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LOCAL SPLITTING FAMILIES OF HYPERELLIPTIC PENCILS, I
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Abstract. We construct local splitting families of hyperelliptic pencils so that the orig-
inal complicated degenerate fiber decomposes into several simple degenerate fibers. In some
sense, our trial is a generalization to hyperelliptic curves of arbitrary genus of Moishezon’s
construction for families of elliptic curves. Moreover, we study certain invariants of degener-
ate fiber germs.

Introduction. The aim of this paper is to construct splitting families of degenerations
of hyperelliptic curves so that the original complicated singular fiber decomposes into several
simple singular fibers by these local deformations. The historical background of our study is
as follows:

In 1977, Moishezon [Moi] showed that any degenerate elliptic curve splits by local de-
formation into several singular fibers of only one or two types. One is a rational curve with
a node (type I; in Kodaira’s table [Kod1]) and the other is a multiple fiber whose reduced
scheme is a nonsingular elliptic curve (type ,,1p). Matsumoto [Mal] and Ue [Uel] studied a
similar problem for good torus fibrations which are topological analogs of elliptic fibrations.
These results are used in studying diffeomorphism classes of global elliptic surfaces or torus
fibrations ([FM], [Ma2], [Ue2], etc.).

In 1988, Horikawa [Ho4] showed that any degenerate genus two curve splits into several
fibers of type I; in his table [Ho2] (a stable curve with two elliptic components with a node)
and several fibers of type O (the fibers “arising from rational double points”, which include
many topologically different types of fibers). At the same time, he remarked that the sum of
a certain invariant (the Horikawa index for genus 2 in our terminology) is conserved in his
splitting families.

In 1990, Xiao and Reid [Re] proposed this type of problem—Morsification for fiber
germs in their terminology—from the viewpoint of the study of relative canonical algebra for
pencils of curves as in Mendes-Lopes [Men]. Especially they pointed out the importance of
looking for “atomic fibers”, i.e., the atoms of degenerations.

On the other hand, Nakayama [Na] studied certain two-parameter splitting degenerations
of elliptic curves from the viewpoint of threefold minimal model theory.

Now in this paper, we show that any degenerate hyperelliptic curve splits into several
singular fibers belonging to very small classes called type Op, class I and class II defined in
Section 1 step by step by preserving the relative hyperelliptic involution of pencils (Theorem
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3.3). A fiber of type Op is an irreducible stable curve with one node. A fiber in class I is a
stable curve with two components with two nodes. The fiber in class II is defined by a certain
strong condition for the germs of singularities of the branch curve arising from its relative
hyperelliptic involution. We only classify them for small genera, and obtain one, three and
three types for genus 2, 3 and 4, respectively (Proposition 1.7).

The method of construction of our splitting families is as follows: We first construct a
one-parameter family of normal surfaces which is a double cover over a family of local projec-
tive line bundles, and then we resolve their singularities simultaneously. A bad singular fiber
corresponds to bad singularities of the branch curve of the double cover which passes through
the projective line over the origin. Therefore we first construct a splitting family of branch
curve singularities so that bad singularities decompose into several simpler singularities, and
then we lift it to a family of local hyperelliptic pencils.

The idea of our construction of local analytic splitting family of this curve singularity
essentially comes from the well-known method for the Morsification of singularity, the so-
called A’Campo-Gusein Zade theory [Ac], [G], that is, a perturbation method along the way
of its resolution process.

The method of lifting to the family of pencils is to write down the equation itself case
by case according to the situation of the family of branch curves. Our method is completely
explicit so that we can describe which types of singular fibers appear in our splitting families.

In the last section, we define two invariants for the singular fiber of a hyperelliptic pencil,
i.e., the Horikawa index and the local signature. Note that the sum of these invariants are
conserved in the splitting families which we construct here (Proposition 4.11).

The Horikawa index is defined to be the fractional number which measures the contribu-
tion of the fiber to the distance from the geographical lower bound of existence of hyperellitic
pencils of fixed genus. From the viewpoint of singularity theory, it measures the total badness
of singularities of the branch curve compared to simple (ADE) singularities.

The local signature is defined directly from the Horikawa index and the topological Euler
contribution, and the usual global signature of a compact surface with hyperelliptic pencil is
the sum of these local signatures (Proposition 4.7). In the genus 2 case, Matsumoto [Ma4]
observed this fact by using the speciality of Meyer’s signature cocycle [Mey]. (Note that the
general pencil does not satisfy this localized property of the signature, cf. [At2], [Kod2],
[Hi2], etc.) Matsumoto also calculated the local signature of two types of singular fibers
of Lefschetz fibrations, which coincide with the “atomic fibers” of genus 2 by [Ho4] and a
special case of Corollary 4.12. Therefore the global signature of genus 2 fibration is written as
a simple linear combination of two terms as in Corollary 4.14, which gives a precise “third”
solution to the the negative signature problem posed by Persson [P2]. (Note that Xiao [X1]
and Ueno [U] solved this problem.) Corollary 4.14 gives us similar information in the genus
3 and 4 cases.

We note that the topological approach to hyperelliptic pencils by using [Mey] was re-
cently developed by Endo [E] and Morifuji [Mor].

For further discussions, see our forthcoming paper [AA].
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1. Special classes of germs of singular fiber. In this section, we define very special
classes of degenerations of hyperelliptic curves. We will show in Section 3 that any degen-
eration of hyperelliptic curves splits by local deformations into several fibers in these classes
step by step.

1.1. Let S be a 2-dimensional complex manifold and A, = {t € C; |t| < ¢} a complex
one-dimensional open disk with radius €. Let f : § — A, be a relatively minimal proper
surjective holomorphic map. If f satisfies the conditions

(i) foranyt € Ag \ {0}, the fiber f~!(¢) is a nonsingular hyperelliptic curve of genus
9=72, '

(i) F = £~1(0) is a singular curve,
we call f a degeneration of hyperelliptic curves of genus g, and F the singular fiber of f.

Now let f' : S — A, be another degeneration of hyperelliptic curves of genus g.
If there is a positive real number ¢” with ¢” < & and ¢’ < &' such that the restrictions
f la,n : Sla,, = Agr and f | Ay b Sla, — Agr are isomorphic to each other as analytic
fiber spaces, then we say f and f’ to be equivalent. The equivalence class of f, which we
write [ f, F], is called the germ of the singular fiber associated with f.

The study of the germ [ f, F] is translated into the study of the singularities of the branch
curve of the double cover arising from the relative hyperelliptic involution in the following
way: Let 7 : W = P! x A, — A, be the trivial P'-bundle and set I; = 7 ~1(¢) for t € A,.
Let B be a reduced divisor on W which satisfies

1) BI; =2g+2(t € Ay),

ii) The bad points of B are at most on Iy, where a bad point P of B is a point such that
the intersection multiplicity of B and I';(p) at P satisfies Ip(B, I'x(p)) > 2 (i.e., a singular
point of B or a point tangential to I (p)).

Let B’ be another divisor on W = P! x A, which satisfies the same conditions as in
the above i) and ii). We say (W, B) and (W’, B’) to be equivalent if there is a positive real
number &” with &” < ¢ and &” < &’ such that the restrictions (W, B)|4,, and (W', B')|a,,
coincide with each other modulo a finite succession of elementary transformations in the sense
of [Ho2, §2]. We denote by [W, B] the equivalence class of (W, B) and call it the germ of
branch curve of a degeneration of hyperelliptic curves. It is well-known that there exists a
one-to-one correspondence between the set of germs of singular fibers {[ f, F]} and those of
branch curves {[W, B]} (cf. [Ho2]).

We remark that there exist examples such that [ f, F] and [ f’, F'] are mutually different
as germs of singular fiber but F and F’ have the same weighted dual graph. For instance,
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compare 2lp—,, with IT;_, in Namikawa-Ueno’s table [NU, p. 159, 172] in the g = 2 case. We
also refer to Matsumoto-Montesinos [MM, §8] for its topological meaning. Therefore in this
paper, we always express the germ of fiber by a suitable representative of the corresponding
branch curve.

