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Introduction. Let I" be a discrete subgroup of the real Mobius group
PSL(2; R). We denote by Q(I') the region of discontinuity of I'. Let
o be a I-invariant closed subset of the extended real line R such that
#0 =38 and 03 «, and let D be the component of Q(I") — ¢ containing
the upper half-plane U. Then D= U or D= Q') — ¢ according as
¢ = R or not. Let E be a I'-invariant measurable subset of D, and put
V = D — E, where if D # U, then E is assumed to be symmetric with
respect to R in the sense that Z € F whenever ze€ E. Furthermore, for
an integer ¢ =2, let L?, 1 < p < o, (resp. L*) be the Banach space
consisting of all the p-integrable (resp. bounded) measurable automorphic
forms of weight —2¢q on D for I', which are symmetric if D is symmet-
ric (see Section 1 for the precise definition). We denote by A7, 1<
p < o, the closed subspace consisting of all the holomorphic elements
in L?, and set L?(V) = {peLr; plz = 0} and A?|, = {X;¢; ¢ € A?}, where
%, is the characteristic function of V. For 1 £ p < « and p' satisfying
1/p + 1/p’ =1, L* is isomorphic to the dual space of L?. We denote by
(AP)* (cL*) the annihilator of A-.

In the present paper, we investigate conditions for E under which
(AP*NL*(V) and A?’|, are closed and complementary to each other in
L*(V), and give two kinds of answers to this question (see Theorems
1 and 3 below). This problem occured in studying extremal quasiconfor-
mal mappings with dilatation bound (see, for example, Sakan [10]). Our
results can be applied to the study of quasiconformal mappings and
Teichmiiller spaces. These applications will be discussed in Ohtake [9].

Throughout this paper, as natural assumptions for the problem, we
require that V has positive measure and A? + {0}. We note that if £
has (2-dimensional Lebesgue) measure zero, then the spaces (47)'N
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L*(V)(=(4?)*) and A?|, (=A?) are closed and complementary to each
other; this is classical and well-known.

In Section 1, we give some definitions and recall known results. In
Section 2, we state our main results on the problem mentioned above.
The proofs will be given in Sections 3 and 4.

The author would like to express his gratitude to Professor Y.
Kusunoki for his encouragement and advice, and to Doctors K. Sakan
and M. Taniguchi and the referee for their valuable comments and
suggestions.

1. Preliminaries. Let I, ¢, D, E and V be as in Introduction and
let » = A\, be the hyperbolic metric for D with constant negative curva-
ture —4. We fix once and for all an integer ¢ = 2. A measurable
automorphic form of weight —2¢ on D for I" is a measurable function
¢ on D which satisfies

(o)) =p for all verl.

Such an automorphic form g is said to be p-integrable for p, 1 < p < oo,
(resp. bounded), if

ledly = (][, M@y u@)lride A dal)” < e
(resp. ||l = ess sup M2)Tpu(2)| < o) .

We then denote by LZ(D, I') (resp. Ly(D, I')) the complex Banach space
consisting of all the p-integrable (resp. bounded) automorphic forms of
weight —2q on D for I'. For p, 1 < p < «, A3D, I') denotes the closed
subspace of all the holomorphic elements in LZ(D, I'). Furthermore, if
D is symmetric with respect to R, then we define the real Banach spaces
of all the symmetric functions in L2(D, I') and A%(D, I') by
LD, I')sym = {#t€ LY(D, I'); i1(z) = H(z) for a.e. z€ D}
and
AYD, INegm = AYD, I'N'N LD, INsym »
respectively.
We use the following result:
PROPOSITION A. There exists a unique function F = F, on DxD
with the following properties, where ¢, = (29 — 1)/(g — 1):
(1'1) F(z, C) = —F(C’ z) ’

1.2) F(-,0eAiD, I)
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for every fixed (€D and every p, 1l < p £ =,

1.3) [\, MO IF@ Ollde A d2) < ey, and

(1.4) o) = || MoFe 0s0dc A T
for every ¢ AX(D, I'), 1 < p < o, and every z€D.

