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ON A GENERALIZED BESSEL FUNCTION OF TWO VARIABLES II.
CASE OF COALESCING SADDLE POINTS

SHUN SHIMOMURA

(Received December 19, 1996, revised March 6, 1997)

Abstract. A generalized Bessel function of two variables satisfies a system of partial
differential equations. Two of the singular loci of the system are of irregular type. Near
one of them we study the asymptotic behavior of suitably chosen linearly independent
solutions. In our calculation coalescing saddle points are treated.

Introduction. Let z* be a function of (x, y)e C? defined by
t? Y\ ey
(0.1) z¥=I(x,y)= exp| ———xt—=— |t *"'dt,
C‘_ 2 1t
where a (¢ Z) is a complex constant and
0
C*=(t: 0 (—)» 00; argt: —m—> M)

is a loop starting from ¢ = oo, encircling =0 in the positive sense and returning to = oo
along which argt varies from —= to 7. It is known that (0.1) is a solution of a system
of partial differential equations

02u=x0u—ydu—ou,
(0.2) 00 u=u,
yoju=—0a.u—(a+1)d,u+xu
(see [6]), which is equivalent to a completely integrable Pfaffian system of the form
(0.3) dV=(P(x, y)dx+ Q(x, y)dy/y)V
with

0 1 0 0 0 y u
P(x’y)=< A S ) Q(x’y)=<y 0 0 >’ V=<axu>
1 0 O x —1 —(x+1) Oyu

System (0.2) or (0.3) possesses the singular loci x=o00, y=o00 of irregular type,
and y=0 of regular type. For a fixed point (x,,yo)e Cx C* (C*=C—{0}), the
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solutions analytic in a neighborhood of (x,, y,) are continued analytically to the region
C x Z(C™) and constitute a three-dimensional vector space, where Z(C ™) is the universal
covering of C*. In fact every solution u(x,y) of (0.2) is written in the form
u(x, )= (X, Yoo, )+ 0,00, Yo)v1(x, ¥)+ 8,0, Yolvs(x, y), where v,(x, y) (=0, 1, 2)
are the first entries of the solution vectors Vj(x, y) of (0.3) satisfying V;(xo, yo)=
(09j» 01, 95;). Consider the power series expansion u(x, y)= Zm 20 Cmal™"/(m!n!) with
(€, M=(x—Xo, ¥ = Vo) Co,0=uXo,Yo)s €1,0=0:U(Xq,Yo), Co,1=0,ulXo, o), wWhich con-
verges for | £| < 00, | 7| <]|yo |- From the second equation of (0.2), we have ¢,, 4 1 y+1=Cpn
for every pair (m, n) of nonnegative integers. This implies that u(x, y), and hence (0.1),
is written in the form

(0.4) co.0Ao(én) + il (Cy0EP+ o ") A EN) .

Here A,(t) (ue C) is a power series expressible in terms of the modified Bessel function
(see [5, §7.2]):

0 ‘Ek
05 A T)= -
©.9) A7) k;o K\F(k+p+1)
:T—u/zlu(z,[l/Z)=,[—u/Ze—uni/ZJ#(zeni/ZTI/Z) .

Furthermore it is easy to see that

2
0.6) lim A~ (— A, s*/(42) = exp<r~5*>t-a- 1t
2% c a4t

=2mi(s/2) " *J (s) .
Considering the facts above and comparing the integrands of (0.1) and (0.6), we can
regard the function z* =1 (x, y) as a generalization of the Bessel function (x/2) ™ *J (x).
(Other generalizations of the Bessel function J,(x) are found in [1], [2], [3], [4].) In

[7] we studied the behavior of linearly independent solutions of (0.2) near y=0 and
y=o00. In addition to z*, recall solutions of (0.2) expressed as

ZO_J fdt, J fdr, zZ_ —J far,
ZO_J fdt, z’_=J’ fdt,

in which the integrand and the paths of integration are given by
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0.7) f=f(x,y, t)=exp<—%——xt—~);—>t‘“_1,

Co=(t: 0— o0; argt: argy —0),
C,=(:0— o0; argt: argy—7n),
C_=(t:0—> o0; argt: argy — —mn),

0
CE=(t: 0(—)+0; argt: argy — argy+2mn),
C_=(t: 00— 00; argt: —n—>0)

(cf. [7, §1]). Here, for example, C, denotes a path starting from =0 and tending
to t=o00 along which argt varies from argy to =, and C¢ a loop starting from =0,
encircling =0 in the positive sense and returning to =0 along which arg varies from
argy to arg y+2n. There exist relations of the form

(0.8) zd=z, —e ez, z¥=z,—z_, z_=zy—z_.

The triples of linearly independent solutions (z&,z¥,z*) and (zy,z4,z_) (with
z¥ =(1—e?™)z,+e?"z, —z_) are expressed respectively by convergent power series
in the domain Cx #(C*) and by asymptotic expansions near the singular locus y = oo
(see [7]). By (0.8) we know the asymptotic behavior of the generalized Bessel function
z¥ near y= 0.

