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Abstract. The homogeneous coordinate ring of a toric variety was first introduced
by Cox. In this paper, we study that of a toric variety with enough invariant effective
Cartier divisors in detail. Here a toric variety is said to have enough invariant effective
Cartier divisors if, for each nonempty affine open subset stable under the action of the
torus, there exists an effective Cartier divisor whose support equals its complement. Both
quasi-projective toric varieties and simplicial toric varieties have enough invariant
effective Cartier divisors. In terms of the homogeneous coordinate ring, we describe the
data needed to specify a morphism from a scheme to such a toric variety. As a con-
sequence, we generalize a result of Cox, one of Oda and Sankaran, and one of Guest
concerning data on morphisms.

Introduction. Let &k be a field, N a free Z-module of rank r, M the Z-module dual
to N, T:=G,®N the algebraic torus of dimension r corresponding to N, and 4 a
(finite) fan of Ny. Let X, be the toric variety associated to 4, D, the closure of the
T-orbit corresponding to a one-dimensional cone p € 4, o(1) the set of one-dimensional
cones contained in a cone g € 4, and Pic(4) , the monoid of linear equivalence classes
of invariant effective Cartier divisors. A toric variety X, is said to have enough invariant
effective Cartier divisors if, for each cone o€ 4, there exists an effective T-invariant
Cartier divisor D with Supp D=|J s¢a1y Dp- Both quasi-projective toric varieties and
simplicial toric varieties have enough invariant effective Cartier divisors (cf. Remark
1.6(3)).

Cox [1] introduced two homogeneous coordinate rings of a toric variety X,: one
is the monoid algebra S of the monoid of effective T-invariant Weil divisors with
Chow-grading, while the other is the subring S, of S with Pic-grading (see [1, p. 19,
p. 35]). He constructed in [1] the toric variety X, as the quotient of an open subscheme
of Spec .S, and described in [2, Theorem 1.1] the data needed to specify a map from a
scheme to an arbitrary smooth toric variety in terms of its homogeneous coordinate
ring.

The purpose of this paper is to generalize Cox’s description to one for an arbitrary
toric variety with enough invariant effective Cartier divisors by studying the latter
homogeneous coordinate ring in detail (cf. Theorem 3.4 and Theorem 4.3).

The contents of this paper are as follows:
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In Section 1, we study the latter homogeneous coordinate ring S, in detail and
prove that a toric variety X, with enough invariant effective Cartier divisors is the
geometric quotient of an open subscheme of SpecS,. In Section 2, we study quasi-
coherent modules on X, associated to graded S,-modules in the same way as that in
EGA [9, II §2]. In Section 3, we prove a one-to-one correspondence between the set
of morphisms from a scheme to a closed subscheme of X, and the set of graded algebra
homomorphisms satisfying a nondegeneracy condition (Theorem 3.4). In Section 4,
applying the above correspondence to a toric variety with enough invariant effective
Cartier divisors, we generalize all known results on morphisms from a scheme to a toric
variety.

The author thanks Professor Tadao Oda for making available an unpublished
result of Oda and Sankaran, and for stimulating discussion on these subjects. He is
also very grateful to Professor Masa-Nori Ishida for the idea of describing the data on
morphisms from a scheme to a toric variety in terms of graded algebras. Finally, thanks
are due to the referee for his valuable comments.

Convention: A ring means a commutative ring with unity. A monoid means a
commutative semigroup with unity. For a ring 4, we denote by 4 the multiplicative
group of units in 4.

1. The homogeneous coordinate ring of a toric variety with enough invariant effective
Cartier divisors. In this section, we study the homogeneous coordinate ring S, of a
toric variety X, with enough invariant effective Cartier divisors in detail (see the
Introduction and Definition 1.5), which Cox [1, p. 35] studied only in the case of
simplicial toric varieties. We prove that such a toric variety X is the geometric quotient
of an open subscheme of Spec S, (cf. [2, Theorem 2.1]).

Throughout this paper, except in Section 2, we let k be a field, N a free Z-module
of rankr, M the Z-module dual to N, T:=G, ® N the algebraic torus of dimension r
corresponding to N, 4 a (finite) fan of Ny, 4., the set of maximal cones in 4, A(1)
the set of one-dimensional cones in 4, {,): My x Ny—Q the duality pairing, and X,
the toric variety associated to 4.

We first recall T-invariant Cartier divisors on the toric variety X, and the Picard
group Pic(X) (cf., e.g., [5, 3.4], [10, §2.1]). It is well-known that the following three
groups are canonically isomorphic to one another:

(a) The group TCDiv(X,) of T-invariant Cartier divisors on X;

(b) The group SF(¥, 4) of A-linear support functions on |4|:=J

(c) The kernel of the homomorphism

(1.0.2) D M/(Mne)» @D M[(Mn(en1)h);

0€Amax (6,0)€4? .,

aer-’

([ma] 5 aeAmax)H([mt_mo] , 0, TEAmax) ’
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where o' (resp. [m,]) denotes the set {meM;{m,n)=0 for all neg} (resp. the
equivalence class of m, e M in M/(M n¢')). The above isomorphism maps a T-invariant
effective Cartier divisor to an R _,-valued 4-linear support function and to an element
in the intersection of the above kernel with B, _, (Mna")/(Mn ot) respectively.
Here oV is the cone dual to ¢ and we adopt an isomorphism between (b) and (c) which
maps feSF(N, 4) to (—f|,;0€ )€ D, 4. M/(Mna™).

The Picard group Pic(X,) is the quotient of 7" CDiv(X,) modulo the subgroup of
those principal divisors which are of the form div(m): =Zpe a1y <My n,>D, for me M.
Here D, (resp. n,) is the Weil divisor corresponding to p € A(1) (resp. the unique generator
of pnN). Hence Pic(X,) is isomorphic to T CDiv(X,)/div(M). Since both T CDiv(X )
and Pic(X,) are described only in terms of a fan 4, we define CDiv(4) and Pic(4) as
follows:

DeriNiTION 1.1, Let 4 be a fan.

