Cal3 v, W(w — 2)/200)-0(w)dw

where |a]| = N — 1. We shall estimate
(4.4)  (0/0Y)0s,(y) = S (0/0y )P (3/ow)*(Cn(®; ¥, w)g((w — %,)/20¢)) - O(w)dw

in the region |y — x,| < 40t. If |y — x| > 2a, in order to estimate this,
we replace the integrand by its absolute value and use Lemma 4.2; we
obtain

(4.5) |(0/0y)o,o(y)| S Ct—"¥*e|y — g|Hi=eiol

If |y — x| < 2a, we estimate (4.4) in the following way: we rewrite the
integral by using Lemma 4.1 repeatedly and by integration by parts to
obtain

@lowfmoaw) = |3, <Z> <§,) | Grawy e @5y, w-@jowy’

Bies
X {(0/0w)* ¢((w — ,)/20t)-0(w)}dw ;

then we replace the integrand by its absolute value and use Lemma 4.2
to obtain

(4.6) |(3/09)"10,w)| < Ctmmergmrimemlel,

Now let f be a function satisfying (4.3) and & be as before. If P
is the Taylor series of 7,, expanded about y, up to the terms of degree
[n/s — ], then

| @ o0 = | F000 = | 200 = P).
If | — y,| < 20, we use (4.5) and (4.6) with 8 = 0 to obtain
@ [ @ ns20] < (15701 5 Camrmrsepmmni=e
if | — y,| > 20, we use (4.5) and (4.6) with |B| = [n/s — n] + 1 to obtain
(4.8)

S (aaAN,ng)ﬁl' é S lf(yiﬁ,a - P)l §_ Cet-n—N+e‘o—n/c+c+1+nlx — yol—n—c—s ,

where ¢ = [n/s — n]. (4.7) and (4.8) give the pointwise estimate for the
function M, 4, (0°Ay . f)(®) in the region |z — x,] < 80t. Now we obtain
(4.2) by simple computation. This completes the proof of Lemma 3.1.
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ProoOF oF LEMMA 3.2. For the same reason as in the proof of Lemma
3.1, we can reduce the proof to the estimate for 9*A, ,f with |a| = N — 1.
If f is the function in Lemma 3.2 and # is as in the proof of Lemma
3.1, then (4.5) and (4.6) for g8 = 0 give

[ @asop0] < {17900l 5 oo

hence, for |z — x,| < 80¢,
M, 100(0%Ay o f ) () < Ctm/emVHL

Integrating this and using Lemma 2.3, we obtain the desired estimate.
This completes the proof of Lemma 3.2.

Proor OF LEMMA 3.3. The integral in the lemma is a finite linear
combination of the following terms:

J = SSS P(2)0(Wk,(y — 2)k(z — w)0'(w)dydzdw ,

where k, = k7 and k, = kY9, =0,1,---, N. By Lemma 2.8, the con-
volution operators with kernels k, or &, have bounded norms as operators
in L)*. Hence

|J] < Cll6] 2l P ||zl 6 |22 = CJ[ ]| o ]| 6" | o -

This proves Lemma 3.3.
Thus we have completed the proof of the theorem.

REMARK. We shall indicate the modification of the proof necessary
in the general case. The general “product” in the theorem can be re-

written as

g}(‘l)j<1;)(N!)_l Pt <1fI:1 K;(i))h‘(}il Ka(i))g ’

where &, denotes the symmetric group over {1, ---, N}. Hence we can
obtain the necessary modification by replacing a function of the form
k(x,) - - - k(xy) which appears in the proof for the special case by

(ND™ > gy (@) « + - By (2w) 5
nesN

the proof (of the theorem) with this replacement is just the same as
that in the special case.
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