The purpose of this paper is to study the asymptotic behavior of linearly in-
dependent solutions of (0.2) in the domain 0<|y/x|< R around another singular locus
x= o0 of irregular type, where R denotes an arbitrary fixed positive constant. We write
(0.7) in the form

0.9) S, y,t)=1"""'expg(t)=exph(t),
t? ¥
g(t)=—~2~—xt—7, h(t)=g(t)—(x+1)logt,

where Imlog t=arg¢t. In the calculation of asymptotic expansions, we treat the saddle
points of ¢(t) or of h(t), namely the zeroes of g'(t) or of h'(t), which are approximately
equal to —x, —(y/x)*/2, (y/x)}'2. Since two points —(y/x)*/2, (y/x)'/? coalesce as x — oo,
we consider the two cases where they are close to each other and where they are
separated. To do so we define two domains

D_={(x,y)eCx RA(C*)||xy|<2Rq, | y/x| <R, |x|>Ry},
D, ={(x,y)e Cx RA(C)||xy|>Ro, |y/x|<R,|x|>Ry},

the union of which covers the domain 0<|y/x|<R, |x|> R, around x=oc0. Here R,
and R, are sufficiently large positive constants. In each domain we choose a suitable
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triple of linearly independent solutions and discuss the asymptotic behavior of it. We
state the main results on asymptotic expansions in Section 1, and the ones on Stokes
multipliers in D_ and D, in Section 2. By the use of preparatory lemmas in Section 3,
they are proved in Sections 4 and 5. The constants R, and R, =max{R{), R, R},
which depend on an arbitrary small positive constant ¢ in the main results, are chosen
in the proofs of Lemmas 4.1, 4.3 and 4.5. Throughout this paper, we assume that
ae C—Z and use the following notation:

eW=expniy),  O)=T+k)/I{),
for yeC, ke Z.

ACKNOWLEDGEMENTS. The author is deeply grateful to the referee for valuable
comments, especially for the one which was helpful in improving earlier proofs of
Theorems 1.1 and 1.2, and for suggesting convergent solution (0.4).

1. Asymptotic expansions. By H,(¢) and by L@(¢) we denote the Hermite
polynomial
) d n ) [n/2] _1 m2 n—2m
H(&)=(—1)"¢ <__> e P =nl (=nmedr
d¢ m=0 ml(n—2m)!
and the Laguerre polynomial
1 dy v &)
LOE)=—" eéé-a() (e 8¢ty = Z <V+°“> ( é)
v! dé j=o\ v—j J!
(cf. [5, §§10.12, 10.13]). Let 6 be an arbitrary small positive constant.

THEOREM 1.1. The solution z . admits an asymptotic expression
2o Wo(x, y)
with

—a/2 0
W) =\/n ie‘““"(%) ()~ 1% GXp<2(xy)”2—%> 2 I/ )~

uniformly for | y/x| <R, as x and xy tend to oo through the sector |argx —mn|<3n/4—9,
|arg(xy)—2n|<3n—J. Here the sum on the right-hand side is a formal power series in
(xy)~ Y2, and h,(u) is a polynomial in u of degree 2m expressed as

=11 /2) 4 2"‘2" (k+o+1)ym-—k-n
k! n=0 (2m—k—n)!n!

un/an(ul/Z) .

2m (
h()= 3.
k=0
THEOREM 1.2. The solution z'_ admits an asymptotic expression
zL=Wi(x, y)

with
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2 0 2
W,(x, y)= — e“"‘x‘“_lexp<x7+y> D (@m)! | Lyl
X

uniformly for |y/x|<R, as x tends to oo through the sector |argx—mn/2|<3mn/4—0,
where the sum on the right-hand side is a formal power series in x 2.

THEOREM 1.3. The solution z_ admits an asymptotic expression
z_~W_(x,y)
with
W_(x, y)=e“W.(x, e*™y)
uniformly for | y/x| <R, as x and xy tend to oo through the sector |argx —n|<3n/4—9,
|arg(xy)|<3n—4.
THEOREM 1.4. The solution z* admits an asymptotic expression
22 WX, )
with

W (x, y)=2mie *™ix* Z A, 2m(xy)( 2x2)m

uniformly for |xy|<2R,, as x tends to oo through the sector |argx—m|<3m/4—0.
Here the sum on the right-hand side is a formal power series in (—2x?)~!, and A,(t)
is the function defined by (0.5).

2. Stokes multipliers.
2.1. Stokes multipliers in the domain D,. By Theorems 1.1, 1.2 and 1.3, in the

domain D,
Z,—:Wl(xa ,V), Z+.~_W+(X, y)’ Z—ZW—(XLV)

uniformly for | y/x| < R, as x and xy tend to co through the sector |arg x —3n/4 | <7/2 -9,
|arg(xy)—mn|<2n—d.Itiseasy toseethatz’,z,,z_ arelinearly independent solutions of
(0.2). Let S=S.(0,, 0,) denote a sector defined by

S.(0y,0)={(x,y)eD, ||largx—0, |<mn/2—3, |arg(xy)—0, | <2n—4} .

We call a matrix 7(S) (€ GL(3, C)) a Stokes multiplier corresponding to the sector S with
respect to (z_, z., z_), if linearly independent solutions z{", z{?, z§* such that

2L, z4,2)=T(S) (=", 2§, z§”)
satisfy
Z.(Sl): Wl(x’ y) ’ Z§2): W+(X, y) ’ Z§3): W,(X, Y)
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uniformly for | y/x| < R, as x and xy tend to oo through the sector S. In this sector we have
2L, 24, 22 )= T(S) (Wi(x, ), Wilx, y), W_(x, ).