(1) A Cartier divisor on 4 is defined to be an element in the kernel of the homo-
morphism in (1.0.a). A Cartier divisor ([m,]; o€ 4,,,,) on 4 is said to be effective if
m,eMnag” for each oe4,,,. We denote by CDiv(4) (resp. CDiv(4),,) the group of
Cartier divisors on 4 (resp. the monoid of effective Cartier divisors on 4).

(2) A Cartier divisor ([m,]; 6€4,,,,) on 4 is said to be principal if there exists
meM with [m,]=[m] in M/(Mng*) for each o€ 4,,,. We denote by PDiv(4) (resp.
div(m)) the group of principal divisors on 4 (resp. the principal divisor ([m]; 0 € 4,,.,))-

(3) The quotient CDiv(4)/PDiv(4) is said to be the Picard group of 4, denoted
by Pic(4). We also denote by Pic(4). , the image of the monoid CDiv(4), ,.

ReEMARK 1.2. (1) The group CDiv(4) of Cartier divisors on 4 is a free Z-module
of finite rank because it is a subgroup of Hom(Z4"), Z). Hence Pic(4) is finitely gen-
erated.

(2) The Picard group Pic(4) of a fan A4 is isomorphic to the first cohomology
group of the following cochain complex defined in a natural way:

0 @ Mnot-> @ Mnnt)y*> @ Mn@ntnv)t----,
0 € Amax (6,0)ed? . (o,T,v)ed3 .«
where the first direct sum is the group of degree zero cochains. In particular, Pic(4) is
free if dimo=r for each o€ 4,,,,. See Lemma 1.13 in general.

We introduce some useful notation as follows:

DerFiNITION 1.3. Let 4 be a fan.

(1) For a Cartier divisor D=([m,]; g€ 4,,,,), the support Supp D of D is defined
to be the subset {peA(1); {m,, n,>#0 for some o€ 4,,, containing p} of A(1).

(2) For a cone g€ 4, we denote by CDiv(6)* the set of effective Cartier divisors
on 4 whose supports equal exactly 6(1):=4(1) \ a(1). We also denote by CDiv(g) the



142 T. KAJIWARA

subgroup of Cartier divisors on 4 whose supports are contained in 6(1):=4(1) \ a(1).
A submonoid CDiv(4),, of CDiv(4) is defined to be the submonoid {D=([m,]; 1€
A pmay) €CDIV(A) 5 {m,, n,» >0 for all pea(l)}.

(3) A monoid ideal CDiv(4)" of CDiv(4),, is defined to be the ideal generated
by U,.,CDiv(é)".

REMARK 1.4. It is easy to see that given o € 4, we have CDiv(é)* 2{0} if and only
if 4 is affine with | 4|=0. Hence CDiv(4)* =CDiv(4),, if and only if 4 is affine.

The following notion on a fan is important in constructing the associated toric
variety as a geometric quotient (Theorem 1.9).

DerINITION 1.5. Let 4 be a fan.

(1) A cone ¢ is said to be good in A if CDiv(é)" is not empty. We denote by
484 the set of good cones in 4.

(2) A fan 4 is said to be good if A8°*¢=A.

(3) The toric variety associated to a good fan 4 is said to have enough invariant
effective Cartier divisors.

RemARrRk 1.6. (1) For a good cone o, any face t of ¢ is good because for
meMng” with m* ne=1 and DeCDiv(é)", we have ID+ div(m) e CDiv(f)* for [>0.
This shows that the above set 48°°¢ forms a subfan of 4. This argument also shows
that 4 is good if CDiv(6)* # & for each maximal cone e 4,,,,.

(2) Although such a fan in Definition 1.5 should be said to have enough support
functions, we adopt the terminology in Definition 1.5 for simplicity.

(3) Both simplicial fans and quasi-projective fans (i.e., the associated toric varieties
are quasi-projective) are easily seen to be good. Hence both simplicial toric varieties
and quasi-projective toric varieties have enough invariant effective Cartier divisors.

(4) There exists a complete fan 4 with Pic(4)=(0) (cf. [4]). For such a fan, we
have A8°¢= g4,

Throughout this paper (except in Corollary 1.11 and Remarks 4.4 and 4.6), we
assume that the set 4(1) of one-dimensional cones in a fan 4 spans Ny. Then we have
a fundamental exact sequence (cf., e.g., [5, 3.4]):

(1.6.b) 0 M2, CDiv(4) 28 Pic(4)—0 .

The proof of the following elementary but useful lemma is left to the reader.

LemMmA 1.7. Let 4 be a fan.

(1) For a good cone g€ A, the monoid CDiv(4),, is generated by CDiv(4), U
(—CDiv(6)*) as a submonoid. Here —CDiv(G)" is the set {DeCDiv(4); —De
CDiv(6) " }. Moreover, CDiv(G) is exactly the group of invertible elements in CDiv(4), o.

(2) For every cone o€ A, the image of CDiv(é) by deg in (1.6.b) is equal to Pic(A).
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(3) For every cone o€ A, we have
Mng¥ =div(M)nCDiv(4),,
2 the kernel of deg: CDiv(4),, — Pic(4) .

We now introduce the homogeneous coordinate ring of a toric variety defined in
[1, p. 35].

DerFINITION 1.8. Let 4 be a fan.

(1) The homogeneous coordinate ring of A is defined to be the monoid ring S=
S,:=k[EP; DeCDiv(4), o] of CDiv(4), o, where &P is a symbol, with the multiplica-
tion defined by &P+ EP:=EP*D for D, D'e CDiv(4) 5.

(2) The exceptional ideal B= B, of A (resp. B, of a cone o € 4) is defined to be
the ideal generated by {¢°; De CDiv(4)*} (resp. {¢2; DeCDiv(6)*}).