We introduce some notation for a germ of branch curve (W, B). We set

Bhor =B 1Ty if Io C B, and By = B otherwise,
and call By, the horizontal part of B. Let
(1.1.1) W=W <owy < W

be a succession of blow-ups such that the center P,_; € W;_; of 7; (1 < i < r) is infinitely
near to a bad point of B. Let E; ; be the exceptional curve for 7;. For0 <i < j <r,let E; ;
be the proper transform of E; ; by the map 7; j = ;11 0--- o 7j : W; — W;. We also denote
by Eo,; the proper transform of Iy by 7o ;. Then the reduced scheme of the total transform
of I'y by 1o, is written as E; = Z,j:o E; ;. Weput Bp = B andlet B; (1 <i < r) be the
even proper transform of B;_; in the sense of [Hol], [P1], thatis, B; = t;*B;_| —2[m; /2]E; ;
where m; is the multiplicity of B;_| at P;_.

In choosing one representative from the equivalence class of it in a normalized form in
some sense, the following lemma is useful:

LEMMA 1.2 ([X3, Lemma 5.1.2], [Ho3], [P2]). Let[f, F] be a germ of singular fiber
of a degeneration of hyperelliptic curves of genus g. Then there exists a representative (W, B)
of the branch curve of [ f, F] which satisfies the following condition (x);
(%) For any bad point P of B, the multiplicity at P of the horizontal part multp (B}, ) is not
greater than g+ 1.
Moreover such (W, B) is uniquely determined by [ f, F] except in the following case (x%):
(xx)  There exists just two bad points Py, P; of B such that multp, (Bpor) = multp, (Bper) =
g+ 1

We call (W, B) which satisfies (x) the germ of the normalized branch curve. Note that
the branch curve is not necessarily normalized in this paper, unless otherwise stated.

1.3.  'We use the following terminology. Assume two reduced (and may reducible) curves
C) and C; on a nonsingular surface meet at a point Q. For a natural number n, we say C;
is n-tangential to C, at Q if the following condition hold: Blow-up n times successively at
infinitely near points of Q. Then there exist a local analytic component C| of C; at Q and
a local analytic component C), of C; at Q so that the proper transforms of C| and C} by the
composition of these blow-ups still meet, namely, C { and C é are contact at Q of order at least
n + 1. Note that by definition, for two natural numbers n and m with n < m, m-tangential is
always n-tangential. We simply call tangential if it is 1-tangential.

We say C| is n-tangential to C, if there exists a point Q such that C is n-tangential to
Cy at Q.

We go back to the previous situation. We define very special classes of germs of singular
fiber.
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1.3.1. Assume B is smooth on W and meets [ transversally except at one point P
where the order of contact is two. Then the associated singular fiber F is an irreducible curve
of genus g — 1 with one ordinary double point. (The genus of a component means that of its
normalization.) If the normalized branch curve (W, B) has the above property, we call [ f, F]
a fiber germ of type Op.

1.3.2. Assume B does not contain I and meets I transversally except at one point
P which is an ordinary singularity of B of multiplicity 2¢ + 2, where ¢ is an integer with
1 < ¢ < [(g—1)/2]. Then F has an irreducible decomposition F’ + F” where F’ and F" are
nonsingular curves of genera ¢ and g— ¢ — 1, respectively, meeting each other transversally at
two points, whose self-intersection numbers in S are (F )2 = (F")? = —2. If the normalized
branch curve (W, B) has the above property, we say that [ f, F'] belongs to class I. In fact, this
class contains [(g — 1)/2] types according to the number ¢

1.3.3.  Assume B contains Iy. We can produce the succession of blow-ups (1.1.1) such
that any singularity of the even proper transform B, is ordinary. We take r the minimal number
which enjoys the above property. Note that such a process is uniquely determined by B up to
the order of the choice of the centers of blow-ups. Assume the following conditions (a)—(e)
hold:

(a) B, contains E,,

(b) Any singularity of B, has even multiplicity,

(c) Forany 0 <i < r,any singularity on B; with even multiplicity is ordinary.

(d) Assume B meets Iy at P so that B is not tangential to [y at P, i.e., B; does not
pass through the double point of E; after blowing up at P. Then B; — E; is 3-tangential to
E,.

(e) If Bnor meets I transversally at a smooth point P of By (i.€., P is an ordinary
double point of B), then there exits another point R such that By, is 3-tangential to I at R.

We say a germ of fiber [f, F] belongs to class II if at least one representative of the
branch curve (W, B) of [f, F] satisfy B D I'p and moreover any representative of the branch
curve (W, B) of [ f, F] with B D I has the above conditions (a)—(e).

1.4. Let (C, P) be an analytic germ of a plane curve singularity. If (C, P) satisfies the
following condition for some m > 2 and n > 2, we call it an m" point: C has m irreducible
local analytic components C, ..., €™ such that C*) is nonsingular and /p(C?, CV)) =
nforany 1 <i < j < m. (A typical equation is x™ + y™" = (.)

LEMMA 1.5. Let P be a bad point of the branch curve B which contains I'y and
defines a singular fiber in class I1.

(i) Ifmultp B is even, then (B, P) is an ordinary singularity.

(i) If multp B = 3, then (B, P) is a 32 point.

(iii) Assume multp B = 5 and By is not 3-tangencial to I'y. Then (B, P) isa 52 point.

(iv) Assume multp B < 6 and Ip(Bpor, I0) < 10. Then By, is not 3-tangencial to I
at P.

PROOF. The assertion (i) is clear by definition.
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Let BV, ..., B® be the set of local analytic components of By at P. Let t; : W —
W be the blow-up at P and we put Py = Ep; N Ep ;. Let B (1 <i < k) be the proper
transform of B by 7.

Assume multp B = 3. We first suppose k = 1. If B is not tangential to I, then B, has
ordinary triple point. This contradict to the condition (b) in 1.3.3. Therefore B(!) is tangential
to I'p. Then (By, Py) is a triple or a quadruple point. However (Bj, P;) is not an ordinary
quadruple point, and so it is a triple point by the condition (c). Then B, has an ordinary triple
point, a contradiction to the condition (b). Suppose k = 2. If one of B¥) (i = 1, 2) is not
tangential to I, then B, also has an ordinary triple point. Hence both of B®) (i = 1,2)
are tangential, and so P; is a quadruple point, which must be ordinary. Hence we have the
assertion (ii).

Assume multp B = 5. We first assume that at least one of the components, say B!, is
not tangential to I'y. Then B! passes through a point Q € E; [\Eo,. Since multpB; < 4
by the condition (d), it follows from (i) and (ii) that (B}, Q) is an ordinary quadruple point
or a 32 point or an ordinary double point. In the first case, B; has a triple point at P; which
is not a 32 point. This is impossible. The second case contradicts the condition (d), because
B) — E| does not pass through P; and B; — E| is not 3-tangential to E|. In the third case, we
apply the elementary transformation so that the image of E; | becomes a new fiber. Then the
condition (e) is not satisfied.

Therefore all of B®) (1 < i < k) are tangential to I. If k = 4, then the multiplicity at
Py of By is 6, and so (B, Pp) is ordinary. Therefore (B, P) is a 52 point. We will show that
1 < k < 3 is impossible.

Assume k = 3. We may suppose multp B{") = 2 and the other two are nonsingular. Then
BW is nonsingular, for otherwise (B;, Py) is a non-ordinary 6-ple point. Therefore (B(", P)
is a simple cusp, i.e. 2 + x3 = 0. Then after the blow-up at P, B3 has an ordinary triple
point at P, = Ej 2 N E; 5. This is impossible.

Assume k = 2. We first consider the case where multp BV’ = 3 and B® is nonsingular.
Since Pj cannot be a 6-ple point, we have multp, B’ < 2. Then (B(", P)iseither £3+x* = 0
or 13 4+ x> = 0. In each case, after two blow-ups, (B, P») has a triple point which is not a 32
point. This is impossible. When multp B! = multp B® = 2, the argument is similar. k = 1
is also impossible by a similar argument. Therefore we have the assertion (iii).