THEOREM 2.1. We have Stokes multipliers corresponding to the sectors
S ((2j—Vr/4, m) (j=1, 2, 3, 4) with respect to (z"_, z,, z_) written in the form

1 00
(S (r/4, n))=< —eY 10 > , T(S,(3n/4, n))=1,
-1 01

11 —1 e® 1 —1
(S, (5n/4, n))=<0 1 0 ) (S, (Tn/4, n))=< -1 1 0 )
00 1 —e® 0 1

Moreover, T(S (2 —D)r/4, —n))=M ' T(S.((2j— Dr/4, n))Q (j=1, 2, 3,4), where

1 0 0 1 0 0
My=[ 0 0 elt™® >, Qz(O 0 e““’>.
0 —1 1+4e™@ 0 -1 0

2.2. Stokes multipliers in the domain D_. Inthe domain D _, we choose linearly
independent solutions z_, z*, z&. It is known that z§ is represented by the convergent
power series

—ani,,—a i AZm*a(xy) (_ﬁ)m

z§ =2mie
¢ 4 m=0 m! 2
in D_ (cf. (0.5) and [7, Theorem 2.1]). Hence it is sufficient to consider the solutions
z_, z*. By Theorems 1.2 and 1.4, in the domain D _,
Z’—:WI(x’ y)’ Zi’:W*(X,y)

uniformly for |xy|<2R,, |y/x|<R, as x tends to oo through the sector
|argx —3n/4|<m/2—4¢. For a sector S=S_(0) expressed as

S_(0)={xeC||largx—0|<m/2—6}

we call a matrix U(S) (€ GL(2, C)) a Stokes multiplier corresponding to the sector S with
respect to (z_, z*), if linearly independent solutions z§!, z{*’ such that

(22, 2%)=U(S)'(z§", z§”)
satisfy
Zgl): Wl(xa y) s z§2): W*(X, y)

uniformly for | xy | <2R,, | /x| <R, as x tends to co through the sector S. In this sector,
we have
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t(Z/—o zf)g U(S)t(Wl(x’ y)’ W*(x9 y)) .

THEOREM 2.2. We have Stokes multipliers corresponding to the sectors S_((2j—1)n/4)
(j=1, 2, 3, 4) with respect to (z'_, z*) written in the form

1 0

U(S—(n/4))=<1_e(4a) 1)’ US-(Bn/4)=1,

e@—1 1

U(S(Sn/4))=<é i) U(S_(7n/4))=< e® 1).

3. Preliminaries. Consider the functions

t? y
3.1 go(t)=—7—xt, gl([):_xz_T'

Clearly the zero of gy(z) is —x, and those of gj(¢) are

po=—/x)"*,  pi=(y/x)"%.

Simple computation leads us to the following lemma concerning the saddle points of
g(t) and h(t).

LemMA 3.1.  Under the condition|y/x|<R,|x|> R’, the zeroes of g'(t) are given by
fo=—x+007Y),  n=p(l 0 ) =pt O ™Y
(j=0, 1), and those of h'(t) by
= —x+0(Y,  nF=p(+0(xy| ) =p+ O
(j=0, 1), where R’ is a sufficiently large positive constant.

In the series of lemmas stated below, r denotes an arbitrary constant satisfying
0<r<ry (<1).

LEMMA 3.2.  Under the condition | y/x|<R, | x|>R’, we have the following:

(3-2) g1(t)=20xy)!? =x*2y V21 + OM)(t — po)?
Jor | t—pol<r|y/x|"%

(3.3) h(t)=h(&F)=—(1/2)1+O(x ")t —&3)*,
(34) h(t)=—(1+0(x"2)t—¢¥)

for |t—=C&|<r|x]; and

(3.5 h(EH=x2%/2—(ax+1)logx+O(1).

LEMMA 3.3.  Under the condition |y/x|<R, |xy|>R,, |x|>R', we have the fol-
lowing:
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(3.6) h(t)—hinF)=x>"2y " V(=17 + O x|~ +]xp | "2+ —n})*
(3.7 B(1)=2x2y (= 1)T+ O( x|~ +|xp |2+ )t —nf)
Jor |t—n¥|<r|y/x|"% and

(3.8) h(n¥)—2(—1)/(xy)"? = —(a+ 1) log p;+ O(1) = O(log x) .
Here R, is a sufficiently large positive constant.

LeMMA 3.4. Under the condition | y/x|<R, |x|>R’, we have the following:

(3.9) 9()—9(&o)= —(1/2)(1 +O(x "))t —&0)*

(3.10) g'(t)=—(1+00x"2)(t—¢&o)

Jor [t—=&ol<r|x];

(3.11) g(lo)=x*/2+0(1);

(3.12) g(n;)=2(=1)xy)'? + O(1) ;

and

(3.13) g(t)=—xt(1+0(x~1?), g'(t)= —x(1+0(x~'?))

on the circle | t|=| x|

4. Proofs of the theorems in Section 1. In the calculation of an asymptotic series
of z, (or z_), we modify the path C, (or C_) in such a way that it passes through the
point u, (or —x). A major contribution comes from the integral along a part of C.
(or C.) near y, (or —x). To evaluate the integral along the remaining part of C,, we
have to use A(¢) because of the multiplier (y/x)*? (cf. Theorem 1.1 and Lemma 4.2).
On the other hand, in the corresponding evaluation concerning C”_, we need ¢(t), because
(3.8) is not always valid without the condition | xy|> R;. For the same reason we use
g(t) in the proof of Theorem 1.4 as well.