From now on, we regard the homogeneous coordinate ring .S, as a Pic(4), ,-graded
ring with deg ¢2:=deg DePic(4), o. A Pic(4),,-graded ring is called a A-graded ring
for simplicity.

The main theorem in this section is as follows:

THEOREM 1.9. Let A be a fan with A% # (.

(1) The algebraic group G,:=Hom(CDiv(4), G,) canonically acts on f‘, =
Spec S\ V(B,). Here V(B,) denotes the closed subset {peSpecS,; B,=p} of SpecS,.

(2) There exists the universal geometric quotient (Y, n)=(Y,, n,) of )?; with respect
to G:=Hom(Pic(4), G,,), and Y has a canonical action of T=G,/G.

(3) The above quotient Y is canonically isomorphic to the toric variety associated
to A&,

PrOOF. We first define a morphism n=1,:X; = X se0a. Let o be a good cone in
A. For each D, D'e CDiv(6)* and m>0, we have mD — D’ e CDiv(6)*. This shows that
the closed subset V(B,) equals V(£P) for any D e CDiv(6)*. Hence (70= Spec S, \ V(B,)
is an affine scheme Spec S, .o =Speck[¢”; DeCDiv(4),s,]. See the last equation for
Lemma 1.7 (1). For o€ 4%°%, a morphism r, is defined by the injective homomorphism
div: Mng¥ ->CDiv(4),.,. Using an argument similar to that in Remark 1.6 (1), we
have the following commutative diagram for each cone ¢ and each face 1<a:

Gluing 7, (0 € A4%°°%), we have the morphism n=r, :)?:,—»X ygood.
To complete the proof, it suffices to show that (U,, © ]ﬁ: l7,,—> U,) is the universal
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geometric quotient of (7; with respect to G. Since Mno* is a direct summand of
M, we take a section s: M/(Mno')—M. We remark that the section s maps
(Mnea")/(Mnaot) to Mncs¥ because Mnao' is a subgroup of the monoid Mng".
By Lemma 1.7 (2) and the snake lemma, the group M/(Mn ot) is isomorphic to
CDiv(4)/CDiv(é) via div. Moreover, this gives an isomorphism 1: (M ng")/(Mnagt) —
CDiv(4), o/CDiv(é). Hence we have a commutative diagram

incl @ (divosor™1)

CDiv(6) ® (CDiv(4), . o/CDiv(6)) CDiv(4),
dived 1] I div
(MnoH)@(Mna)(Mnc') — Mng" .

incl®s

Here both of the horizontal arrows are isomorphisms. This shows that =, is the base
change of Spec k[CDiv(6)]—Speck[M no'] by the first projection

U,~Speck[Mno'] x,Speck[(Mna")/(Mnact)] = Speck[Mna'].

Therefore we have only to show that the exact sequence
di d .
0— Mno* =5 CDiv(6) =5 Pic(4) 0

induces an isomorphism between Speck[Mno'] and the geometric quotient of
Spec k[CDiv(6)] of with respect to G. This follows from the fact that Spec k\[CDiv(G)]
is a G-torsor over Speck[M no] with respect to the fppf topology. O

REMARK 1.10. One can easily prove that a commutative diagram of monoids

CDiv(6) —> CDiv(4),45 0

I X

Mnot — Mno

is a push-out in the category of (commutative) monoids. This gives another proof that
a commutative diagram

Spec k[CDiv(6)] «— Spec k[CDiv(4), 5 o]

l J

Speck[Mno*] «— Speck[Mno"]

is Cartesian.
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COROLLARY 1.11. Let A be a good fan whose set of one-dimensional cones A(1)
may not span Ny, and A(1)q the subspace of Ny generated by A(1). Let us denote by
No:=Nnd(l)g (resp. 4o:=NynA) the sublattice of N contained in A(1)y (resp. the fan
of Ny induced by A). Then, in the notation of Theorem 1.9, the associated toric variety
X, is isomorphic to the universal geometric quotient of X’Zoxk(Gm@N/No) with respect
to G=Hom(Pic(4), G,,). This isomorphism depends on the choice of a section N/Ny— N.

PROPOSITION 1.12. Let A be a good fan. For a homogeneous ideal I of S:=S,
(with respect to the A-grading), we denote by V . (I):=n,(V(I) nf;) the image of the
G-stable closed subset V(InX, under m,.

(1) (The toric Nullstellensatz.) For any homogeneous ideal I = S, we have V (1) =
if and only if B" <1 for some integer n.

(2) (The toric ideal-variety correspondence.) The map I+ V (1) induces a one-to-
one correspondence between the set of radical homogeneous ideals of S contained in B
and the set of closed subsets of X.

The proof is similar to that in [1, 2.4], and left to the reader.

Finally, we make a few remarks on the homogeneous spectrum of S, with respect
to the A-grading. If 4 is good and if Pic(4) is free, one can define the associated toric
variety X, as the homogeneous spectrum of S, consisting of homogeneous prime ideals
with respect to the 4-grading as in [3] and in [9, II §2]. The freeness of Pic(4) implies
every G-orbit is irreducible, so each closed orbit corresponds to a homogeneous prime
ideal of S,. However, Pic(4) may not be free even if A(1) spans Ngy and X, is smooth.
(The assertion otherwise in [5, 3.4] is to be corrected in the next printing.) For instance,
look at the toric variety X,=Spec(k[x, y, z]/(xy —z%)) \{(0, 0, 0)} associated to 4=
{(0,0), Q.(1,0), Q. (1,2)}. The following is a necessary and sufficient condition for
Pic(4) to be free:

LemMA 1.13.  The Picard group Pic(4) of a fan A is free if and only if so is N/N',
where N' denotes the subgroup of N generated by Nn|A4|.

REMARK 1.14. The abelian group N/N’ is isomorphic to the fundamental group
(X)) of X, if k=C (cf. [5, p. 57]). Hence Pic(4) is free if and only if so is 7;(X).