It remains to prove (iv). Suppose B is 3-tangential to I at P. If multp B; is even,
then (B, P1) must be an ordinary singularity. This contradicts to the 3-tangentiality at P. If
multp By = 7, then all of BV, ..., B® are tangential to Iy. Then (B, P)is a 52 point by the
argument in (iii), which is not 3-tangential. We also have multp B| # 3 by the same argument
as in (ii). Therefore we have multp B; = 5, that is, multp, (B} — E}) = 3.

Blow up at Py, and set P, = Ep2 N E;». By the same argument as above, we have
multp, (B, — E;) = 3. By the 3-tangentiality at P, B, — E; is tangential to Eg; at P;.
Therefore

Ip(Bhor, Ip) >4+3+3=10.

This contradicts the assumption. Q.E.D.
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FIGURE 1. Branch curve of type {3, 3, 22}.
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1.6. In low genus cases 2 < g < 4, we have the classification of fibers in class II.
We introduce some notation for writing them. We express the information of the set of bad
points of a representative of the branch curve B inside the bracket { } by writing that of Bp,,.
{m, ...} means that B has an ordinary (m + 1)-ple point. {m", ...} means that B has an
(m + 1)" point. We express the weighted dual graph of the minimal singular fiber as follows:
The component of the singular fiber is always nonsingular in our list. The bold face numbers
O, L II - - - mean that the genus of the components are 0, 1, 2, . .. respectively. The coefficient
means the multiplicity of the component. The suffix means the self-intersection number of

For instance, {3, 3, 22} means that the bad points of B are two ordinary quadruple points
and one 32 point. (See Figure 1.) This really appears as (g=4, iii) in Proposition 1.7. In
this case, the even resolution consists of four blow-ups, and the minimal singular fiber is
F =2Fy+ Fi + F2 + 2F3 where g(Fo) = 0, g(F1) = g(F2) = g(F3) = 1, FoF| = FoF, =
FoF3 = 1, F} = F? = F? = —2 and F? = —1. This is easily seen by the usual double
covering method (cf. [P1]).

PROPOSITION 1.7. The classification of germs of singular fiber of class 11 for genus
2 < g < 4 are the following: We have one, three and three types for g = 2,3 and 4 respec-
tively.
(9=2) O{3,3} I -1
(g=3) (){3,5) I_; —M_; (i) {22,2%} 2I_, —20 —2I_; (iii) {42} 2II
(=4 ()3, 7}y -y (i) {5 5} — X (i) {3,3, 2%}
I
1
20 - 21_;

|
I

PROOF. Let (W, B) be the normalized branch curve of the germ of fiber. If B contains
Iy, Lemma 1.5 easily implies the list in the assertion.
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Assume B does not contain I'y. We set BN Iy = {Py, P2, ..., Pr}. We may assume
that (B, Py) is a triple or a S-ple point and B intersects I transversally at Py, ... , Pr. Other-
wise, we choose another branch curve (W’, B’) such that B’ contains the fiber by elementary
transformations. Then the condition (c) in 1.3.3 is not satisfied for (W', B').

Now let (W”, B”) be the branch curve obtained by the elementary transformation at P;.
Then B” contains the new fiber I')’. Let O be the point on Iy’ which is the image of Eq
by the contraction map. Since B does not contain I, the multiplicity of (B”, Q) is even.
Therefore (B”, Q) is an ordinary singularity. Other bad points of B” have their multiplicity
at most 6. Then we apply Lemma 1.5, and obtain the assertion.

2. Fisson of plane curve singularities. Let C be a normal analytic curve defined on
the open set Vo = {(X,Y) € C?;|X| < &,|Y| < &,} for a sufficiently small & such that
P = (0, 0) is the unique singular point of C. In this section, we explicitly construct certain
local analytic deformations {C,},ca; of C such that C,, (u # 0) has several isolated singular
points. The idea is essentially the same as that in A’Campo [Ac].

2.1. LetC = Zj-=l CY) be the local analytic irreducible decomposition of C at P.
Let Vo & Vi iDL V; be the succession of blow-ups whose centers are infinitely
near to P and let C, (resp. ~§j ), 1 < j < s) be the proper transform of C (resp. C)) by
T0r := T172 - - - T,. Let O be an isolated singular point of C,.

We first assume that Q is a smooth point of the (reduced) exceptional set £, = Z;zl E;.
Assume Qison Ej, (1 < jo <r). Let U(x, y) be the open coordinate neighborhood in the
classical topology on V, containing Q so that E, is defined by y = 0 and Q is defined by
x,y) = («,0) (@ € C). Let ~f]), C‘,(k") (ko < s) be the components of C, which pass
through Q (by changing the order of them if necessary). Since ¢ is sufficiently small, we may

assume that the support of the divisor 21;0:0 C f’ ) on V; is contained in U. Let

ko
gx—a, ) =[]V —a,» =0
j=

be the equation of le‘."zo CY on U. Now we define a divisor D on U x As by

(2.1.1) gx —a — o),y — ¥ ) =0

where u is the coordinate of As and ¢(u), ¥ (u) are generic holomorphic functions of u which
satisfy ¢(0) = ¢¥(0) = 0.

Since ¢ and § are sufficiently small, we can choose a classical open covering V, x As =
U£=o U; so that Uy coincides with U x Ag, and the locus (L_Jﬁ=1 U; N Up) does not contain
the support of D. Therefore the analytic closure of D in V, x As coincides with D itself. The
divisor D on V, x Ajs has the following properties:

(i) D does not meet the divisor D’ = Zj.sz_H CY x AsonV, x As.

(i) For any u € As, let D, be the restriction of D to V, x {u} and we regard it as
a curve on V,. Then D, intersects £, transversally at IQ(C‘,, E j,) mutually distinct points.
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Moreover, the point @, = {(x, y) = (@ + ¢(u), ¥ («))} on U is the unique singular point of
D,.
Now we define a divisor M on V) x A; by

S
M=(0,)D+ Y CP x4,
J=ko+1

The natural fibration w : M — A; has the following properties:

(@) My = m~'(0) coincides with C.

(b) Forany u € A; \ {0}, the fibers M,, has just two isolated singular points at P and
R, = 19,,(Qy). Moreover the germ of singularity (M,,, R,) coincides with (., Q).

We call (C, P) has a fisson into (M, P) and (M, Ry,) by the perturbation at the infin-
itely near point Q, and we call the fibration &t the fisson of (C, P) of type A.

EXAMPLE 2.2. The singularity x34y" = 0 (0 < 3k < n) has a fisson into x3 + y3¢ =
0 and x3 4+ y"~3 = 0 by the perturbation at the infinitely near point which appears after k
blow-ups.

2.3. Assume Q is a double point of £,. We construct local deformations of (C, p) in
the following two different ways:

(1) Weassume Q = Ej, N Ej and x = 0 is the equation of E; on U in the same
situation as in 2.1. Then we can construct a fibration ¥ : M — Aj such that the only one
condition (ii) is replaced by the following (ii’):

(i) For any u € As, D, intersects & only at nonsingular points of E jo+ Eji. Dy
intersects Ej, (k = 0, 1) transversally at IQ(ér, E ;) mutually distinct points. Moreover the
point O, = {(x, y) = (¢(u), ¥(u))} on U is the unique singular point of D,,.

We also call & a fisson of type A.

(2) In the equation (2.1.1), we put Y (u) = 0. Then D, (¢ # 0) has a singularity at
Qu = {(x,y) = (¥ (), 0)} on Ej; and intersects E, at IQ(C‘,, E ;) distinct points transver-
sally. We constructw : M — A; in the same way. Then M), (u # 0) has one isolated singular
point at P such that the germ (M,,, P) is different from (C, P), because their embedded res-
olution processes are distinct. We call & a fisson of type B.

EXAMPLE 2.4. x5+ y3 =0 has afisson into (x* + y2)(x + y) = 0 as follows: After
two blow-ups, the proper transform becomes nonsingular and meets E transversally and E»
with contact of order 2. We perturb it to the direction of the generic point of Ej, and then
blow-down twice.