4.1. Modification of the path C,. We need to modify the path C, in such a
way that it has the following properties.

(a) C, consists of three curves I' _, Iy, I', such that

(a.1) I, is an arc passing through ¢ =p, and lying inside the circle K, defined by
|t—pol =84l y/x|"?, where e, =|xy |~ V¢

(a.2) Bothends a,,a_ of I'; are located on K,

(a.3) I'_ (or I'})is a curve starting from a_ (or a,) and tending to oo (or 0).

(b) C, lies outside the circles |t —n3 |=¢,,|y/x|'/?, [t—E&§|=¢,,| x|, and I'_ and
I', outside the circle |1—nd |=¢,,|y/x|'/*/4.

(©) Re(g,(t)—2(xy)'"*) <0, Im(g,(r) —2(xy)'/?) =0 for te I

(d) (d/dp)Reh(t)< —c for teI'_ (or tel',), in which ¢ is a positive constant
and p = p(¢) denotes the length of a part of A(I' _) (or A(I" ,)) from A(a_) (or h(a,)) to A(2).
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LEMMA 4.1. As long as (x, y) (€ C x R(C*)) satisfies | y/x| <R, | xy|> R, | x| > R}
and

4.1) |argx—m|<3mn/4—4, |arg(xy)—2n|<3n—0,

we can modify the path C continuously with respect to (x, y) preserving the properties
above, where Ry = R(5) and R} = R(5) are sufficiently large positive constants.

Proor. Consider (x,y) (e Cx Z(C*)) satisfying |y/x|<R, |xy|>R,, |x|>RY,
where the constants R, and R'? are chosen in the following argument. We may assume
that R,> R,, R\)’> R’ and that Lemmas 3.1, 3.2 and 3.3 are applicable. We begin with
the special case where arg x=arg y=n and o€ R—Z. By Lemma 3.1, if R, and R} are
sufficiently large, the saddle points of A(¢) and g,(¢) are so located that n& <0<nf <&
and py<0<p,. Now we take the path C,=I'_uT'yuTI', to be the negative real axis
with I'_:t<a_, TI'p:a_<t<a,, I'y:a,<t<0, where a_=a%=p,—¢,|y/x|'?
a,=a%=py+e,ly/x|""*. Then the images So=g,(Io), T°=hI_), TS =nTI,) are
included in the negative real axis in the t-plane, and are written as S,: min{g,(a°),
g1(@%)} <t <2(xp)'? (<0), T2 : t<h(@®), T?: t1<h(a?), respectively. It is easy to see
that conditions (a), (b), (c) and (d) are satisfied.

In the case where the condition argx=argy=mn is not necessarily satisfied and
ae C—Z, the path C, is constructed in the following way. Take the segment S
defined by —2|xy|® <Re(t —2(xy)*?)<0, Im(t —2(xy)!/?)=0 in the t-plane. By (3.2)
the inverse image g5 '(S) passes through u, and intersects the circle | 1 —uo | =¢,, | y/x |'/?
at a_, a,, which, in case arg x=argy=m, coincide with a°, a2, respectively. Thus we
obtain an arc

Fo={tegy '(S)|I1—po|<ey|y/x|"?}
with the properties (a.1), (a.2) and (c). Then Gy=g,(a)—g:(uo)=¢,(as)—2(xy)?=
—|xp|V%(1 4 Oe,,)). Note that a, —nd =(as —po)(1 + O(e2)). We obtain, from (3.2) and
(3.6), that h(a.) —h(n§)=Go(h(a+) —h(n§)Go ' = — | xy |V°(1+ Olexy +1 x| +]xp [~ 12)),
and, from (3.8), that A(n&)—h(n§F)=4(xy)*(1 + O(| xy |~ */?)). In view of (3.5) and these
estimates, we can take Ro=R,(6) and R’=R{(S) so large that, for |y/x|<R,
|xp]> Ro, | x> R,

|arg(h(ng) —h(n{)) —arg(xy)'? | <5/4,
|arg h({§) —arg(x?/2)|<0/2,
(4.2) has)—h(ng)=—|xy|"°1+0(x,y),  |0(x,y)]<1/2.