The uniqueness of F,  above follows from (1.1), (1.2) and (1.4). In
fact, let F, and F, have these three properties. Then we have

R o= SSD/I‘ Mw) T Fy(z, w)Fy(w, O)dw A diw
- SSD/[‘ Mw) 2 Fy(w, 2)Fy(&, w)dw A di

— (=] MwrE 0w, o A d)
= —F( 2 = Fy,¢0.

For a proof of the assertion except the uniquess of F, ., see Kra [5, p.
89 and p. 101]. In [5, p. 101] D is assumed to be conformally equivalent
to the unit disk, but we can easily check that the argument is applicable
to our case.

For peLi(D, I'), 1 £ p < o, define

Ble@ = || Mo e omods AdE, zeD.

Then B is a bounded projection of LZ(D, I') onto A%(D, I'), of norm < ¢,
(see [5, p. 90 and p. 101]). When D is symmetric with respect to R,
(1.1), (1.2) and (1.4) imply '

F(E9 _C.) = _F(Z, C) ’
since

rk(wY‘"F(z, w)F(w, Odw A dw

. M@ F(z, w)F(w, Odw A diw

SSM W) F (@, 2)F @, w)dw A di
=F({( 2= —Fz?C).

Hence we see that B[] e A%(D, I')sym wWhenever p€ L¥(D, I')sym, Since we
have
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A@ = (||, Mor=FE 0o A dt)
= || @R D@L A dT = @) -

This implies that the integral operator @ above is also a bounded projec-
tion of L2(D, I')sym onto A%(D, I')sym 0of norm = c,.

For simplicity we often write L* (resp. A?) instead of L2(D, I") (resp.
A*(D, I')) when D = U, and LD, I')sym (resp. A%(D, I')sym) When D = U.
We set

Lx(V) = {nelLr; plz= 0},
and
Arly = {Xy9; g€ A%},

where X, stands for the characteristic function of a measurable subset
X of D. In what follows, we assume that the numbers p and p’ satisfy
1sp<coand 1l/p+1/p'=1 1/ = 0).

For e L? and ye L*', we define the Petersson scalar product (g, v)
of ¢ and v by

(1.5) (0 = || rerpem@idz A dl .

Obviously we have

(1.6) (e, )] = 12l 1]l

We note that (g, v) above is ¢ times (g, v) in [5, p. 88]. We adopt (1.5),
however, because for symmetric ¢ and vy, we have

(% v) = 2 Re “m Ao(2) - (2)5(2) |dz A dZ| e R .

This scalar product establishes isometric isomorphisms between L? and
(L*)*, and between L*'(V) and L*?(V)*, where X* stands for the dual
space of a normed vector space X. These isomorphisms are anti-linear
when D = U. By (1.1) and Fubini’s theorem, we have

1.7 (Bl v) = (¢, B[v]) for peL? and vel”.
For a subset S of L?, we set

St ={velL”; (¢, v) =0 for all xeS}.
Since B is a projection satisfying (1.7), we see
(1.8) (ker B)NL* = {v — Bv]; ve L*'} = (A7)*.
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2. Statements of the main results. In this section we state our
results on the problem in Introduction.

A closed subspace X, of a Banach space X is said to split in X if
there exists a closed subspace X, of X, complementary to X, that is,
X, +X,=X and X,NX, = {0}

THEOREM 1. Let 1 < p < o and p’ satisfying 1l/p + 1/p' =1, and
set

b= sup 1%,/ 11 B[ s]ll

here and in what follows, we conform to the convention:
000=0, and a/0 =+ 4if a>0.

(I) Then the following four conditions are equivalent to each other.

(a) The subspaces (A?)*NL* (V) and A?*|, of the Bamach space
L*(V) are closed and complementary to each other. In particular,
(AL NL*(V) splits in L*' (V).