Proor. Consider the exact sequence
0—Hom(N/N', Z)—> Hom(N, Z)—>Hom(N', Z)—Ext'(N/N', Z)——0 .

It is easy to see that Hom(N', Z) is equal to the group of Cartier divisors whose image
in Pic(4) is of finite order. Hence Pic(4) is free if and only if the homomorphism res
is surjective. O
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2. Quasi-coherent modules associated to graded modules. Let 4 be a good fan,
S:=S, the 4-graded homogeneous coordinate ring of 4, and X:=X, the associated
toric variety over k as in Section 1. In this section we introduce the quasi-coherent
0x-module associated to a 4-graded S-module and state its properties. We omit proofs
if they are similar to those in [3], [8] and [9, II §2.5]. Let M and N be 4-graded
S-modules in an obvious sense. (Although we have already used the notation M and
N for free abelian groups in Section 1, we adopt this notation only in this section
without fear of confusion.) Let S, (resp. M ;) be the subring (resp. the S ,-submodule)
of elements of degree zero in S, :=S[1/f] (resp. M,: =M ®; S ) for each homogeneous
element fe B:=B,. Let U, be the open affine toric subvariety of X associated to a cone
oced.

ProrosiTiON 2.1.  For a A-graded S-module M, there exists a unique quasi-coherent
Ox-module M satisfying the following:

(@ M| v.= (M)~ for each DeCDiv(6)";

(b) for a cone o and its face t, the canonical homomorphism M.p,—M o, with
D,eCDiv(6) " and D.e CDiv(?)" induces an isomorphism (M sp4)~ |y —(Mp,) ™.

Proor. See [9, II (2.5.2)]. In the notation of Theorem 1.9, we remark that
n,.: X4~ Y=X, is an affine morphism (cf. the proof of Theorem 1.9). O

DErFINITION 2.2. The quasi-coherent (y-module M in Proposition 2.1 is said to
be the quasi-coherent Oy-module associated to the A-graded S-module M.

PROPOSITION 2.3. The map M M gives a covariant additive exact functor from
the category of A-graded S-modules to that of quasi-coherent Oy-modules, and commutes
with direct limits and direct sums.

Proor. The question is local on X. This immediately follows from Proposition 2.1.

O

PROPOSITION 2.4. (1) If a A-graded S-module M is of finite type, then M is a
coherent Oy-module.

(2) Let M be a A-graded S-module of finite type. Then M =0 if and only if B"M =0
for m>0.

Proor. (1) follows from Proposition 2.3 and a surjective homomorphism §®"—
M for some n. We remark that S is canonically isomorphic to Oy.

(2) Note that X is Noetherian and that CDiv(é)" is finitely generated for each
cone ge 4. One can verify (2) by an argument similar to that in [9, (2.7.3)]. |

DEerINITION 2.5. (1) For aePic(4) and a A4-graded S-module M, we define M(x)
to be the 4-graded module with M(«);=M, ., for each fePic(4).
(2) Ox(2) denotes the quasi-coherent ¢y-module S(x)~ for o e Pic(4).
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(3) For aePic(4) and a quasi-coherent ¢y-module #, the Ox-module # ®,, Ox(x)
is denoted by Z ().

PrROPOSITION 2.6. (1) For each aePic(4), the quasi-coherent Oy-module Oy() is
an invertible sheaf.

(2) For each D e CDiv(4), the invertible sheaf Ox(D) is canonically isomorphic to
Ox(a), where a e Pic(A) is the isomorphism class of Ox(D).

PrOOF. Let us take D=([m,]; 0 € 4,,.,) € CDiv(4) with deg D=a.

(1) For each cone o€ 4, one can easily show that 0,((oz)|ucr is a free Oy -module
of rank one with &P 79V a5 3 basis.

(2) Let us regard O(D) as a locally principal ¢y-submodule of the function field
k(X) of X. By multiplication of &2, we have a canonical isomorphism from 0y(D) to
Ox(a0). O

Let M and N be 4-graded S-modules. Glueing canonical homomorphisms on U,’s,
we obtain a functorial homomorphism of ¢y-modules
A M®y, N> (MsN)~ .
See [9, II (2.5.11.2)].
PRrROPOSITION 2.7. The above homomorphism A is an isomorphism.

Proor. We have only to show that for each cone o € 4, the restriction 4, of 4 to
U, is an isomorphism. Set DeCDiv(6)". We first remark that M. ®g.0 Neo is
isomorphic to the quotient of the bigraded Z-module M:> ®z N:o modulo the Z-
submodule generated by

{am ® n—m ® an ; homogeneous elements me M:p, ne Neo, and a€ Seo} .

Let us take a set-theoretic section s: Pic(4)—CDiv(¢) with s(0)=0. Then we have
{£°@e(Se)” ; aePic(4)} and {c,;€(Sen) ™ ; o, BePic(4)} with ECHP=c, 5@ +sB),
Simple calculation shows ¢, ,C, 3 =Cyp+,Cp,- We define an Sp-module homomor-
phism ¢ as

m®ne(M€D)a®S§D (Ntn)ﬂ]_‘)c_a‘_pés(‘a)m ® és(_ﬁ)neM@D) ®S(§D) N((:D} ’

where is well-defined because of the above formula. (See the beginning of this section
for the notation.) Here we denote by (M,»), (resp. (N:p)) the S;p-submodule of elements
of degree o in Mo (resp. of degree B in N:p). One can easily verify that A-¢ is an
isomorphism and that ¢cA=id. O

COROLLARY 2.8. For every a, pePic(4) and ne Z, we have the following canonical
isomorphisms:

(2.8.0) Ox(%) Qo Ox(B)= Ox(x+B) ;
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(2.8.i) Ox(@)®" = Ox(na) .

COROLLARY 2.9. For aePic(4) and a A-graded S-module M, the quasi-coherent
Ox-module M(a))~ is canonically isomorphic to M(o)=M ® oy Ox().