Hence, as long as (4.1) is satisfied, we can draw curves 7_ and 7', in the 7-plane which
are continuous modifications of 7° and T9, respectively, with properties below (see
Figures 4.1 and 4.2):

(i) T_ (or T,)is a curve starting from A(a_) (or A(a,)) and tending to oo, and
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T, ha.) 0
r oy M) hn 3

FIGURE 4.1. argh(é¥)=2m, argh(nd)=n

h(a )

* h(nd)

h(a-)

FIGURE 4.2. Sn/2<argh((¥)<Tn/2, —n/2<argh(ng)<O0

lies outside the circles |t—h(¢g)|=¢2, x|, |t—h(n})|=2|xy|";

(ii) (d/dp)Ret<—c for teT_ (or 1€ T,), where p=pj(tr) denotes the length of
the part of T_ (or T,) from Ah(a_) (or A(a,)) to t.
Note that 7_ and T, lie outside the circle |t —A(n)|=|xy|*/®/2. The function 1= h(t)
is biholomorphic at each point 1 =¢, (#£§, nf, 0, ), and is continuous in x. Now take
the inverse images I'_=h YT_) and I',=h"}T,) tending to t=c0 and t=0,
respectively, and put C,=I_ul'quI',. Then this new path satisfies the desired
conditions. |

LemMMmA 4.2. We have
J exp h(t)dt = (x/y)"*(xy) ' exp(2(xy)'/*) E(x, y)
r-urs

with
E(x, y)= Olexp(—| xy["/%/2)) .

Proor. Note that 1/A'(¢) is analytic at t# &g, . From (b), (3.4), (3.7) combin-
ed with the maximal modulus principle, it follows that |dt|=|1/h'(z)||dh/dp|dp=
O(e,' | x|~ ")dp for teI'_. The property (d) yields Re(h(r)—h(a_))< —cp. Using (3.8),
(4.2) and this inequality, we obtain

lexph(t)|<e™*|exph(a_)|=e"|exp(h(ng)—| xy (1 +0(x, y)) |
<™ (/) VP2 exp(2(0)' ) [ exp(— | xy [19/2),
namely
[Ce/yy"2(ey) ™ 172 exp(2(xp)V2)] ™ exp A1) = Oy, | x| exp(— | xp['/%/2)e ™)
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for te’ _. From this estimate and a similar one for tel',, the lemma immediately
follows. OJ

4.2. Proof of Theorem 1.1. Under condition (4.1), take the path C, with the
properties (a), ..., (d). To calculate the asymptotic expansion we divide the integral z

into two parts
:J’ fdt, IZ:J\ fdl.
I'o r-urs

By Lemma 4.2, it is sufficient to show that 7, admits the same asymptotic expansion
as that of Theorem 1.1. Observing that argt —m as ¢ (¢ C,)— oo, and considering the
case where argx=argy=mn, we have argu,=mn+(1/2)arg(y/x). In I, we put
t=e"(y/x)"*(1+0) (lo|<e,,), where |arg(l + o) | <m/2 for teI'y. Then g,(1)=2(xy)"*+
(xy)Y262 —(xy)"263/(1 + 0). By (c) the variable T =(xy)'/?*a2 moves along arcs which are
tangent to the negative real axis at =0 and are contained in the left half plane Re 1 <0.
Further change of variables s=e~"/?(xy)!/*s yields

(v )" y
I = ie—“’"(—) (ey)~1* CXP<2(Xy)”2 —4> Ji
X 2x

with
p~1g3 )
43) J,= exp(1—(1+v~ ts)?)exp| ———— J1 +v 7 ts) 2 te ¥ds,
1
I's|<lxy|1/12 l+v77%s

where w =y/(2x), v= —i(xy)'/*. The path of integration is a curve passing through s=0,
on which |Ims|/|Res|=O(| xy|~ '/®). The variable s moves along it in such a way that
Re s monotonically increases. Putting u=w!/?, z= —w'/2p~ 15 in the generating function

:’:OH,,(u)z"/n!zexp(zuz—zz) (see [5, §10.13, (19)]), we have

exp(w(l —(1+v""s)%)= i @uW)— 1Y "s"/nt, @ (w)=w"2H,(w'?).

Hence, by the estimates |w|<R/2, v~ 's>=0(1) and v~ 's=O(| xy|~ /%), the integrand
is written in the form

(Z e A +0«v*1s)N“>>

N v—k 3k
( 5
k=0

(1 +v—ls)—k—a—1 +0((D_1S3)N+1)>€'32

N N _1 n

— Z Z ) (P,,(W) v—n—ksn+3k(l +U—IS)—k—a—le—s2+E)(vl)(U’ w, S)
n=0k=0 nlk!
N N N —1 n+l k 1 N

— Z Z ( ) ( tat )l (D"(W)U_"_k_lsn+3k+l€—s +EI(V2)(U’ w, S)

n=0k=01=0 n'k!l!
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with
EQ(v, w, 5)= 0@~ V(1 4| s PN DN (j=1,2),

N being an arbitrary positive integer. Substitute this into (4.3). Note that, for each
geN, [¥  s°e ™ ds=/n (1/2),,+O(X* e **) (if ¢ is even), =O(X* ‘e ¥’ (if q is
odd), as ReX— + o0 (|[ImX|/|ReX|=0(Q1)). If n+k+1 is odd, the coefficient of
v~ ""*¥!vanishes. Putting n+k+/=2m, M=[N/2], we have
M 2m m+k 2m—k
. ( ("1 P kot Do %(W)>(xy,-m/2
m=0 \ k=0 k! n=0 (2m—k—n)ln!

+0((xy)~ M2

Thus we arrive at the asymptotic expansion of z,.

4.3. Proof of Theorem 1.2. In the proof of Theorem 1.2, we use the path C_
modified in such a way that it has the following properties.