REMARK 2.5. The above deformations are not necessarily well-defined in the alge-
braic category, because the local analytic reducibility does not imply algebraic reducibility.
(This was pointed out to the authors by Professor Masayoshi Miyanishi.)

3. Splitting families of degenerations. In this section, we construct splitting families
of degenerations of hyperelliptic curves. Our aim is not only to prove the existence of splitting
families but also to describe explicitly the germs of singular fibers in our families.
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DEFINITION 3.1. Let[f, F]be a germ of singular fiber of a degeneration of hyperel-
liptic curves of genus g. Assume there exist positive real numbers ¢ and 8, a 3-dimensional
complex manifold Z and a flat surjective holomorphic map & : Z — A, x Aj; such that

(i) the fibration hg : Zg — A, x {0} arising from the restriction of 4 over 0 € A; has
a unique singular fiber over 0 € A, such that the germ of fiber [ho, hj ! (0)] coincides with
Lf, F1,

(ii) foranyu € As\ {0}, the fibration b, : Z, — A, x {u} has ! (I > 2) singular fibers.
The number / is independent of u.

Then we call & a splitting family of [ f, F].

DEFINITION 3.2. Let G be a certain subset of the set of all germs of singular fiber of
degenerations of hyperelliptic curves of genus g. We say the germ [ f, F] is reduced to G via
several splitting families if the following conditions are satisfied:

First [ f, F] has a splitting family # : Z — A, x As. If any germ of singular fiber
[hu, h;1 ()] (t € Ae x {u}) of any general fibration h, : Z, — A, x {u} (u € As \ {0})
belongs to G, then we stop our reducing process. Assume some of them do not belong to G.
Let [A,, hu‘l (t0)] (to € As x {u}) be any germ of singular fiber of 4, which does not belong
to G. Then [Ah,, h;' (t0)] has a splitting family 4’ : Z’ — Ay x Ag. If any germ of singular
fiber of any general fibration of A’ belongs to G, then we stop our process. If not, the germ
which does not belong to G also has a splitting family.

Then this process terminates after finitely many steps, that is, any germ of singular fiber
of any general fibration of the terminating splitting families belong to G.

The main result of this paper is the following:

THEOREM 3.3. Let G be the union of the sets of the germs of singular fiber of type
0o, classes 1 and 11 defined in Section 1. Then any germ of singular fiber of a degeneration of
hyperelliptic curves is reduced to G via several splitting families.

COROLLARY 3.4. Any degeneration of hyperelliptic curves of genus two (resp. three,
four) is reduced via several splitting families to germs of singular fibers of two types (resp.
five types, five types) whose tables are listed in 1.3.1, 1.3.2 and Proposition 1.7.

For the proof of Theorem 3.3, we start with some lemmas. Let (W, B) be a representative
of the branch curve of the germ of fiber [ f, F], where W = P! x Ag for sufficiently small
e. Let P be a bad point of B. Let W = W) P Wi £ W, be a succession of
blow-ups at infinitely near points of P. We use the same notation as in 1.1.

LEMMA 3.5. Assume there is a component Ej, , (0 < j| <r)and apoint Q on Ej, ,
such that (i) Q is not a double point of E,, (ii) E j, , is not contained in B, and (iii) B, has a
singularity at Q or B, is tangential to Ej , at Q. Then [ f, F] has a splitting family.

PROOF. Let B* be the sum of components of B which pass through P. Let Vj be a
sufficiently small classical open neighborhood of P on W, and let

Vo x As O B I A



LOCAL SPLITTING FAMILIES OF HYPERELLIPTIC PENCILS 379

be the fisson of type A of the germ (B*, P) arising from the perturbation at Q constructed in
2.1. Let B be the analytic closure of B* in Wy x Aj. If the support of B does not contain the
fiber Iy, then Bt coincides with BY. If the support of B contains /7, then B* coincides with
(B"hor + Iy where (BY)p,,, is the horizontal part of B,

Now we define a divisor Bon W = W x A; by

B:= Bt + (B — BY) x As.

Let p : B — Ajs be the natural morphism. We consider the fiber B, = p~!(u) as a divisor on
W = W x {u}. Then By coincides with B and B, (u # 0) has the following properties:
1) Byl =29+2( € A),

ii) B, has two bad points P on I'p and R, on I (g,), where the point R,, is as described
in 2.1.

Since the problem is local with respect to the parameter space, we may assume that there
is a line bundle L on W which satisfies [B] = 2L. On the P'-bundle P(Ow & Ow (L)), we
construct a double cover u : S —> W branched along B. In order to resolve the singularities
on S, we construct a relative even resolution for the family p of branch curves in the following
way:

By the construction of p and Tomari’s lemma [As, Lemma 3.8], the multiplicity of the
center of i-th blow up (1 < i < r) of the even resolution of the germ (B,, P) coincides with
m; for any u € As. Now let

T T T
W=Wy— W) < ... <~ W,

be the succession of blow-ups such that the centerof t; (1 <i <r)is {P;_1} x As. LetB; =
TiBi_1 —2[m;/2]C; (1 < i < r) be the even proper transform of B;_, where By = B and
C; is the exceptional set for ;. Note that B, does not contain E ji,r X As by our assumption.
Therefore on the coordinate open neighborhood U x As = {(x, y, z)} of W x As described
in 2.1, the equation of B, is written as g(x —a — @(u), y — ¥ (1)) = 0. Now let Q be the curve
on W, x A;s defined by the image of the holomorphic map

As > UxAs CW, x As, ur> (x,y,u)= (o), yu),u).

Then B, is equisingular along the locus Q in the sense that the restricted germs of singu-
larity ((B,)I 2 ) anr—n (u)) have the same even resolution process for any u € Ag, where
n, : B, — A; is the natural map. Therefore we have a similar process for Q. Lastly the
singularities of (B — B%) x Ag are simultaneously resolved and we complete the relative even
resolution for the family p. Namely, by the succession of blow-ups z° : W® — W, the even
proper transform B® of B becomes nonsingular and the restriction of t” over any u € As
coincides with the even resolution of B,,. Since B’ is an even divisor on WP, we can construct
a nonsingular double covering  : M® — W” which branches along B” and obtain natural
morphisms MP AN Ay X As LN As.

By our construction, any (—1)-curve contained in a fiber of Bf’( o1~y —> Ae x {u} for
any u € Ag is stable without shrinking the parameter space As. Therefore any (—1)-curve
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contained in a fiber of M f’( op)-1w) —> Ae X {u} is stable over As, and is simultaneously
contracted by Fujiki-Nakano [FN]. Repeating this process, we reach a family of relatively
minimal fibrations M — A, x As — As. This family has the following properties:

(i) fo : My — A, x {0} has a unique singular fiber over 0 € A, whose fiber germ
coincides with [ f, F].

(ii)) Foranyu € A\ {0}, f, : M, - A, x {u} has just two singular ﬁbersf,j'(O) and
Fal@RY). QED.

EXAMPLE 3.6. Assume B 2 I, By = 6 and B has a triple point x3 + 16" = 0
at P € Iy with Ip(B, Ip) = 3 and meets I transversally at the other three points. By 2k
blowing-ups (1 < k < n — 1), the infinitely near point Q of P becomes x> + 1"6?*=%) = ( and
By does not contain Ey 2x. Then we use the method in Lemma 3.5. B, has two bad points
x3 4 1% = 0and x3 + 1570 = 0 at two mutually distinct points as in Example 2.2. (In
Figure 2, the solid line is a component of the branch locus while the dotted line is not.) The
associated family of genus two fibrations f: M — A; has the following properties:
Jo has a unique singular fiber

P S
IL,-0-----0-1_
and f;, (u # 0) has two singular fibers
k —k
——— ,_nz—
I ,-0-----0-1,, I.1-0-.--—-0-1_;.

LEMMA 3.7. Under the same conditions i), iii) as in Lemma 3.5, we further assume
QO =Ej,NEj , for some0 < jo < ji. Then [f, F] has a splitting family.