Let us denote by I' (%) the direct sum @, p; (4 (X, F () for a quasi-coherent
Ox-module #. The module I' (%) has a natural structure of a A4-graded I' ,(0)-module
by Corollary 2.9.

We now define two homomorphisms v=v,, and u=pug  for a 4-graded S-module
M and for a quasi-coherent Ox-module & as follows. See [9, II §2.6].

Let M be a 4-graded S-module. By a canonical homomorphism v, : M,—I'(X, M(a))
for each aePic(4), we have a homomorphism v=@v,: M —»F*(]V[ ) of A-graded
modules. See [9, (2.6.2)]. One can verify that v: S—TI'(S)=T",(0y) is an isomorphism
as A-graded k-algebras (cf., e.g., [1, Proof of 3.1]).

Let & be a quasi-coherent ¢)y-module. Using Corollary 2.9, the homomorphism

ply,: T F)eoy > T(U,, F);  mfE” i (my, )/

is well-defined for each o€ 4. Since these homomorphisms are compatible with the
restriction homomorphisms for these sheaves, we have a homomorphism p=pz:
I (F) -»F.

ProrosITION 2.10. Let F be a quasi-coherent O y-module. Then the homomorphism

u: L (F)~ -»F is an isomorphism. In particular, every quasi-coherent module F is of
the form M for some A-graded S-module M.

Remark 2.11. Cox [1, 3.2] proved Proposition 2.10 for a simplicial toric variety

X.
One can easily prove the above proposition by [8, I1.5.14] and the following lemma:
LEMMA 2.12.  For each cone c € A and each D e CDiv(6)", we have

(2.12.0) U,={xeX; P¢my Ox(degD),} .

The proof is straightforward, and left to the reader.

COROLLARY 2.13.  For every coherent O x-module F , there exists a finitely generated
A-graded S-module N with N> % .

Proor. See [9, II (2.7.8)]. OdJ
PROPOSITION 2.14. Let M be a A-graded S-module and # a quasi-coherent (y-

module. Then both of the following two composites are the identity homomorphisms:

(2.14.0) s ) it
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r
(2.14.ii) [(F) =T (T (7)) 2 (7).
Proor. The question is local on X. It is straightforward to show that the above

composites are the identity homomorphisms on U, for each g€ 4. The detail is left to
the reader. O

COROLLARY 2.51. Let the notation be as in Proposition 2.14.
(1) Vy: M—T (M)~ is an isomorphism for each A-graded S-module M.
) wuz:T'(F)-T (I (F)7)isan isomorphism for each quasi-coherent O x-module

N

Proor. This immediately follows from Propositions 2.10 and 2.14. O

COROLLARY 2.16. (1) Let Y be a closed subscheme of X with the defining ideal
#. Then there exists a homogeneous ideal I of S contained in B with I=_¢. Moreover,
in the notation of Theorem 1.9, Y is the geometric quotient of the closed subscheme
A?; nSpec S/I with respect to G.

(2) Two homogeneous ideals I and J of S contained in B define the same closed
subscheme of X if and only if (I: B™)=(J: B™) for m>0.

Proor. (1) Clearly I:=T,(#) is a homogeneous ideal of I, (Ox)=S. By
Propositions 2.3 and 2.4, and Corollary 2.15 (2), we have (InB)~ =I=_¢. The last
assertion is verified in the same way as in Theorem 1.9.

(2) We have only to show the assertion when I is contained in J, say, J=T",().
It follows from Propositions 2.3 and 2.4, and Corollary 2.15 (2) that T is equal to
(I: B™~ for each m>0, and that (I: B™) contains J for some integer m > 0. By the same
argument, (/: B™*™) contains (J: B™) for some m’>0. Since S is Noetherian, we have
(I: B™)y=(J: B™) for m>0. O

3. Main Result. Throughout this section, let 4 be a good fan, S the
homogeneous coordinate ring of 4, B the ideal generated by CDiv(4)*, I a homogeneous
ideal of S contained in B, X': = X, the associated toric variety, and Z the closed subscheme
defined by I (see Corollary 2.16). In this section, we first define on a k-scheme Y a
A-graded Oy-algebra with invertible components, which is a generalization of the tensor
algebra associated to an invertible sheaf on X. We next prove a one-to-one cor-
respondence between the set of morphisms of Y to Z and the set of equivalence classes
of those 4-graded (0y-algebra homomorphisms which satisfy a nondegeneracy condition
from 0y ®, S/I to a A-graded algebra with invertible components (Theorem 3.4).

DermviTION 3.1, Let 4 be a good fan, and Y a k-scheme. A A-graded Oy-algebra
L =D ,epicy., Lo is said to be a A-graded Oy-algebra with invertible components if it
satisfies the following conditions:

(1) each homogeneous component %, (o€ Pic(4), ) is a locally free ¢y-module
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of rank one;

(2) the Oy-module ¥, ®,, & is isomorphic to £, . ; via the product of £ for each
pair of a and f in Pic(4) .
We denote by B(4) (resp. #¢) the image of CDiv(4)™ by deg (resp. the homogeneous
ideal @, p4) % =¥). Note that B(4) is a monoid ideal of Pic(4) ., o since CDiv(4) o~
Pic(4) ., is surjective by definition.

ExaMPLE 3.2. We illustrate Definition 3.1 by looking at the r-dimensional pro-
jective space P". Let 4 be the fan defining the projective space P (cf., e.g., [5, p. 22]).
By Definition 3.1, every 4-graded algebra ¥ with invertible components is canoni-
cally isomorphic to @ ,_ ZZO(,Ef’l)‘g". Hence giving a A-graded Op.-algebra with inverti-
ble components is equivalent to giving an invertible sheaf %, on P’.