(a") C. consists of three curves I'"_, I'y, I''.. Here I';, is a segment defined by
|[Re(t—(—x))|<|x|/2, Im(t—(—x))=0, and I'"_ (or I'’}) is a curve starting from ¢=
b_=—x—|x|/2 (or t=b, =—x+]|x|/2), tending to t=o00, and satisfying argt—» —=
(or argt—0) as t - 0.

(b') C_ lies outside the circle |t|=|x|"?, and I'_ and I'’, outside the circle
[1—&l=]x /4

() Re(go(t)—x2%/2)<0, Im(go(t)—x2/2)=0 for te T},

(d) (d/dp)Reg(t)< —cfortel'_ (or teI,), in which c is a positive constant and
p=p(t) denotes the length of a part of g(I"") (or g(I',)) from g(b_) (or g(b,)) to g(t).

LEMMA 4.3. As long as (x,y) (eCxR(C*)) satisfies |y/x|<R, |x|>RZ and
|arg x —mn/2 | <3n/4—0, we can modify the path C'_ continuously with respect to (x, y)
preserving the properties above, where R'?) = R'?(8) is a sufficiently large positive constant.

PrOOF. Assume that | y/x|<R, | x|>R?> R’. The constant R is chosen in the
following argument. Since go(¢)=x2/2—(t+x)?/2, the image g,(I'y) is expressed as
—|x|?/8<Re(t—x?%/2)<0, Im(t—x2/2)=0, which means the property (c’). Observing
that £, = —x+ O(x '), by the same argument as in the verification of (4.2), we derive
from (3.9) that g(b.)—g(&o)= —|x[*/8+ O(1), where g(&,)=x2/2+0(1) (cf. (3.11)).
Denote by T,  (or Ty, ) the half line defined by Re(r—g(b_)) <0, Im(t—g(b_))=0 (or
Re(t—g(b,))<0, Im(t —g(b,))=0). We can take R? = RZ?)(5) so large that, as long as
lg(éo)—m|<3m/2—6, | x|>RP, | y/x| <R, there exist curves 7 and T, in the 7-plane
which are continuous modifications of T _ and T} ., respectively, with the properties
below:

(i) T. (or TY) is a curve starting from g(b_) (or g(b,)) and tending to oo, and
lies outside the circle |t |=2|x|¥2. In particular, when arg x=m/2, T"_ (or T",) coincides
with Tg _ (or Tg,+);
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(1) (d/dp)Ret< —c for 1eT_ (or te T’ ), where p=p(t) denotes the length of
the part of 7" (or T%.) from g(b_) (or g(b,)) to .
Observe that n;=0(1), g(n;)=0(x) (j=0, 1) (cf. (3.12)), and that 7 = g(t) is biholomorphic
at each point in the domain | x |2 < || < + 00, t#&,. Let ' (or I'’,) be a curve in the
t-plane satisfying g(I'_)=T" (or g(I',)=T",), along which argt— —= (or argt—0) as
t—o00. When argx=m/2, we may assume that the original path C’ is given by
C_o: —oo<Re(t—(—x))< + o0, Im(f—(—x))=0. We put C_=I""_uTyurl". Then it
is a continuous modification of C'_ ,, and has the desired properties. O

By Cardano’s formula, t ~*~ ' = O((| x| +] g(t) |*/*)'R*!) for t e C"_. Using (3.9), (3.10),
(3.11), (3.13), (b"), (d), and the maximal modulus principle, we have
f t~* " Yexp g(t)dt = x* exp(x?/2)E,(x, y)
r_ur,

with
E\(x, y)=O0(exp(—| x|?/16)) .

Hence it is sufficient to show that the integral

I, =f fdt
To

admits the asymptotic expansion of the theorem. In view of the case where arg x=m/2
combined with the fact that argt varies from —=n to 0 along C_, we have
arg(—x)= —n+argx. Put t=e " "x+s in I,. By (¢’) the integral I, becomes

1x1/2 2
4.9 — iy Ta T 1px?2 J exp(—s—+ y/x )(1 —s/x)"* " s,
—|x|/2 2 l—s/x

where |arg(l—s/x)|<m/2 for |s|<|x|/2. The generating function Y 2 L{®(u)z'=
e (1—z) " lexp(—u/(1—2)) (| z|<1) (see [5, §10.12, (17)]) yields

>=e”/’°( i LP(—y/x)s'x '+ O(x N~ 1sN* 1))
1

=0

y/x
1—s/x
for |s|<|x|/2, where N is an arbitrary positive integer. Substituting this into (4.4),
and using j"_" o 8me S 2 ds = [212™(1/2),,= /212~ ™(2m)!/m! (m e Nu {0}), we obtain the
asymptotic expansion of z_.

(l—s/x)_“_lexp<

4.4. Proof of Theorem 1.3. Theorem 1.3 immediately follows from Theorem 1.1
and the relations below.

Lemma 4.4 (cf. [7, Proposition 1.2]). We have

Z+(X, Y)ze_anizo(—X, e—niy) s Z—(Xa y)=eam.20(_x’ eniy) .
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4.5. Proof of Theorem 1.4. We wish to modify the path C* in such a way that it
fulfills the following conditions.