(b) There exists a bounded linear mapping By of L* (V) onto A*
such that

(2.1) ker By = (A")*N LY (V) = {v — LBy, v e L7 (V)} .
(¢) The number b is finite and

(2.2) A7’y N (A7) = {0} .
(d) The number b is finite and

(2.3) BlA?|,] = {B[Xy¢]; 6 € A?} s dense in AP .
(II) In (I) we have the inequality

(2.4) b= [IBrll = ¢gb -

REMARK. It follows from Taylor [12, §4.8] that the condition (a) of
Theorem 1 is equivalent to the following:

(a’) There exists a bounded projection of L*(V) onto A*|, with
kernel (A7) N L*(V).

We can easily see that, for B, in the condition (b), X,3, is a bounded
projection with the property in (a’) above. A bounded projection in (a’)
is unique ([12, §4.8]), and X,: A*” — A*'|, is bijective. Hence, when (b)

holds, a bounded linear mapping B, = X7'(XyB,) is uniquely determined,
and satisfies

(2.5) ByXy, =1id. on A?.

In particular, B8, is none other than 3 whenever E is a null set.
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We note that an operator similar to 3, has been studied from a
different point of view, for example, in Schiffer-Spencer [11] and Komatsu-
Ozawa [4].

THEOREM 2. Suppose that one of the four conditions of Theorem 1
holds for 1 < p < o and p' satisfying 1/p + 1/’ =1. If D= U (resp.
D=+U), then an anti-linear (resp. linear) isomorphism between A*'|, and
(A7|,)* is established by the Petersson scalar product. Furthermore, if
L e (A?],)* corresponds to X,y € A?'|, under this isomorphism, then

U = (Xl < 11Xyl

Finally we give a sufficient condition for E under which (¢) of
Theorem 1 holds. To simplify the statements, we use the following
notation:

(2.6) Wz, ©) = M2)" MO F(z, ), 2 (eD,
2.7 MQ) = sup Wiz, O,
and

dA(z) = M2)*dz A dZ] .
THEOREM 3. When p =1 and p' = o, suppose that

2.8) S MdA < o ,

E/T
and
(2.9) Area(E|l") = S dA < oo .

E/T

When 1 <p<2<p <o orl<p <2<p< o, suppose that
(2.10) Sw Wiz, 2)'dA(z) < « for t=p/2 and )2,
and
@2.11) SW MdA < o .

When p = p' = 2, suppose that
S Wiz, 2)dAR) < o .
E/T

Then we have (2.2) and
(2.12) sup [|ll,/[180%sg]ll, < oo .
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In particular, (¢) of Theorem 1 holds.

Here we note that (2.8) and (2.9) imply (2.11).

It is obvious that W(., ) is continuous and M is lower semi-continu-
ous. Moreover, from results due to Bers [1], Earle [2], Lehner [6, 7],
and Metzger and Rajeswara Rao [8], we can derive an estimate for M
and a condition under which M is bounded. Namely, we have the
following:

PROPOSITION 1. For each real t>1 and a fixed (holomorphic)

universal covering p: 4 = {lw| < 1} - D, we have
M(z) < Cinf{1 — wP)™5 we p7(2)},

where the constant C depends on q, t, o and I.

PROPOSITION 2. If A'C A”, then M s bounded. In particular, if a
Fuchsian model G of I' satisfies the condition:
(2.13) inf{|trace g|; g is hyperbolic and in G} > 2,
then M is bounded.

We regard the condition (2.13) above to hold, when G contains no

hyperbolic elements. Note that the left hand-side of (2.13) is independent
of the choice of G. By Theorem 3 and Proposition 2, we easily obtain:

THEOREM 4. Suppose that Area(E/I') < « and A'CA”. Then, for
1< p< o and p satisfying 1/p + 1/p" =1, (2.2) and (2.12) hold.

3. Proofs of Theorems 1 and 2. We use the following result due
to Bers [1]:

PROPOSITION B. For 1 <p < « with 1/p + 1/p" =1, the Petersson
scalar product induces an isomorphism between A? and (A?)*, and this
isomorphism 1is anti-linear if D = U. Furthermore, for € A? and
le (A?)* corresponding to each other under this isomorphism, we have

3.1) N = Il = elllll -
Proposition B follows fromL. emma 1 below.