ExampPLE 3.3. For the associated toric variety X,, we have a canonical 4-graded
Ox-algebra @D, pic(4)., Ox(®) with invertible components, and a canonical 4-graded
algebra homomorphism Oy @ S— @, pic4). , Ux(2) using Corollary 2.8 and a homo-
morphism v in Section 2. Here a A-graded algebra homomorphism is an algebra ho-
momorphism preserving the A-grading. In the case of Example 3.2, this 4-graded
Opr-algebra is nothing but @, , Up-(n). For a closed subscheme Z of X, we define a
canonical 4-graded Oz-algebra @, p;. 4 Uz(®) (resp. a canonical A4-graded algebra
homomorphism 07 ®, S/I> @, pic(s)., Oz(*)) to be the restriction to Z, where I< B is
a homogeneous ideal of S defining Z.

THEOREM 3.4. Let A be a good fan, Y a k-scheme, and Z a closed subscheme of
X=X, defined by a homogeneous ideal I= B of S. Then there exists a canonical one-to-one
correspondence between the following two sets:

(a) the set of k-morphisms from Y to Z,

(b) the set of equivalence classes of pairs (£, @) of a A-graded Oy-algebra ¥ with
invertible components, and a A-graded Oy-algebra homomorphism ¢: Oy ®, S/I-%
satisfying the following nondegeneracy condition:

(nondegeneracy): For every point y€ Y, there exists a homogeneous ele-
ment f € B/l with ¢ (1® f)¢m, <,

Here, (%, @) and (&', ¢') are said to be equivalent if there exists an isomorphism
1: > of A-graded Oy-algebras with @' =1-¢@.

Proor. We first define a correspondence between (a) and (b).

(a)—(b): Let r: Y—Z be a k-morphism. By the pull-back of the canonical 4-graded
Oz-algebra homomorphism 07 ®, S/I> @, pic)., Vz(2) in Example 3.3, we have a
A-graded Oy-algebra homomorphism ¢,: Oy ®,S/I=r*0,;®,S/[->%,.= @ r*0y ).
This homomorphism satisfies the nondegeneracy condition because Y=J ,r~*(U,n 2).

(b)—(a): We may assume that for any ye Y, there exists a cone 6,€4 such that
@,(EP)¢m,Z, for each De CDiv(d,)*. Since Pic(4) o is finitely generated, we can take
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an open affine neighborhood V, of y such that all of the invertible sheaves %, on V,
are trivial with {@(¢”); D'eCDiv(6,)*} as a basis. By restricting ¢ to V,, we have
a k-algebra homomorphism (S/I)(gn,—>(£€|‘,y)0= Oy,. Hence we have a morphism
ry,: V,»U,nZ. Using ¢ and the nondegeneracy condition, we glue these morphisms r,
to get a k-morphism ry ,: Y- Z.

Finally, we show the bijectivity of this correspondence modulo the above equiva-
lence relation. Given (%, @), we first prove that (%, , ¢,, ) is equivalent to (Z, ).
Locally on Y, we have a unique isomorphism 1 which makes commutative the following
diagram:

Oy ®,S/1

canonical Gro,

D r2.,02(%) — Z.
One can easily glue these isomorphisms, and hence the above two pairs are equivalent.
On the other hand, it is straightforward to show that each morphism r: Y—Z is exactly
the morphism defined above by (%, ¢,). O

ExaMPLE 3.5. We illustrate that Theorem 3.4 is a generalization of the classical
result [9, (4.2.3)] for projective spaces. Let 4 be the fan defining the r-dimensional
projective space P". As in Example 3.2, every 4-graded algebra on Y with invertible
components is of the form @, ,£®" for an invertible sheaf #. In this case, the set
in Theorem 3.4 (b) is exactly the set of equivalence classes of surjective homomorphisms

((gx)r+ 1 -2,

4. Applications. In this section, we restrict ourselves to the case Z=X, in
Theorem 3.4, study the nondegeneracy condition in Theorem 3.4 in more detail, and
generalize all known results on morphisms from a scheme to a toric variety.

The following proposition gives useful conditions equivalent to the nondegeneracy
condition in Theorem 3.4 in the case Z=X,,.

PrOPOSITION 4.1. Let Y be a k-scheme, A a good fan, X, the associated toric
variety, & a A-graded Oy-algebra with invertible components, and ¢ a A-graded Oy-algebra
homomorphism Oy ®,S,—L. Let Vg(s) denote the closed subset {yeY;s,em,%,} of
Y for a global section se I'(Y, ). Then the following are equivalent:

(1) for each yeY, there exist a cone ceA and a divisor DeCDiv(6)" with
o(ED) ¢m, %

(1) for every yeY, there exists a cone aeA such that (p(é”)émy,?y for each
DeCDiv(é)*;

@ N aed N DeCDiv(s)* Ve(o(EP)=;

2) N ,es Vel@(EP)) =B, where D, denotes any element in CDiv(6)";

2 Nyea,,, Vel@(EP)) =, where D, denotes any element in CDiv(é)";
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(3) (when A is simplicial) Vy(o(E™Per)) n -+ n V(@(E™Pe)) = for each one-
dimensional cones p, ..., p, which are not contained in any cone of A, and for each m>0
with mD, € CDiv(4).

Proor. Clearly (1) and (2) are equivalent. It is easy to see that for D, D'e
CDiv(4) o, we have V(o(EP)) = Vy(o(£P)) if Supp D <Supp D'. This shows that (1)
and (1) (resp. (2), (2') and (2")) are equivalent. The statement (2) implies (3) because
Noesn. Ve(@(EP)) 2 Vel@(EP9) if no maximal cone contains all py, ..., p,. We
assume (3). Then for ye Y, the set {peA(1); ye Vy(p(EP?))} needs to be contained in
some cone g€ A. Hence y ¢ Vy(p(£P7)) for DeCDiv(6)*. O

DEerFINITION 4.2. Let Y be a k-scheme, 4 a good fan, X, the associated toric
variety, ¥ a A-graded (y-algebra with invertible components. A A-graded homo-
morphism ¢: 0y ®, S,—Z is said to be base-point-free if ¢ satisfies one of the equiv-
alent conditions (1)—(3) in Proposition 4.1.