(a*) C* consists of three curves — K, I'y, + K with the properties:

(a*.1) —Kis a curve starting from = oo and ending at t=1, =exp(—iargx);

(a*.2) T, is a circle expressed as t=e, where ¢ varies from o= —argx to
o=2n—argx;
(a*.3) +Kis a curve, congruent with —K, starting from ¢=e?"¢, and ending at
t=00;

(a*.4) argt— —mast— oo along —K, and argt— 7 as t —» oo along + K.

(b*) C< lies outside the circle |t—¢,|=|x|'?, and —K and +K outside the
circle |1|=1/2.

(c*) The points 5; (j=0,1) are located inside the circle | #|=1/2.

(d*) (d/dp)Reg(t)< —c for te —K (or t€ + K), where ¢ is a positive constant and
p denotes the length of a part of g(—K) (or g(+K)) from g(t,) (or g(e*™'t,)) to g(¢).

LeEMMA 4.5. As long as (x,y) (€ Cx Z(C*)) satisfies |xy|<2R,, |x|>R3 and
largx—m|<3n/4—0d, we can modify the path C* continuously with respect to (x,y)
preserving the conditions above, where R'> = R13)() is a sufficiently large positive constant.

PrOOF. Since n;=0(] y/x|"*)=0(R§"*| x|™") (Ry=R(6), j=0, 1), the condition
(c*) is satisfied for | x|>R'>, provided that R®®=R3(6)> R’ is sufficiently large. We
first consider the special case where argx=argy=n. Take a curve —K (or +K) to be
the interval —oo <¢< —1. The image g(— K) (or g(+ K)) coincides with the interval
T,: —oo<t<x—1/2+y contained in the negative real axis. Then all the conditions
above are fufilled.

Next consider the general case. Note that g(t,)=g(e?"t,)= —|x|(1+ O(x" 1)),
g(n;)=0(1) (j=0, 1), and g(£,)=(x?/2)(1+ O(x~?) (cf. (3.11), (3.12)). We can retake
R =R3(5) so large that, as long as |argg(&o) —2n| <3m/2—6, | xy|<2R,, | x| >R,
there exists a curve T in the t-plane which is a continuous modification of T, with the
properties:

(1) T starts from 7=g(t,) and tends to 7= o0;

(2) T s located outside the circles | 7|=]|g(t,)], |[T—g(&y)|=]x1;

(3) (d/dp)Ret< —c along T, where p denotes the length of a part of 7 from g(¢,)
to t.

Taking the inverse images of 7, we obtain the curves —K, + K. It is easy to see that
the curve C* =(—K)u ', u(+K) fulfills the conditions (a*), ..., (d*). O

Using (3.10), (b*), (d*), Cardano’s formula, and the maximal modulus principle,
we have

+ o0
f fdt=0<IXI"”ZICXPg(t1)IJ (IXI+p”2)'R”'e_"’dp)=0(6_""/2)-
K 0
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We calculate the asymptotic expansion of

(4.5) 1*=f fdt=e‘°"”'x“J exp<s+_x1>e—s2/(2xz)s-a—1ds
ry —xI'y

N

(s=e " ™xt), where —xI"| denotes the circle defined by s =| x |e’°, —n < ¢ <7. Now replace
the path —xI"; by the curve I', consisting of the segment |x|e ™ <s<e ™, the circle
s=e' (—n<o<n)and the segment | x |e™ <s<e™. For an arbitrary integer N>|Rea|,
substitution of e~/ =Y"N_ (—2x2)7"s2m/m! 4 O(x 2N+ V2N + 1) (seT,) into (4.5)

yields
N ) 2y\—m
I —aml a< Z X) J S2m—a—1exp<s+%>dS+RN(X,y)>
=0 I

om!
exp(s-i——)(ld |>
-1
Ids’+J\ ISIZN—Rea+lest>>
= x|

with

RN(X, y)zo(x—Z(N-irl)J IsZN—oz+1,
r;

exp(s + —-—)
s

Observing that, for | xy|<2R,,

——
|s|=1

:O(X_Z(N+ 1)) ,

and substituting
m-—oa— Xy (s m—a . m—a,—|x
f s? lCXP<S+T>ds=27tl(l(xy)”2)2 T — am— 20 (xy)12) + O(x 2™ % ~Ix1)
rs
(cf. [5, p. 15]), we obtain the asymptotic expansion of z*.

5. Proofs of the theorems in Section 2.
5.1. Preliminaries. In this section we use Lemma 4.4 and the following.

Lemma 5.1 (cf. [7, Proposition 2.2]). For z(x,y)=%zq,z4,z_), we have
2(x, e2"y)= Mz(x, y), where

1 —1 e I e® 1
=<0 0 e >, M_1=<0 1+e@ —l>.
0 —1 14e™9 0 e@w 0

LEMMA 5.2. We have
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Wile™x, e ™y)=e™W, (x,y),  W.i(x,e*™y)=e""W_(x,y),

W_(e®x, e ™My)=e™W_(x,y),  W_(x,e*™y)=—-W.(x,y),

Wile™x, e ™y)=—e " Wy(x,y), Wilx,e*™y)=W,(x,y),

W (e™x, e ™y)=e "W (X, y) .

For simplicity, to indicate sectors, we use the notation below;
2(0,,0,)={(x, y)e D, ||largx—0, | <3m/4—4, | arg(xy)—0,| <3n—35} ,
Zy(0)={xeC||argx—0|<3n/4—35} .