LEMMA 1. Let X be a Banach space, A o subspace of X, and ¢ the
inclusion map of A into X. Let o be a bounded projection of a Banach
space Y onto a closed subspace B of Y, and let ¢ be an isometric isomor-
phism of Y onto X*. Suppose that

3.2) z(ker p) = {l e X*; l(a) = 0 for all ac A}.

~

Then there 18 an isomorphism % of B onto A* such that ¢*t = T, where
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¢*: X* — A* is the conjugate mapping of ¢, and
1@ = llyll = llell|Z@)ll for all yeB.

ProOF. Since ¢*(l) € A* is the restriction of e X* to A, (3.2) implies
ker p = ker(¢*z). Hence the existence of 7 is trivial. Note that ¢* is
surjective by the Hahn-Banach theorem. Since o(y) =y for every y € B,
we have ||Z(y)|| = ||c*z(W)|| < ||ly|]| for ye B. Let I'e X* be one of the
norm-preserving extensions of [ = #(y) e A*, y€ B, by the Hahn-Banach
theorem. Then ||y = [loc™*@)|| < [lell|V'[l = llel/ 2] O

Let X=L1?, A= A%, p=p3, Y=L* and B = A”, and let ¢ be the
isomorphism induced by the Petersson scalar product. Since (1.8) implies
(3.2), we obtain Proposition B.

ProOr OF THEOREM 1. (a) < (b): By Remark following Theorem 1,
it suffices to show that (a’) implies (b). Suppose that (a’) holds. Then,
since (a’) is equivalent to (a), the subspace A*|, is closed in L*'(V), thus
A?'|, is a Banach space. Then, by Taylor [12, Theorem 4.2-H], X, is an
isomorphism of A?" onto A?’|,. Hence we can take X;'w to be S, in (b),
where 7 is the bounded projection in (a’).

(2.2) = (2.3) (hence (¢) = (d)): Suppose that (2.3) does not hold. Then
there is a non-zero l€(A4?)* such that kerl>pg[A?,]. It follows from
Proposition B that there is a non-zero +r € A?" for which I(:) = (-, ¥).
Thus by (1.7) we see that for all ¢ € 47, 0 = (B[X,4], ¥) = Ao, Bl¥]) =
Xy, ¥) = (¢ Xy¥r). Hence A*'|,N(A7)* = {0}. Conversely, let X,re
A?’|,N(A?)*. Then we see that 0 = (¢, Xyy) = (B[Xys], ¥) for all ¢ € A,
By (2.3) and Proposition B, we have + = 0.

(d) = (b): The condition (d) implies that the bounded linear operator
G8: A?|, — B[A?|, ] A? has a bounded inverse B~ which is defined on the
dense subspace B[A”|,] of A? and maps B[A?|,] into L?(V). Then the
conjugate operator (87 H)* of 87 is defined on L?(V)*, which maps L?(V)*
onto (A")* ([12, Theorem 4.7-A]); (37")* is bounded, in fact,

3.3) 1@ =167 =20

([12, p. 214]), and ker(8™)* = (A?|,)*(CL*(V)*) ([12, Theorem 4.6-C]).
We define 3, as the mapping of L*'(V) to A* induced by (37")* by means
of the isomorphism of Proposition B and the isometric isomorphism
between L?(V)* and L?'(V). It is obvious that B, is a bounded surjec-
tive linear mapping whose kernel is (4?)*NL*»(V) = (4?|,)* (CL*(V)).
The estimate (2.4) follows from (3.1) and (3.3). By the definition of 3,
we have
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(3.4) Xyg, v) = (B[Xygl, By[v]) for all gcA? and velL?(V).
Since (Xy¢, v) = (¢, v) and (B[Xyg], Br[v]) = (4, XvBy[v]), we have
v — X,Br[v]le (AP NL* (V) for all veL? (V).

Since (A?»)*NL*(V)c{v — X,By[v]; ve L*’(V)} is obvious, we obtain (2.1).
(b) = (¢): From (2.1) we obtain (3.4). This and (1.6) imply

togll, = sup (g, vl S 8111811

hence b < ||By|| < . Next, let X4 € (4?)* NA4A*|,. From (2.5) and (2.1),
we see ¥ = By[Xyv] = 0. Hence we have (2.2). |

Theorem 2 follows easily from Theorem 1 and Lemma 1.