PrROOF. If Ej,, ¢ B, then we can construct a splitting family as in Lemma 3.5 by
using the fisson of type A for (B, P) defined in 2.3, (1).

Assume Ej, , C B. Then we use the fisson of type B for (B, P) defined in 2.3, (2) arising
from the perturbation of the branch curve at Q into the generic point of E j; ,, and construct a
family p : B — A; of branch curves as in Lemma 3.5. p has a relative even resolution and
the associated family of relatively minimal hyperelliptic fibrations f: M — A, x As — As
has the following properties:

(i) fo: My — A, x {0} has a unique singular fiber over 0 € A, whose fiber germ
coincides with [ f, F],

(i) forany u € A; \ {0}, the fibration f, : M, — A, x {u} has k + 1 singular fibers,
where k = Ig(B, — Ej », Ej, r). One of them is f,;l (0) and the others are fibers of type Op.

Indeed, we denote by (B,); (1 < i < r,u # 0) the even proper transform by 7, ;
of B, = p"'(u)on W = W x {u}. Since Ej , is contracted to Q' = Tj,,r(Q) by the
map tj,, : W, = W; _, the images by 7;, , of the components of (B,), which intersect
Ej, » pass through Q’. Since the family p arises from the perturbation of type B at 0 =
Ej,r N Ej r, (By)j,—1 has at least k nonsingular local components CV, ..., C® at Q'
which transversally intersect one another at this point. Moreover CY) (1 < j < k) also
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I
! blow-ups
I
|

X3 4 1O 1;0 Ix3 + (t — a)sn=h
1 1
Pi |
I 1 Uy
B. : : blow-downs |

L - 2\ 1
_— \
[ IR — \
_t —1

FIGURE 2. Construction of the branch curve in Example 3.6.

pass through the point Q;, = 7, ,(Q,) where Q, is as defined in 2.3, (2). Now let U’ be
a small classical open set of W;,_; containing Q" and Q;,, and we consider the restricted
fibration 71|y : Wj_1ly — A,. Then it is easy to see that each C/) (1 < j < k) has
contact of order 2 at a point of certain mutually distinct fibers & |5l (¢j) (¢j # 0). Therefore

B, also has contact of order 2 at just k points of fibers I3, (j = 1, ... ,k) of o : W — A,
and transversally intersects the fiber of m( at the other points. Hence the fibration f has the
above properties. Q.E.D.

EXAMPLE 3.8. Assume B D I, BhorIp = 8, and that By has a triple point)c6+t3 =
0 at P with Ip(Bhor, [0) = 6 and transversally intersects Iy at the other two points. Let
71 : Wy — W be the blow-up at P. Then B; 2 E;.1, Bi D Eo and By = By — Eo | has
an ordinary triple point at Q = Eg ;1 N Ey,1. By the method in Lemma 3.7, B, (v # 0) has
two ordinary triple points on Iy and three tangential points on three mutually distinct fibers
(see Figure 3). The associated family of genus three fibrations f: M — A; has the following
properties: fy has an unique singular fiber
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O blow-down O.

—1 (x—ay+1? 7

.%____

Iy o
FIGURE 3. Construction of the branch curve in Example 3.8.
O - 20 - 21 - O
l I
(0) (o)
and f, (u # 0) has four singular fibers. One of them is
(0]

l

O - 20 -1
I
I

and the other three are of type Op.

LEMMA 3.9. Assume B 7 Iy and B has at least two bad points on Iy. Then [f, F]
has a splitting family.

PROOF. Let Py, ..., Ps be bad points of B. Let h; : A, —> W (i = 1,2) be sections
of m : W — A, such that the image h;(A;) does not pass through any of Py, ..., Ps. Then
the pair (k| : hy) defines a homogeneous fiber coordinate of the P'-bundle 7. Let (x, ¢) be a
coordinate of the open set U := W — hy(A,) = A, x C, where x = hj/hy. We may assume
that the support of the divisor B on W is contained in U. We set P} = {(x,?) = («, 0)}
(¢ € C). Then the equation of B in U is written as fj(x — «, t) fa(x,t) = 0, where fi,
f> are holomorphic functions of (x, ) which satisfy f;(0,0) = 0 and f>(«, 0) # 0. For a
sufficiently small §, we define a divisor B on W = W x As by

fikx —o,t —cu) fa(x,t) =0,

where ¢ is a complex number whose absolute value is sufficiently small. Then the analytic
closure B of B’ in W coincides with B’ itself. Let ¢ : As — W be the map defined by
u +— (x,t,u) = (a, cu, u). Then the family of branch curves B — As on W has a relative
even resolution by the blow-ups whose centers are infinitely near to the locus ¢(A;) and
{P;} x As (2 <i < s). Then we obtain a family of hyperelliptic fibrations M — A, x A
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such that M,, — A, x {u} (u # 0) has two singular fibers. One of them has one bad point on
its branch curve, and the other has s — 1 bad points. Q.ED.

LEMMA 3.10. We assume (i) B D Iy, (ii) the even proper transform B; of B by
71 : Wi — W contains Ey = Eo1 + Ej,1, (iii) B, = By — E| does not pass through
Py =Ep 1 NE;;, (iv) B, intersects both Eo,1 and E1 1 and (V) B, is not 3-tangential to E .
Then [ f, F] has a splitting family.

PROOF. We take a coordinate (¢1, x) on the open set U = A, x C of W so that the
support of the divisor B on W is contained in U, the equation of Ep,; and Ey; on U are
t; = 0 and x = 0 respectively and the map w7y : Wiy — A is given by (1, x) — t = 11x.
Let P/ = {(t1,x) = (2;,0)} (1 <i <), P/ = {(t1,x) = (0, 8))} (1 < j < 5') be the
intersection points of B, with E; (o # 0, Bj # 0). Then the equation of B on U is written
as

nx[[ it — e, ) [ | fiji,x = Bj) =0.

i=1 j=1

Now we define a divisor B’ on the open coordinate neighborhood U x As = {(t1, x, u)} by

s 2 2
u u
(tix — u?) | | fi(tl —oj, x —— + ;(n —w))
i

i=1 i
s’ 2wl

X l_[fs+j<tl __+—2(x_ﬂj),X—ﬂj> =0.
j=1 i B

B’ passes through the point f’[’ = (o, u?/aj,u) (1 < i < s) and f’,.” = (u2/ﬂj,ﬂj,u)
(1 < j < s'). Since the tangent line of the curve t;x — u? = 0 at 151.’ coincides with #; —
u? o + (u? /a?)(x — «;) = 0 (with u fixed) and this curve has contact of order 2 with this
tangent line, the germs of singularities (B, P/) and (B;,, f’i’) have the same even resolution
process by the assumption (v). The germs (B, P}) and (B,,, i’j’/ ) also have the same property.

Let B! be the closure of B’ in W x As. Letg; (1 <i <), ¥ (1l <j<s')bethe
maps from Agto U x As C W) x A;s defined by

cu cu
QiU (a,,a—i,u), ¥viu— (ﬂ—j,ﬁl,u>.

Then by the succession of blow-ups at the infinitely near loci of ¢; (As) and ¥;(As), we have
a relative even resolution B — B! of the family of branch curves W) x As O B ' A
except at the point P;. Let M — W x Aj be the double cover branched along B. Then M
is smooth except at one point Py, which is a 3-dimensional A|-singularity. We can resolve
the singularity at P, without affecting the general fiber of M — Ajs by the method of Atiyah
[At1] (see also [B]). Starting from M, we obtain a family of relatively minimal hyperelliptic
fibrations M — A, x As — As by the same argument as in the proof of Lemma 3.5. Then
M, — A, x {u} has two singular fibers ! (0) and £ ! (u) for any u # 0. Q.E.D.
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LEMMA 3.11. Assume (i) B D I, (ii) Bhor = B — I transversally intersects I'y at a
point P and (iii) B is not 3-tangential to Iy. Then [ f, F] has a splitting family.

