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In this note we study the solvability of the Dirichlet problem

(1) Lu=—3 Dfa,@Dw) =1fw) in Q,
(2) u(x) = ¢(x) on 0Q,

where A >0, @ is a bounded domain in R, with the boundary 0Q, ¢ is
a non-negative function in L*0@) and the nonlinearity f is a bounded
and positive function on [0, ). If L is an elliptic operator, then by the
maximum principle any solution of the problem (1), (2) must be positive.
In recent years there has been some interest in the class of semi-linear
elliptic boundary value problems with positive solutions. The question
of the existence of positive solutions (1), (2) arises from the theory of
nonlinear heat generation, that is, positone problem (see [1], [2] and [16]
for further historical comments). In these papers it is assumed that
¢ =0 on 0Q and the existence of solutions is established in the space
C***(Q). It is well known that under appropriate assumptions on f, there
exists A*e€(0, <) such that the problem (1), (2), with ¢ =0, has for
€ (0, *) multiple solutions and has a unique solution for » > A*. The
purpose of this note is to study the question of the existence and multi-
plicity of positive solutions of (1), (2) with ¢ #0 and ¢ec L*9Q) in a
suitable Sobolev space W%%Q) defined in Section 1. The main difficulty
in solving the problem (1), (2) with ¢ € L*(0Q) arises from the fact that
not every function in L*6Q) is the trace of an element from W%*(Q).
The earlier results [4], [5], [6], [18] and [14] for linear and semi-linear
equations justify the choice of the space W"*Q) and the interpretation
of the boundary condition adopted in this work.

1. Existence of a solution. Let QCR, be a domain with the bound-
ary 0Q of class C®. In @ we consider the Dirichlet problem (1), (2).

We begin by introducing some definitions. It follows from the
regularity of boundary 0Q that there is a number §, > 0 such that for
0€(0, ,) the domain :
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Q; = @N{x; min [z — y| > 6}
yedQ

with the boundary 9Q, possesses the following property: to each x,c0@Q
there is a unique point x,(x,) € 0Q; such that x,(x,) = x, — év(x), where
y(x,) is the outward normal to /@ at x,. The above relation gives a
one-to-one mapping, of class C*, of 9@ onto 0Q;. According to the Lemma
1 in [8, p. 382], the distance 7(x) belongs to C*Q — Q,) if 4, is sufficiently
small. Denote by o(x) the extension of the function »(x) into @ satisfying
the following properties p(x) = r(x) for x€@Q — Q,, pcC*@Q), p(x) = 35,/4
in Q,, 7'r@x) £ p(x) < v,r(@) in Q@ for some positive constant 7v,, 9Q, =
{x; p(x) = 6} for 6 €(0, 6,) and finally 0@ = {x; p(x) = 0}.

Throughout this article we make the following assumptions:

(A) There exists a positive constant ¥ such that

YU S S ay(@)Es; < VIek

i,5=1
for all x € Q and £ € R,, moreover a,;€CQ) and a; =a; (@, j =1, -+, n).
(B) f is a bounded and non-negative function on [0, ).

A function u is said to be a weak solution of equation (1) if u € Wis3(Q)
and w satisfies

(3) SQ i z=, a;@DuDyds =\ SQ Fluyvda

for every vy e W**Q) with compact support in Q.

Since ¢ € L*0Q), Proposition 1 and Theorem 1 from [5] justify the
following definition of the Dirichlet problem.

Let ¢ L*0Q). A weak solution ue€ WiiQ) of (1) is a solution of
the Dirichlet problem with the boundary condition (2) if

lim Sw (@) — $(@)]dS, = 0 .

The results for linear and semi-linear equations (see [4], [5], [6], [13] and
[14]) also show that we can expect a solution to belong to the Sobolev
space defined by

wW(Q) = {u; u e Wisi(Q), S w'dr + S | Du(e)*r(x) da < oo}
Q e
equipped with the norm
lu||71.2 = S w(w) da + S [ Du(z)|Pr(x)de .
e Q

Let F e L*Q) and consider the Dirichlet problem with the boundary
condition (2) for the equation (1)
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(1) Lu=F(z) in Q.