4. Proofs of Theorem 3 and Propositions 1 and 2. Again we begin
by presenting some preliminary lemmas.

LEMMA 2. Forl < p < « and p’ satisfying 1/p + 1/p" = 1, we have

(4.1) M EFC, )|l < ¢ M(2)* (cf”=1),
(4.2) M) F(-, 2)|. = Wiz, 2)7,

(4.3) M) p(2)| = ¢ ||¢]l,M(2)"?  for ¢e AP,
and ‘

(4.4) M2)p(2)] < g, Wiz, ) for geA*.

Proor. By Holder’s inequality we have
FC-, 2)lpr = IFC-, )72 (| F (-, 2)][42

Since M(z) = n(2)7||F(+, 2)||~, (4.1) follows from (1.1) and (1.8). Next,
we have

IFC, ol = | MO™FE 2R G 2240

= —if| @rFe OFC 2dc A i
= —1F(z, 2) .

Hence we get (4.2) by (2.6). Finally, by (1.4), (1.1) and Holder’s
inequality, we have

l62)] < [lgll, [|F (-, 2)][5
Thus (4.3) and (4.4) follow from (4.1) and (4.2), respectively. |

By (4.3), (4.4) and Lebesgue’s convergence theorem, we have the
following:
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LEMMA 3. Let {¢,}x-, be a sequence in A?, 1 < p < e, such that
{|§.ll}o=y 18 bounded and lim,.., ¢, = 0. Suppose that S - Wiz, 2)dA(z) <
E
if p=2, and that S  MAA < oo if p# 2. Then lim,.o|Xsg,l, = 0.

E
LEMMA 4. If g€ A® satisfies
(4.5) BlXegl = ¢, ie., Bl =0,
then ¢ = 0.
PROOF. Sm AgldA = (Xyg, 8) = (Xygy BlXzg]) = (B[Xyg], Xzp) = 0 .

Hence X,6 = 0 and the assertion follows from Area(V/I") > 0.

LEMMA 5. On the same assumption as in Theorem 3, if ¢€ AU A¥
satisfies (4.5) then ¢ = 0.

ProoF. It suffices to show ¢ € 4%

The case p =1, p' = «: Let g€ A°. Then X;¢€ L* by (2.9), hence
6 = B[Xz¢] € A’.. On the other hand, if ¢ € A', then by (4.3) and (2.8) we
have

Poglt = elgraas | (lohdydd < o .

This implies ¢ € A%

The case 1< p< o, p#2: Let ¢e€A?. By (4.5), Minkowski’s
inequality (Hardy, Littlewood and Polya [3, Theorem 202]), (4.2) and
Holder’s inequality, we get

(SD/I'I N_zq ]¢]2dA>1/2

= (SD/F )'(Z)_zq
= |, Mo=@I(] M #IFe, Ordde) d4©

|, MOF (e, D8040 dA) "

= MO IsOIWE, 04
< lol(| W orraa)”.

Hence by (2.10) we see ¢ € A’. The same holds for ¢e€ A?, because the
assumption is symmetric for » and p'.

ProoF oF THEOREM 3. First, we show (2.2). Suppose that ¢ A?
satisfies X,y €(4?)*. Then by (1.8) we have B[X,¥]=0. Thus (2.2)
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follows from Lemmas 4 and 5. Next, we show (2.12). Suppose that
(2.12) does not hold. Then there is a sequence {g,}>, in A”? such that
llp,ll, = 1 for each » and

(4.6) 16l — 0 .

Since {¢,} is a normal family, by taking a subsequence if necessary, we
may assume that ¢, converges to some ¢ in A?, ||¢|, = 1, uniformly on
compact subsets of D. Let 4’ be a relatively compact disk in D such
that 4£/'Nv(4) = @ for every veI' — {id}, and let X be the characteristic
function of I'(4’) = User¥(4d'). Then we have ||(¢ — ¢,)X|,— 0 and
(¢x — BlXegDXll» < [|B[Xy.]ll, — 0. Since g — ¢,]l, =< 2, by Lemma 3 we

get B
(4.7) 1 8[Xs( — 8)1ll, = €| Xe(p — I, — 0.