PROOF. Weset Byor N To={P, Pi,...,P}.Let U =C x A, = {(x, t)} be an open
coordinate neighborhood on W such that By, N I is contained in U, the map 7 is given
by (x,t) +> t and the local branch of Bp,, passing through P is given by x = 0. Then the
equation of B on U is written as txfj(x — «y,t) - f(x — o5, t) = 0, where fi(x — i, t)
is the equation of B passing through P; = {(x,?) = («;,0)} (1 <i < s5). Now we define a
divisor B’ on U x As by the equation

: ur  u?
(tx —uz)l_[f,-(x —aj,t——+ = ——a,~)> =0.
=1 4] o
Let B be the closure of B’ in W x As. Then B coincides with B’ U {oo} where oo is a certain
point on Ip. The family W x As D B — A; has a relative even resolution except at P,
and the A;-singularity over P on its double cover is resolved by [Atl]. The induced splitting
family of hyperelliptic fibrations has s singular fibers on the general fibration. Q.E.D.

EXAMPLE 3.12. In the situation of Lemma 3.11, we assume that By, is given by
x(x29*!1 — 1) = 0. Then the divisor B’ is written as (tx — u?)(x29t! — 1) = 0. Note that
if u # 0, then B; has 2g + 1 ordinary double points at (x, ) = (¢V, u2§“’) 0 <v <29,
where ¢ is a primitive (2g + 1)-th root of unity. (See Figure 4.) The associated family of
genus g fibrations f: M — A; has the following properties:

Jo has a unique singular fiber of the form F = 2Eq + E| + - - - + E2442 Where E;’s are
nonsingular rational curves with E§ = —g— 1, E3 = =2, EEj = 1 (1 < j < 2g+2) and
EiEj=0(1<i<j<29+2).

Ju (u # 0) has 2g + 1 singular fibers of the following form: F' = E; + E, where E| is
a nonsingular curve of genus g — 1 and E is a nonsingular rational curve, E12 = E% = =2
and E|Ep) = 2.

LEMMA 3.13. Assume (i) B 2 Iy and (ii) B has an ordinary double point at a point
P € Iy. Then [ f, F] has a splitting family.

2942 /i 29+1
horizontal A horizontal
line — line

[N [P R [ -

\

FIGURE 4. Construction of the branch curve in Example 3.12.
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PROOF. Let C%) (i = 1,2) be the components of B passing through P. Then the
equation of B on an open set U of W is written as f1(x, t) fo(x, t)g(x, t) = 0 where f;(x, )
(i = 1,2) is the equation of C"). Let B’ be the divisor on U x A; defined by

(fi(x, 1) fo(x, 1) — u)g(x, 1) = 0.

Then the closure of B’ in W x Aj induces a splitting family f: M — A, x As as in Lemma
3.11. The singular fibers of f, (u # 0) are as follows:

i) If B has bad points other than P, then f, has three singular fibers. Moreover two of
them are of type Op.

ii) If P is a unique bad point of B, then f has two singular fibers of type 0g.  Q.E.D.

EXAMPLE 3.14. Let ([f, F]) be the germ given in Example 3.12. By combining Ex-
ample 3.12 and Lemma 3.13, ([ f, F]) splits step by step into 4g+2 fibers of type 0g. (Compare
[Mad, p. 140], [Ma5].)

LEMMA 3.15. We assume B, has an ordinary singularity Q of odd multiplicity k > 3.
Then [ f, F] has a splitting family.

PROOF. We only consider the case where Q is contained in a unique E;, , (1 < ji <r)
and E;, C B,. The other cases are similar and we omit their proof. By the coordinate U (x, y)
asin 2.1, B, is written as yfj(x —a, y) - - - fu—1(x —c, y)g(x, y) = 0, where fi(x —a, y) =0
(1 £i <k —1) is the equation of branch curves of B, — E;, , passing through P = (a, 0)
and E, , is defined by y = 0. Then we define a divisor B' on U x As by

k—1

Vil —a =g,y —yw) [] fitx — o, )gx,y) =0

i=2

for generic holomorphic functions ¢(u), ¥ («) with ¢(0) = ¥(0) = 0. Then B’ C U x {u}
has an ordinary (k — 1)-ple point and k — 1 ordinary double points. The analytic closure B in
W, x As of B’ has natural properties similar to those in 2.1.

Note that the locus (x, y, u) = («, 0, u) on U x As has the same multiplicity sequence as
for the even resolution for any u € As. Therefore the family of the branch curves W, x As C
B — Aj has relative even resolution except at the k — 1 ordinary double points, which can
also be resolved by [Atl]. Therefore we have a splitting family f : M — Aj; such that f,
(u # 0) has k — 1 singular fibers and k — 2 of them are of the following type: the branch curve
does not contain the fiber and the bad point is an ordinary double point. Therefore these k — 2
fibers are written as F’ = A + B where A is a nonsingular curve of genus g — 1 and B is a
nonsingular rational curve, and A2=B2=-2 AB=2. Q.E.D.

PROOF OF THEOREM 3.3. Let (W, B) be a representative of the branch curve of
[f, F] which has no splitting family.

Step 1. Assume B D Ip. Then we will show that the germ [ f, F] belongs to class II.
Lemma 3.15 implies the condition (b) in 1.3.3 while Lemmas 3.5 and 3.7 imply (c) and (a).
Lemma 3.11 implies (e). Lemma 3.10 implies (d).
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Step 2. Assume B 2 I}. Then the bad point P of B is unique by Lemma 3.9. If m =
multip B > 1 is odd, then the problem is reduced to Step 1 by the elementary transformation
at P.

Assume m is even. Then P is an ordinary singularity by Lemmas 3.5 and 3.7.

If m = 2, then [ f, F] splits into two singular fibers of type Op by Lemma 3.13. If m > 4,
then [ f, F] belongs to class I. Hence we proved that any germ [ f, F'] which does not belong
to classes O, I or II has a splitting family.

Step 3. It remains to prove the finiteness of our reducing process to class G. Let
f: M — A, x As — A; be any splitting family constructed in this section for a given
(f, F), and let (f,, F’) be any singular fiber germ of the fibration f, (for any u # 0). Then
there exist some representatives of branch curves (B, W) and (B’, W’) of (f, F) and (f,, F')
respectively so that, for any bad point P’ of B’, there exists a bad point P of B such that
(B’, P') is a (perturbed) deformation of (B, P) in our sense. Then one of the following con-
ditions is satisfied:

(i)  The germ of the singularity (B’, P’) coincides with (B, P),
(i) multp'B’ < multp B,

(iii)  multp'B’ = multp B and the minimal number of times of blow-ups for (B’, P’)
such that the reduced scheme of the total transform of the horizontal component B’ of B’ is
normal crossing is strictly less than that of (B, P).

Note that at least one bad point satisfies (ii) or (iii). Moreover, if (B, P) is perturbed
into (B, Py, (B@ p@y, ... (BD, POy (I > 2), then (i) does not hold for any of
(B(j), PWys,

Therefore the assertion is clear.

4. Horikawa index and signature. In this section, we define the Horikawa index and
the local signature of a germ of singular fiber of a degeneration of hyperelliptic curves. By
using these notions and Theorem 3.3, we study compact complex surfaces with hyperelliptic
pencils, especially their signature problem.