We state again Theorem 3.4 in the case Z= X, for reference.

THEOREM 4.3. Let Y be a k-scheme, A a good fan, and X, the associated toric
variety over k. Then there exists a one-to-one correspondence between the following two
sets:

(a) the set of k-morphisms from Y to X ;

(b) the set of equivalence classes of pairs (£, @) of a A-graded Oy-algebra with
invertible components and a base-point-free A-graded Oy-algebra homomorphism ¢ from
Oy®, S to L.

Here, (¥, @) and (&', ¢') are said to be equivalent if there exists an isomorphism
1: > of A-graded Oy-algebras with ¢'=10¢.

REMARK 4.4. When 4(1) may not span Ny, there exists a (non-canonical) one-
to-one correspondence between the following two sets:

(a) the set of k-morphisms from Y to X ;

(b) the set of equivalence classes of pairs (&, @) of a 4-graded (,-algebra with
invertible components and a base-point-free 4-graded (Oy-algebra homomorphism ¢
from 0y ®,(S,®k[M,]) to £L.

Here M, denotes the kernel of div: M—CDiv(4). We remark that S, is canonically
isomorphic to the homogeneous coordinate ring of the associated toric variety X, in
the notation of Corollary 1.11.

CoROLLARY 4.5 (Cox [2]). Let the notation be as in Theorem 4.3. Assume that A
is smooth, i.e., X , is smooth over k. Then there exists a one-to-one correspondence between
the following two sets:

(@) the set of k-morphisms from Y to X,

(b) the set of equivalence classes of A-collections on Y (see [2, Definition 1.1]).
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REMARK 4.6. (1) If 4(1) may not span Ny, we choose an isomorphism X,—
Xy, % (G,,® N/Ny) to get a A-collection with c,, corresponding to Y — G,,® N/N, for
me N in [2, Theorem 1.1]. Here the notation is the same as that in Corollary 1.11. It
is straightforward to show that the set of equivalence classes of 4-collections bijectively
corresponds to the set of equivalence classes (%, ¢) as in Remark 4.4.

(2) In the proof of [2, Theorem 1.1], Cox used the freeness of Pic(4). As we
mentioned at the end of Section 1, Pic(4) may not be free even if X, is smooth. Although
his proof is thus incomplete, the result is nevertheless true.

Proor. Let D, be the divisor on X4 corresponding to p € 4(1) and s a set-theoretic
section Pic(4), ,—»CDiv(4), , with deges=id. For a 4-collection {(<%,, u,, ¢,,)}, we use
the compatibility condition in [2, Definition 1.1] to get a A4-graded (y-algebra
L =@, epicy., L@ with invertible components. Hence #*® is the invertible sheaf
®, ,,‘?f?“" if s(a) =Zpapr. By the global sections u, and the nondegeneracy condition,
we have a base-point-free A-graded (Oy-algebra homomorphism ¢: 0y ®, S,— & with
P(1®&P7)=u,

On the other hand, for a given (%, ¢) in Theorem 4.3 (b), it can be verified that

(3’ degn, P(D,), @ LI = L= 0y via product)
p

forms a 4-collection. It is easy to show that this correspondence preserves their equiva-
lence relations. O

COROLLARY 4.7. Let the notation be as in Theorem 4.3 and T the algebraic torus
as in Section 1. Assume that Y is an integral scheme. Then there exists a one-to-one
correspondence between the following two sets:

(a) the set of k-morphisms f: Y—X, with {f " NT)# J;

(b) the set of pairs (¢, ) of a monoid homomorphism ¢ from CDiv(4)., to the
monoid CDiv(Y), o of effective Cartier divisors and a group homomorphism y : M —k(Y)*
which induce a commutative diagram

M Y k)
div l l div
CDiv(4)—»CDiv(Y)

(pgp

and satisfies one of the equivalent conditions (2)—(3) in Proposition 4.1.

In particular, if A is smooth, we can replace (b) by the following (b'):

(b') the set of pairs of a homomorphism y: M—k(Y)* and a collection (D,),c 41,
of effective Cartier divisors D, on Y satisfying both the condition (3) in Proposition 4.1
and the equation
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divy(m)= ), <{mn,>D,
ped(l)
for each me M.
Here k(Y) (resp. n,, resp. <, )) is the rational function field of Y (resp. the unique
generator of the monoid pn N, resp. the duality pairing M x N> Z).

REMARK 4.8. Oda and Sankaran (unpublished) proved Corollary 4.7 in the case
where Y (resp. X,) is normal (resp. smooth).

PrOOF. It is obvious that a morphism f: Y—X, with f~}(T) # (¥ gives data in (b).

On the other hand, let ¥ (resp. @) be as in (b). Let us identify invertible sheaves
with locally principal coherent subsheaves of k(X) (cf., e.g., [8, IL §6]). Then the invertible
sheaf Oy(@(D)) for each effective divisor D has the global section uj:=1€k(Y)” with
@(D)=the zero locus (up), of up, which induces an @y-algebra homomorphism

©1:0y®;S4— @® Oy(o(D))
DeCDiv(4)>0
with @,(é®)=up. Let us take a set-theoretic section s: Pic(4),,—CDiv(4),, with
(deg)os=id. If two divisors D and D’ are linearly equivalent, then the invertible sheaf
Oy(p(D") coincides with Oy (ep(D))Y(D — D'). Multiplying Oy(¢(D)) by (D —s(deg D)),
we have an ()y-algebra homomorphism

(P @® Oy(p(D)) = @ Oy(peos).
DeCDiv(4)s0 aePic(d)so0
Hence a pair of the A-graded Oy-algebra @ , Ox(¢-s(x)) and the composite of ¢; with
¢, defines the morphism from Yto X, in (a). Note that up to equivalence, the k-morphism
does not depend on the choice of a section s. The latter assertion follows from the
former and the fact that CDiv(4), , is isomorphic to @ Z,,*D,if 4 is smooth.
O

COROLLARY 4.9. Let A (resp. A') be a good fan (resp. a complete fan), and X,
(resp. X,) the associated toric variety. Then there exists a one-to-one correspondence
between the following two sets:

(a) the set Hom, (X,., X,) of not necessarily equivalent k-morphisms from X ,. to X 4;

(b) the set of equivalence classes of (not necessarily A-grade preserving) k-algebra
homomorphisms ¢ : S,— S, mapping each homogeneous component into a homogeneous
component and satisfying the equivalent conditions in Proposition 4.1.