Thus we obtain |[[(¢ — BIXSDXI, < (¢ — 80X I, + [[(8, — BIXzg. DX, +
1XB[Xs(¢ — 6)1ll, — 0, that is, ¢ = B[Xz4] on I'(4’"), and hence on D. By
Lemmas 4 and 5 we have ¢ = 0 and hence

1= llgall, = 18[2v@alll, + [18[22(8, — D]l
a contradiction to (4.6) and (4.7). O

For a Fuchsian group G acting on the unit disk 4, we denote by
A2(4,G), 1= p < oo, (resp. A7(4, G)) the Banach space of all the p-
integrable (resp. bounded) holomorphic automorphic forms of weight —2¢
on 4 for G. When G is the trivial group 1 = {id}, the spaces A?(4, 1),
1< p < o, can be defined for all real ¢ > 0.

Bers [1, p. 199] has shown that Ai(4, 1)CAy(4, 1) for all real ¢t = 2,
and the inclusion map is continuous. Earle [2] has shown that for all
real t > 1, Ai(4, G)C AL, (4, 1) with a continuous inclusion map.

PROOF OF PROPOSITION 1. Let G be the Fuchsian model of I induced
by a universal covering p: 4 — D. The map: ¢+ (¢0p) (0')? is an isometric
isomorphism of A%(D, I') onto A%(4,G), 1 = p < . By the above results
due to Bers and Earle, we may regard this map to be a continuous
mapping of AYD, I') into Ay, (4,1) for ¢t > 1. In particular, we have

sup M)~ | F(ow, Ol l0' @) < C'|F(-, Oll., LeD,
where A (w) = (1 — |w>)™* is the hyperbolic metric for 4 with constant

negative curvature —4, and C’ is a constant depending only on ¢, ¢, 0
and I. Hence by (2.6), (1.1) and (1.3) we see that

WK, 2) < cCnw), wed, z=pw)eD and {eD.
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This implies the assertion. O
For w and ¢ in 4, we set
Ks(w, &) = (2¢ — 1)i/{2x(1 — wé)™} .
For a Fuchsian group G acting on 4, define
asw, §) = >, Ki(gw, &)g'(w)" .

Metzger and Rajeswara Rao [8] has proved that Ai(4, G)CA7(4, G) if and
only if sup,es Ma(w) 2 |as(w, w)] < o, for an arbitrary Fuchsian group G.
Lehner [6, 7] has proved that if a Fuchsian group G satisfies the condi-
tion (2.13), then A4, G)CA7(4, G).

PROOF OF PROPOSITION 2. Let 0:4— D be a universal covering
which induces the Fuchsian model G of I'. As in the proof of Proposi-
tion 1, o induces an isometric isomorphism of A%*(D, I') onto A2(4, G),
1< p < . Obviously, A'Cc A~ if and only if Ay(4, G)C A7(4, G). Hence
it suffices to show that

(4.8) asw, w) = Fyp r(ow, ow)|0'(w)}*, wed,
and
4.9) sup M(z) < sup W(z, z) .

By [5, p. 101] we see that a,(:, &) € Ni<p< A2(4, G) and «, possesses the
properties corresponding to (1.1) and (1.4), that is,

asw, &) = —a,& w)
and
sw) = |[ naerreaw, 9o A dE
for every ¢e A%(4,G), 1 < p £ =, respectively. Define ap(z, ), z and
{eD, via
ay(ow, P& (w)'0'(&) = asw, &) .

Then a, is well-defined and satisfies (1.1), (1.2) and (1.4). Since such a
function is unique, we see a, = F, ;. Hence we obtain (4.8).
Next, we have

F(zy C) = i(F<" C), F(" 2)) .
Thus it follows from (1.6) and (4.2) that
Wiz, O < Wiz, ) W(, Q) .
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This inequality yields (4.9). O
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