4.1. Letf:S — A, beadegeneration of hyperelliptic curves of genus g with a unique
singular fiber F. Let (W, B) be a representative of the branch curve of the germ [ f, F]. Let
7.0 : W, — Wy = W be the succession of blow-ups such that the even proper transform B, is
nonsingular. Assume the number r of blow-ups is the minimum to attain the above property.
Let my, ..., m, be the multiplicity sequence of 7,9 as in 1.1. Let S’ — W be the normal
double cover branched along B on the total space of the line bundle £ of the square root
of B, ie., Ow(L®?) is isomorphic to Ow (B). Let {Q;}1<i<; be the set of isolated singular
points on S’. Let p : § — S’ be the canonical resolution of ', i.e. S is the double cover
of W, branched along B, on the total space of the line bundle of the square root of B,. The
natural fibration § — A, is not relatively minimal in general. Let c(w,p) be the number of
times of contraction maps of (—1)-curves from S to the original relative minimal model S.
Let pg(S’, Qi) and K (25,‘ o) be the geometric genus and the square of the canonical cycle for
the resolution p of the germ of singularity (S’, @;) (1 < i < [), respectively. Note that the
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formula in [Hol, Lemma 6] implies that

r

: . , ! , |
Yoser=3 L[51(3] 1) Tebar=22((F]-1)

DEFINITION-LEMMA 4.2. We put

I
4(g—1
HAS FD = Z { (gg )Pg(S’, 0+ K?S,,Qi)} + aw,B)

i=1

r

S 23 (1) (- [2]) e

This is well-defined as an invariant for [ f, F), i.e., is determined independently of the choice
of a representative (W, B) of the branch curve of [ f, F]. We call it the Horikawa index (or
the H-index, for short) of [ f, F.

Since this notion is essential in our discussion, we give two proofs for the well-defined-
ness. One comes from a global compactification argument, and the other comes from a local
computational argument.

THE FIRST PROOF OF LEMMA 4.2. Let PI(O), vy P,f)o) be all the bad points of B. By

Artin’s theorem [Ar], we may assume that the germ of singularity (B, Pl.(o)) 1 <i<lis
algebraic. We fix an inclusion W = P' x A, — P! x P! := X,,. We denote by : X9 — P!
the extension of the projection ¥ : W — A, and identify the original fiber Iy with 7 ~'(0).
Then it is easy to see that there exists a reduced divisor B© on £ such that

@i B is linearly equivalent to (2g + 2)Co + 2ko I for a sufficiently large integer kg,
where Cy is a fiber for another fibration of Xy,

(ii) the germs of bad points of B on Iy coincide with (B, Pl(o)), ..., (B, Plf)o)).
Let (W, BM) be a representative of the branch curve of [ f, F] obtained from (W, B) by an
elementary transformation. This transformation is globalized from (Zp, B®) to (X, BD)
where B is a divisor on the Hirzebruch surface X of degree 1. Let S¢) be the normal
double cover of X; branched along B¢ on the total space of the line bundle of the square root
of B fori =0, 1. By the usual double covering method (cf. [P1]), we easily have

4(g—1)
0{2;(,‘) =

xOgi)) —g—1),

where wgq) is the dualizing sheaf.

Now let Q(i), e Q,(f) be the points over the bad points of the branch curve on the fiber
over the origin of the fibration S© — P!, Let SO —» SO be the canonical resolution with
respect to these points. Let S® > §*0) be the succession of contractions of (—1)-curves such
that the fiber over the origin of the fibration $*® — P! does not contain any (—1)-curve. Let
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a® be the number of times of this (—1)-contractions. Then we have

li li
i i 2 2 '
XOsein) = x(Osi) = = pg(SP, Q7). Wy — iy = D K2, o o
j=1 Jj=1
for i = 0,1. On the other hand, the fibrations S*© — P! for i = 0, 1 are isomorphic
to each other over P!\{0}, and after resolving the singularities on these loci and contracting
(—1)-curves, we obtain the same surface by the uniqueness of the relatively minimal model.

Therefore we have
X(Os:0) = X (Og:) , Oy = W5y -

From these, we have

lo
4(9 - 1) ) 0) ) )
jZl {—g_Pg(S ) Qj )+ K(S(O),Q,(O)) +a
d 4(g—1)
RAC LA ) 2
B Z [ g Po(S™, Q)+ K(g(l),Q(l))} +all. Q.ED.
j=1 i

THE SECOND PROOF OF LEMMA 4.2. Let (W, B’) be a resulting pair after an ele-
mentary transformation of (W, B) and P € W the center of this elementary transformation.
Let W, — W' be the minimal even resolution of B’, and letm’, ... , m/, be their multiplicity
sequence. We put

w01 (3] e = (3] (- [3]) v

i=1

where @ = a(w, gy and &’ = oy p). It suffices to prove H = H'.

Let u be the multiplicity of B at P. Then we have 0 < u < 2¢g+ 3.

(i) Suppose u = 0, that is, B does not pass through P. We may assume that m| =
29+ 2, my, = mj, my = my---. Since there exist two more (—1)-curves over the proper
transform of the fiber on the double cover of W,/, we have o’ = o + 2. Hence H' = H +
2([m} /21 = (g — [m/2D)/g+2 ="H.

(ii) Suppose u = 1 and B does not contain I'y. We may assume m| = 29+ 2, m} = 2,
my =my, my =my--- and we have @’ = o + 2. Hence we similarly have H' = H.

(iii) Suppose u = 1 and B contains . We may assume m| = 29+ 3, m), = 2,
my =m|,my =my--- and we have &’ = o + 2. Hence H' = H.

(iv) Suppose 2 < p < 2g+ 1. Then, since P is a singular point of B, we can begin
the canonical resolution with the blowing up at P. In this case, we have m; = u and may
assume that the i-th even proper transform of B and B’ coincides with each other for i > 1.
Especially we have m), = mj, m} = m3--- and o’ = a. Moreover we have the following
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equality:

294+2—my if Iy ¢ Bandm; =0 (mod 2)
294+3—my ifIh ¢ Bandm; =1 (mod 2)
2g+4+3—m; if [H C Bandm; =0 (mod 2)
294+4—m; if [ C Bandm; =1 (mod 2).

Indeed, we first assume Iy ¢ B and m is even. Let W AL Wi i) W’ be the elementary
transformation. The first even proper transform B coincides with the proper transform of B
by 71, and also coincides with the proper transform of B’ by z;. The proper transform Eg |
of Iy by 71 coincides with the exceptional curve for t{ and vice versa for E ;. Therefore we
have m’l = B1Ep = (tl*B —m1E1)Eg,) = BIp—m; =2g+ 2 — m. The other cases are
similar. In any case, we have ([m’l/2] - D(g— [m’l/2]) = ([m1/2] — 1)(g — [m1/2]), hence
H =H.

(v) Suppose 4 = 2g+ 2 or 2g + 3. Then (W', B’) — (W, B) is also an elementary
transformation whose center has multiplicity less than two in B’. Hence the assertion follows
from (i), (ii) and (iii). Q.E.D.

REMARK 4.3. The notion of the H-index was introduced for the first time by Horikawa
[Ho2] in the genus 2 case. He classified germs of singular fibers of genus 2 into six types
0, I, I, Ik, IV and V, and their H-indices are 0, 2k — 1, 2k, 2k — 1, 2k and 1, respectively
(see also Reid [Re]).

The H-index is related to the invariants of compact surfaces by the following theo-
rem, whose proof can be essentially found in Horikawa [Ho3, Theo.2.1] and Persson [P2,
Prop.2.12] (see also Xiao[X2]):

THEOREM 4.4 (Horikawa-Persson). (i) For any germ [f, F] of a degeneration of
hyperelliptic curves, we have H([ f, F]) > 0.

(i) Let :V — C be a global hyperelliptic pencil of genus g, that is, h is a surjective
proper holomorphic map from a nonsingular compact surface to a nonsingular compact curve
such that the general fiber is a hyperelliptic curve of genus g. Let F), ... , Fy be all its singular
fibers. Then we have

4(g—1)

k
Xo+ Y H(p, Fi)),

i=1

where Ky c is the relative canonical sheaf and x, = deg p«Ky/c.

2
Ky,c=

EXAMPLE 4.5. The calculation of H := H([ f, F]) for the germs defined in Section 1
is the following:

(1) If[f, F]is of type Op, then H = 0.

(2) If[f, F]belongstoclassIwith1 < ¢ <[(g—1)/2],then H =2¢(g— ¢ — 1)/g.

(3) If[f, F] belongs to class II with 2 < g < 4, then H of the germs corresponding to
Proposition 1.7 are as follows:
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g=2)OH=1,

(g=3)@)H=5/3, (i) H=10/3, (iii) H =8/3,

g=dHGH=2, ((DH=3, ((i)H=4

Next we study the signature of compact surfaces with hyperelliptic pencils from the
viewpoint of the H-index.