It follows from the proofs of Lemmas 1 agd (2) in [6] that the Dirichlet
problem (1"), (2) has a unique solution in W% Q) satisfying the estimate

(4) SQ | Duer)Pr(x) das + SQ wzyde < CBW (z)dS, + SQ F(x)zdx]

for some positive constant C. Using the local boundedness of a weak
solution, the estimate (4) and the Riesz representation theorem of a linear
and continuous functional on L*09Q) we deduce the existence of a kernel
function K(x, -) € L*(9Q), xz € @, such that a solution of (1'), (2) is given by

(5) u@) = |, K@, vpwas, + | 6@ )Fwiy

for x €@, where G denotes the Green function for the operator L (see
[17D).

THEOREM 1. Suppose that ¢€ L*0Q) and ¢ =0 on 0Q. Then for
each =0 the Dirichlet problem (1), (2) admits at least one solution in
WH(Q).

PrROOF. The proof is based on the method of the successive approxi-
mations. Let 4, =0 on @ and define

(1m) L, = Mf(tn_)) in @,
(2m) U, =¢ on 0@
m=1,2, ---. By the remarks preceding Theorem 1 for every m there

exists the unique solution u, € W*%Q). In view of (4) we have
[, 1Dunlrrds + S urds < C[S &dS, + Q) K] ,
Q Q 2Q

where K = sup,s, f(t) and |Q| denotes the measure of Q. Consequently
there exists a subsequence denoted again by {u,}, converging weakly in
W'Q) to a function u. By virtue of Theorem 4.11 in [12], W*¥Q) is
compactly embedded in L*®@) and consequently we may assume that u,
converges to # in L*Q) and a.e. on Q. It is obvious that w is a weak

solution of (1). Since | |Du(x)/*r(x)dx < oo, Proposition 1 and Theorem 1
Q
in [5] imply the existence of a function { € L*(0Q) such that

lim XW [u(@,(@)) — C@)}dS, = 0 .

It therefore remains to prove that { = ¢ a.e. on 9Q and this we accomplish
by taking
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T(x)ox) —0) for xzeQ,,
0 for 2eQ — Q,,

as a test function in (3), where ¥ is an arbitrary function in C*Q).
Applying Green’s theorem and letting 6 — 0 we obtain

SaQ Onl 1%1 a,;D,0D;0dS,

v(x) = {

%,5=1

Similarly
S & 3, a,;D0D;0dS,
2Q i,j=1

- SQ [—z_ Dfa¥Dp)uds + 3} a DuDTp - hf(u)llfp]dao .
Letting m — « we deduce from the last two equations that
Saq & 3 a,DoD,pdS, = Sw s 3. a,DoD;ods,
for every ¥ e CY(Q) and this completes the proof.

2. Uniqueness of solutions. We commence with the following result.

THEOREM 2. Suppose that f is a C'-function on [0, ) such that
'@ < F(t) for t =0, where F is a decreasing function on [0, ) with
lim,... Fi(t) = 0. For each )\ > 0 there exists a number M > 0 such that,
if ¢ L(0Q) and ¢ = M on 0Q a.e., then the Dirichlet problem (1), (2)
has a unique solution W-¥Q).

PrOOF. It obviously suffices to prove the uniqueness. Let us assume
that there exist two distinct solutions u, and w, of (1), (2). Let w =

U, — U,. Since ¢ = M on 0Q, it follows from (5) that u,(x) = M a.e. on
@, 1 =1, 2 and that

(6) wi@) = |G, D) - fuw)ldy .
Writing

w@e) = G v) | Flou+ @ - sudsww)dy ,
we then have

lwll < nsup | 6@ wdaFQDw]. .
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If w % 0 then ) supS G(w, y)dwF(M) = 1 for all » and M in (0, ). Given
A > 0 we can find M sufficiently large so that xsups Gz, yydzF(M) < 1
and we get a contradiction.

The following theorem is a modification of the result due to
Schuchman [15] (see also [18]):

THEOREM 3. Let ¢€ L*(0Q) and ¢ = 0 a.e. on 0Q. Suppose that f is
a C'-function on [0, ) such that f(0) >0 and 0 = f/(¢) < K1 + t)™'¢,
where K and o are positive constants. Then there exists a N, > 0 such
that the problem (1), (2) for » =\, has a unique solution in W Q).

ProoF. We follow the argument from the paper [15]. Without loss
of generality we may assume that f(0) = 1. Letting w=u, —u, we
obtain as in the proof of Theorem 2 that

w(z) = §Q Glo, v) || £, + (L — uddsww)dy -

Moreover it is clear from the representation (6) that we L°(Q). Let e
be the solution of the Dirichlet problem

(7) Le=1 in Q,
(8) e=0 on 0Q.