5.2. Proof of Theorem 2.1. By Theorems 1.1, 1.2 and 1.3, for |y/x|<R,

(5.1 zL=Wilx,y)  (in Zg(m/2)),
(5.2) z,~W,(x,y) (in 2(n,2n)),
(5.3) z_.~W_(x,y) (in Z(m, 0)).

In addition to these relations, we need the following formulas.

LemMma 5.3. For |y/x|<R,

(5.4) zl—z z = Wy(x, ) (in Zo(3m/2)) ,
(5.5) ez 4z, > W (x, y) (in 2(0, 2m)) ,
(5.6) 2tz Wo(x, ) (in 2(2m, 2m)) ,
(5.7) 4z~ W_(x,y) (in 2(0,0)) ,
(5.8) 0@z —e@z, 4(1+e®z_~W_(x,y) (inZ(Q2m,0)).

Proor. We show (5.4) and (5.8). The others are similarly derived. Suppose that
|arg(e ™'x)—mn/2|=|arg x—3n/2|<3n/4—45. By (5.1) and Lemma 5.2,

(5.9) zL(e""x, eMy) = Wi(e ™x, e™y) = — e Wy(x, y) .
On the other hand, by (0.8), Lemmas 4.4 and 5.1,

2 (e ™x, e™y)=zo(e " "x, e™y)—z_(e” ™x, e™y)

2ni ani

Zo(x, e*™y) =€z (x, y)—e

ani

=e ™z _(x,y)—e Zo(X, ¥)
=eam‘(_z/_(x’ y)+z+(x, y)—Z_(X, y)) .

The formula (5.4) follows from this and (5.9). Note that X(2=, 0) is written in the
form |arg(e ™x)—m|<3n/4—4, |arge ™xe™y)|<3n—4. By (5.3) and Lemma 5.2,

(5.10) z_(e " ™x, e™y)~W_(e ™x, e"y)=e "W_(x, ).
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By (0.8), Lemmas 4.4 and 5.1,
z_(e7™x, e™y)=e"zo(x, e>"y) =e ™ (zo(x, y) =24 (x, y) +e TPz _(x, y))
="z (x, y)—z4(x, y)+(1+e7 )z _(x, y)) .
Combining this with (5.10), we obtain (5.8). O
Using (5.4), (5.6) and (5.8), we have
Sy(z0, 24, 22 ) = (Wi(x, ), WX, y), W_(x, y))

in the sector S, (7n/4, n), where

1 -1 1
S;=[ 1t o 1 )
e(a) _e(a) 1+ e(a)

Thus T(S,(7n/4, m))=S; ' follows. Similarly we derive T(S,(n/4, n)) from (5.1), (5.5)
and (5.7), and 7(S,(5n/4, n)) from (5.2), (5.3) and (5.4). Next consider the case where
(x, eSS (2j—Vn/4, —m) (j=1, 2, 3, 4). Since (x, e2™y)e S, ((2j—1)n/4, ), we have

(5.11) u(x, e2"y) = T(S (2~ /4, W)W (x, e*"y)

Wlth u(x, Y)= t(zl*-(x, y)a Z+(x9 ,V), Z‘(x’ y))a W(xa ,V) =t( Wl(x, y)a W+(X, y)a W_(X, y)) By
(0.8), Lemmas 5.1 and 5.2, we have u(x, e?™y)= Myu(x, y), W(x, e>"y)=QW(x, y). From
these relations combined with (5.11), T(S,((2j— )n/4, —=)) (j=1, 2, 3, 4) immediately
follow.

5.3. Proof of Theorem 2.2. Note that (5.1) and (5.4) are valid in D_ as well.
Theorem 1.4 implies that

(5.12) 22> Wy(x,y)  (in Zo(n)) .
Furthermore we have the following relations.

LEMMA 5.4. For |y/x|<R,|xy|<2R,,

(5.13) 2l —z¥ >~ Wi(x,y) (in Zy(37/2)),
(5.14) (e P—=1)z_ +z* ~ W,(x, ) (in 24(0)),
(5.15) (1—e@)z +e@z* > W, (x, y) (in Zo(2m)) .

Proor. Putting z*=z,—z_ in (5.4) we obtain (5.13). Since |argx|=
|arg(e™x)—n | <3n/4—4, it follows from (5.12) and Lemma 5.2 that

z¥(e™x, e ") = W (e™x, e ") =e W (X, y) .

By Lemmas 4.4 and 5.1,
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z¥(e™x, e ™y) =z . (e™x, e "y)—z_(e™x, e "y)

—amni —2mi

=e "zo(x, e My) —e*Mzo(x, y)

=e™™i((eY — 1)z (x, y)+z4(x, ) —2z_(x, y))
=eani((e(—ﬂt)__ Dz (x, y)+z*(x, y)) .
Hence we have (5.14). The formula (5.15) is obtained by an analogous argument. []

If (x, y)e S_(n/4), then, by (5.1) and (5.14), we have U,'(z_,z*)>"(W(x, ),

W (x, y)) with
1 0
U = ,
! (e“”—l 1)

from which U(S_(rn/4))= U; * follows. Similarly we obtain U(S_(5n/4)) from (5.12) and
(5.13), and U(S _(7n/4)) from (5.13) and (5.15).
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