DEFINITION 4.6. We put
1
o([f, F]) = 2—{9H([f, F]) — (g+ DES, FD}
g+1
and call it the local signature of the germ [ f, F], where E([ f, F]) := xwop(F) —2g+ 2 is the
Euler contribution of F (cf. [P3]).

PROPOSITION 4.7. Let ¢ : V — C be a global hyperelliptic pencil of genus g, and
let Fy, ..., Fy be all its singular fibers. Then we have

k
a(V)=Y ale, F),
i=1
where o (V) is the global signature of V, i.e., the signature of the intersection form of the
2-homology of V.

PROOF. We use the relative formulation of Xiao [X2], [X3]. Set e, = Zf-‘zl E(F).
Noether’s formula and Hirzebruch’s signature theorem [Hil] say that

12x, = Ky o +ep, 30(V) =K} ,c—2e,.

We set H(V) = Zf:l H([e, F;]). It follows from Theorem 4.4, (ii) and the above formulas
that

2041 , g—1 29+ 1 g+1
H(V) = K2, . — €y = o (V) +
3g VC 377 g

ey . Q.E.D.

EXAMPLE 4.8. The calculation of o := o ([ f, F]) for the germs defined in Section 1
is the following:

(1) If[f, F]isof type Op, theno = —(g+ 1)/(2g + 1).

(2) If[f, Flbelongstoclass Iwithl < ¢ < [(g—1)/2], theno = 2(gd — g/2 —g—
d—1/@2g+ D).

(3) If[f, F] belongs to class IT with 2 < g < 4, then o of the germs corresponding to
Proposition 1.7 are as follows:

(9=2)(@)o =-1/5,

(@g=3)(@)o=1/7, (i))o =-6/7, (ili)o =0,

(=4 @) o=1/3, (i)o=7/9, (ii)o=-1.

DEFINITION 4.9. Let X([f, F]) be a certain invariant of the germ of singular fiber

[f,F]l. Let h : Z — A; x A; be a splitting family of [ f, F] in the sense of Definition
3.1. We say the family & conserves the invariant X if the following condition is satisfied: Let
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Fiy, ..., F, be all singular fibers of the fibration s, : Z, — A, x {u} for any u € As.
Then we have

XS, FD) = X(lhu, FruD) + - + X ([hu, Fiul) -

LEMMA 4.10. The H-index and the local signature are conserved in any splitting fam-
ily which is constructed in Section 3.

PROOF. Step 1. Leth : Z — A, x As be any splitting family constructed in Sec-
tion 3. By our construction, % is induced by the double cover over a family of local P!-
bundle W = W x As whose branch locus is a family of divisors W > B LY As. Let
={mu,...,my, ,} be the multiplicity sequence of the minimal even resolution of (W,, B,)
for u € As. We note that, bad points on several fibers of p, contribute to this set for u # 0,
while bad points are on a unique fiber for u = 0. Now we define the subsequence T, of the
sequence {[m) /2], ..., [m,, ./2]} consisting of numbers greater than 1, and we consider it
as a set, i.e., we disregard its order. (Note that the multiplicity with [m, ;/2] < 1 does not
contribute to the H-index of the fiber.) Then it follows from our construction that the splitting
family 4 conserves this set, i.e., we have '

To=T,

forany u € As. Moreover the number of times of blow-downs of (—1)-curves from the canon-
ical resolution to its relatively minimal model is independent of u. Therefore & conserves the
H-index.

Step 2. Next we show the conservation of the Euler contribution, which induces the
conservation of the local signature by definition and Step 1.

We first consider the splitting family of Lemma 3.5. We use the notation in this lemma.
By the stability of (—1)-curves, we may identify M” with M. Let E be the set of components
of F which dominates E , by the generically two-to-one map kg : Mo — W,. Note that E
is irreducible or consists of two irreducible components. Let Ay, ..., A, A}, ..., A;,, D be
all the connected components of F — E , where A; (1 <i < s) intersect E at one point, A’j

(1 < j <) intersect E attwo points and ho(D) = Q. Then we have

S/

N
Xtop(F) = Xiop(E) + Y Xiop(Ai) + Y Xtop(A) — s — 25" + Xiop(D) — &(D),
i=l j=1

where ¢(D) (= 1 or 2) is the number of the points of intersection of D and E.

Now we consider singular fibers F/ = f;1(0), F” = f;'(n(R,)) of hy, : M, —
W, x {u} for u # 0. Let E’ be the set of components of F’ which dominates E j , x {u} by h,.
Then F’' — E' has connected components which are isomorphic to Ay, ... , Aj, Al ..., A’s,,
and we have xiop(F') = pr(E’) + 311 Xxop(Ai) + Z“}=l xtop(A’j) — s — 2s’. Moreover
our method of construction implies

~ - k
Xtop(E/) = Xwop(E) — 2 [E:] )
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where k = Ig(B, Ej,). On the other hand, F” consists of the irreducible component r
which dominates the fiber P! by h, and the connected component which is isomorphic to D.
We have xiop(F") = )(mp(f') + Xwp(D) — £(D). Moreover our construction implies

- k
Xtop(l")=2—29+2,:5] .

Therefore we have £(F) = E(F')+E(F"). For other splitting families constructed in Section
3, we have the assertion by a similar argument. Q.E.D.

From Theorem 3.3 and Lemma 4.10, we have the following:

PROPOSITION 4.11. Let G be the union of the sets of germs of singular fibers of type
0o, in class 1 and in class 11 defined in 1.3. Then for any germ [f, F] of a degeneration
of hyperelliptic curves, there exists a reduction of [ f, F] to G via splitting families which
conserves the H-index and the local signature, that is, these invariants are conserved in any
splitting family for this reduction.

COROLLARY 4.12. Assume the germ [ f, F has the vanishing H-index. Then [ f, F]
is reduced to germs of type Qg via splitting families.

PROOF. Note that the germ has the vanishing H-index if and only if it has a represen-
tative of branch curve which has at most simple singularities, in other words, whose normal
double cover has at most rational double points. Especially a germ in class II has the positive
H-index by definition. Therefore Example 4.5 says that a germ which belongs to G has the
vanishing H-index if and only if it is of type Op. Thus the assertion follows from Proposition
4.11. Q.E.D.

REMARK 4.13. The surface of general type with a pencil whose slope has minimal
value automatically has a hyperelliptic pencil such that all the singular fibers have the vanish-
ing H-indices ([X2], [Kon]). Therefore, considering the above corollary, one can ask whether
such a surface has a reduction to surfaces with at most Qg fibers by global splitting families or
not. This type of problem is called the “global Morsification problem”.

COROLLARY 4.14. Letg : V — C be a global hyperelliptic pencil of genus 2 < g <
4. Then the global signature o (V) is written as follows:

(9=2) o(V)=—B/5ko, — (1/5kari.

(9=3) o (V) =—(4/Tko, — (6/Dka.ty + (1/Dkaviy — (6/Dkquis

(g=4) o(V)=—(5/Nko, — (2/3)ka,1y + (1/3)kqaiy + (7/Dkqviiy — ki),
where ko, . .. , kaiiiy are the sum of numbers of germs of the corresponding type which
are obtained by our reducing process applied to every singular fiber of ¢ via local splitting
families. For instance, kq,1y is the number of germs in class 1 with ¢ = 1, and kqy;) is the
number of germs of type (i) in class 11 written in Proposition 1.7.

PROOF. The assertion is clear by Proposition 4.7, Proposition 4.11, Proposition 1.7 and
Example 4.8. Q.E.D.
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REMARK 4.15. For g = 2, the above formula is due to Matsumoto, Horikawa and
Corollary 4.12 as we explained in the introduction. For g > 3, Corollary 4.14 and Example
4.8 tell us that there are many singular fibers with positive local signature. In some sense, this
fact supports the existence of surfaces with hyperelliptic pencils whose global signatures are
positive, which was discovered by Xiao and Chen [C].
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