By the maximum principle ¢ > 0 on Q. Since
w@ = | Ka vpmdy + 1| 6a wfwdy 2| 6w, oy

> xg G, w)dy = e ,
Q
we have
(9) lwll. < MEKsup | Glo, 1)L+ re@)]~dy|w]l.
Let
F(\) = \K sup SQ Gz, Y[ + re(y)] "~ dy .

It follows from (9) that FF(\) = 1 if w %= 0. Now observe that Schuchman
[15] proved that lim,_., F(\) = 0 and this contradiction completes the proof
of the uniqueness assertion.

3. Existence of multiple solutions. In this section we impose the
following condition on f: there exists ¢ > 0 such that f is increasing on
[0, ¢).
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We obtain the existence of multiple solutions by using sub- and
supersolution method.

Let 0<1I,<Il,<ec¢. In the sequel we construct a supersolution V
and a subsolution V, such that

Wle=L< L |Vi.Zc.

First we construct a supersolution. We follow the method from [1, p.
483-484]. Let e be a solution of the problem (7), (8) and put

Vig) = e(x)+1l '

el + 17
Then L(V) = l,/(|le]l. + 1) and choose A so that
l
10 < Y,
10 ME T
where M, = 1/(|le|l. + 1). Since f is increasing it follows from (10) that
= l — L) e+ 1
LV) = L = = l) = V),
V) = T = T o 2 M0 2 M) = )

that is, V is a supersolution.
To construct a subsolution we choose an open subset 2C@Q with
dist (2, 6Q) > 0 and put

M, = l:min Sa Gz, y)dy:l_l :

M, = |max | GG, way |
and
Vi@ = | G Xy ,

where X, is a characteristic function of 2. It follows from [1, p. 484]
that if

l C
11 Ml << M-S
() 7 =M=

then LV, <\ AV)) and [, £ |Vi||l. < ¢, that is, V, is a subsolution.

We are now in a position to establish the existence of multiple
solutions.

THEOREM 4. Suppose that ¢€ L”(0Q), ¢ =0 a.e. on dQ and that
llglle < l/(lelle + 1). Let M,, M, and M, be defined as above. Then for
each
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l
M2
S)

the problem (1), (2) has at least two distinct solutions.

(12)

. l, c
=X =min (Mlm, M?(Ta)->

PrOOF. Let ¢, be a sequence of C'(0Q)-functions such that

l
0=¢g,lx) = ——
llell + 1
We now observe that W = 0 and V are a subsolution and supersolution,
respectively, for the Dirichlet problem in W** Q) for (1) with the boundary
condition
(2m) ) = ¢, on 0Q .
It follows from [7] that for each m there exists a solution u, in W“*¥Q)
of the problem (1), (2m) satisfying the estimate
0= u,(x) =V on @Q

for each m. It is clear that u, € C(Q) for each m. By virtue of (4) we
have the estimate

on 5Q and lim SBQ [6n(%) — $@]dS, = 0 .

SQ |\ D)) dis + SQ un(@yds < C[i}g Sw 6 (@)2dS, + ]Q|Kw]

for each m. Repeating the argument of the proof of Theorem 1 we show
that there exists a subsequence of {u,} converging weakly in W"*Q) to
a solution u of (1), (2). To construct a second solution we consider a
solution V, of the problem

LVZ =xK in Q ’
l
V,=—"2__ on 0Q.
Tl r1
Since f(t) £ K on [0, ), V, is a supersolution. On the other hand

LV, - V)=MK—-f(V))=0 on @Q,
N A
V,— V, TR on 4@

and by the maximum principle V, = V, on Q. Applying now the result
of [7] to the Dirichlet problem (1), (2m) with V, and V, as a subsolution
and a supersolution, respectively, we obtain a subsequence converging
weakly in W-%Q) to a solution v of (1), (2). Finally the inequalities

0<uk) = Vi) = Vi) =v@) < Vixr) on @,
L=V]e<l = Vil
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show that the solutions u and v are different.

Examples of functions f showing that the condition (12) is non-
vacuous can be found in [1].

Finally we point out that the boundary condition (2) can also be
expressed in terms of the non-tangential limit (see [2], [6] and [10]).
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