Here ¢ and ¢’ are said to be equivalent if there exists a homomorphism g:
Pic(4)—> G, (k) such that ¢'(EP)=g(deg D)p(EP) for each D e CDiv(4), . Furthermore,
if A" is good, we can replace (b) by the following:

(V) the set of equivalence classes of k-algebra homomorphisms ¢ : S ,— S, mapping
each homogeneous component into a homogeneous component such that B, is contained

ped(l)
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in the radical of an ideal generated by {p(EP°); o€ A,,,} for any D,eCDiv(é)".

Proor. We first remark that S, is canonically isomorphic to the A-graded k-
algebra

D I(Xy, Ox ()
aePic(4)
for any fan 4 (cf,, e.g., [1, p. 30]). Therefore, giving a pair (%, ¢) on X, in Theorem
4.3 (b) is equivalent to giving a k-algebra homomorphism S,—S, preserving ho-
mogeneous components and satisfying the conditions in Proposition 4.1. Moreover,
giving an equivalence of two homomorphisms of A4-graded Oy, -algebras with invertible
components is equivalent to giving a homomorphism Pic(4)—>G,,(k)=k™ as above. The
last assertion is straightforward to prove by Proposition 1.12. O

REMARK 4.10. A homomorphism ¢ in Corollary 4.9 (b) may not map the ideal
B, into B,.. For instance, look at the first projection X, =P!x P!> X,=P*.

COROLLARY 4.11. Let A and X, be as in Corollary 4.9. Then there exists a one-
to-one correspondence between the following two sets:

(@ Homy(P", X);

(b) the set of equivalence classes of k-algebra homomorphisms S,—k[T,, ..., T,]
mapping each homogeneous component into a homogeneous component such that
(To, - .., T,y) is contained in the radical ideal generated by {@(£P?); 6 € Amay} of any
D,eCDiv(6)".

The equivalence relation is the same as that in Corollary 4.9.

ExaMPLE 4.12. We calculate morphisms from the projective line P! to the weight-
ed projective plane P(1, 1, 2), using Corollary 4.11. Let S:=k[N4V]=k[v,, v,, v5] be
Cox’s homogeneous coordinate ring of P(1, 1, 2). Here the degree of v, (resp. v,,
resp. v3) is equal to 1 (resp. 1, resp. 2). It is easy to see that S, equals the subring
k[vZ, v,0,, 07, v3] =k[X, y, z, w]/(xy —w?) of S, where all of the variables x, y, z, w are
of degree one. By Corollary 4.11, the set Hom(P?, P(1, 1, 2)) is equal to the set of
quadruples (f, £, /.. f,,) of homogeneous polynomials of the same degree with f f, =12
and with s™, t" e (f., f,, f,) for some me Z ,. For instance, the algebra homomorphism
S,—k[s, t] (x, y, wo s, z+—t) corresponds to the morphism

g: P > P(1,1,2)=(A3\{O)/k*, (@:p)—=>(/a:/a:p).

Here the action of k* on A3\ {0} is defined by g-(a, B, y)=(9% gB, g*y) (gek™,
(o, B,7)€A>\{0}). This morphism g cannot be obtained by the morphism
A*\{0}>A43\ {0} corresponding to any algebra homomorphism S—k[s, t] because
the latter cannot induce any isomorphism between their Picard groups (cf. [2, Remark
3.4]).
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COROLLARY 4.13. Let k be an algebraically closed field. Fix the point oo =
(0: 1)e P* and a point p in the open dense torus orbit T in X ;. Then there exists a canonical
one-to-one correspondence among the following three sets:

(a) the set Hom*(P!, X,) of morphisms f: P'—X, with f(c0)=p;

(b) the set of monoid homomorphisms Y from CDiv(4), o to the monoid of monic
polynomials in the polynomial ring €k[t] in one variable t which preserve their degrees
and such that the ideal generated by {y(D,); D,e CDiv(6)*, 0 € 4,,,} is exactly k[1];

(c) the set of homomorphisms in the kernel of the homomorphism

@ (CDiv(d)50)" = N; ()Y Lodiv

ze Al(k)

such that the ideal generated by {[ ], 414, (t—2)"*"; D,€ CDiV(G), 0 € Ay} is exactly

k[1].
Here (CDiv(4), ()" denotes the cone dual to CDiv(4) .

ReEMARK 4.14. Guest [7] proved Corollary 4.13 for a projective toric variety.

PrOOF. Since k is algebraically closed, we can easily show the one-to-one cor-
respondence between (b) and (c), using the roots of monic polynomials. We prove the
one-to-one correspondence between (a) and (b). Using the hamomorphism M—k™ cor-
responding to pe T< X ,, every homomorphism ¢ : S,—k[ T, T,] as in Corollary 4.11
is uniquely equivalent to one with @(£2)(0, T,)=T¢¢?¢™ for each DeCDiv(4),,.
Therefore fp(f):=(EP)(1, t)ek[] is monic and uniquely determined by the zeros of
fo- Thus the homomorphism ¢ in Corollary 4.11 (b) gives the monoid homomorphism
in the corollary (b). The converse is verified by the above argument. O
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