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A CHARACTERIZATION OF SYMMETRIC SIEGEL DOMAINS
BY CONVEXITY OF CAYLEY TRANSFORM IMAGES
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Abstract. We show that a homogeneous Siegel domain is symmetric if and only if
its Cayley transform image is convex. Moreover, this convexity forces the parameter of the
Cayley transform to be specific, so that the Cayley transform coincides with the inverse of the
Cayley transform introduced by Kordnyi and Wolf.

1. Introduction. A homogeneous Siegel domain is a higher-dimensional analogue of
the right (or upper) half plane in the complex plane C, and is mapped to a bounded domain
by the Cayley transforms introduced in [17]. Among homogeneous Siegel domains, we have
an important subclass consisting of symmetric domains. In our previous paper [9], we gave
a symmetry characterization for tube domains (homogeneous Siegel domains of type I) by
convexity of the Cayley transform images and, in [7], for quasisymmetric Siegel domains.
This article is the final step of these works and establishes the same type of symmetry charac-
terization theorem for general homogeneous Siegel domains.

We mention here some of the works about characterizations of symmetric Siegel do-
mains: a characterization by a certain norm equality related to the Cayley transform im-
age [15], a characterization by the commutativity of the Berezin transform and the Laplace-
Beltrami operator [16] and a characterization by the harmonicity of the Poisson-Hua kernel
[18]. In the latter two, the geometric backgrounds of the symmetry characterizations are clar-
ified through norm equalities involving the Cayley transforms. In [3], we can find several
characterizations of symmetric Siegel domains concerning the isotropy representation and the
action of the automorphism group of the domain. Differential geometric characterizations by
means of the Bergman metric are given in [4] and [2], and an algebraic characterization in
terms of the defining data of Siegel domains is given in [23, Theorem V.3.5] and [5, II, Sitze
3.3 and 3.4].

Let us present the convexity of a Cayley transform image of a symmetric Siegel domain.
In the case of one complex variable, the Cayley transform
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maps the right half plane to the open unit disc, which is obviously a convex set. We have a
similar situation for symmetric Siegel domains. Since a symmetric Siegel domain is a Her-
mitian symmetric space of non-compact type, it has a canonical bounded realization, namely,
the Harish-Chandra realization. In [11], Kordnyi and Wolf defined in a Lie-theoretic way
(the inverse of) the Cayley transform which maps a symmetric Siegel domain to its Harish-
Chandra realization. It is known that the Harish-Chandra realization coincides with the open
unit ball for the spectral norm defined for the Jordan triple system canonically associated
with the domain (we refer the reader to [12, Section 10], [11] and [7] for details). Thus, the
Cayley transform image of a symmetric Siegel domain is a convex set. We shall show that
this convexity characterizes symmetric Siegel domains among homogeneous domains. Before
proceeding, we would like to mention that it is shown in [13] that the Harish-Chandra real-
ization of a symmetric Siegel domain is characterized essentially among bounded realizations
by its convexity. In other words, the Cayley transform is essentially the only bounded convex
realization of a symmetric Siegel domain.

In this article we deal with the family of Cayley transforms defined by Nomura [17]. This
family is parametrized by the admissible linear forms on the normal j-algebra associated
with the Siegel domain. If the domain is quasisymmetric and the parameter is specific, the
corresponding Cayley transform is the same as Dorfmeister’s given in [6] which we used
in [7] and, in particular, if the domain is symmetric, our Cayley transform with the specific
parameter coincides with Koranyi-Wolf’s. Moreover, our family includes Penney’s Cayley
transform defined in [19], which is associated with Vinberg’s *-map of the underlying cone of
the domain, and that of Nomura associated with the Bergman kernel (resp. the Szeg6 kernel)
of the domain appearing in [14, 15, 16] (resp. [18]).

Let us fix the notation in order to present our results. Let £2 be a homogeneous convex
cone in a real vector space V. We put W := V¢, the complexification of V. Let U be another
complex vector space and Q : U x U — W an £2-positive, Hermitian sesquilinear map. The
Siegel domain D for these data is defined by

D:={u,w)eUxW|Rew—(1/2)0(u, u) € 2}.

In the case U = {0}, the domain D is called a tube domain. We note that the tube domain
£2 + iV is contained in D in such a way that D N ({0} x W) = {0} x (§£2 +iV). We denote
by Cs the Cayley transform for £2 + iV, where s is the parameter of the family of Cayley
transforms (see Section 3 for the definition). Using Cs, we introduce the Cayley transform Cg
for D. If D is a tube domain, then Cs reduces to Cs.

Our first main theorem is a refinement of [9, Theorem 1]. Let £25 be the dual cone of £2.
For the tube domain §2°% + iV, the Cayley transform C; is defined in a way similar to Cs. In
[9, Theorem 1], we characterized symmetric tube domains by requiring the convexity of both
Cs(£2 +iV) and C{(£2% + i V). In this paper we show that the condition concerning C can
be removed.
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THEOREM A. Cs(£2 4+iV) is a convex set if and only if 2 4+ iV is symmetric and the
parameter s is specific so that Cs coincides with the Cayley transform defined in terms of the
Jordan algebra structure associated with §2.

Here we note that £2 4V is symmetric if and only if §2 is a symmetric cone. Our second
main theorem generalizes Theorem A to the case of homogeneous Siegel domains.

THEOREM B. Cs(D) is a convex set if and only if D is symmetric and the parameter s
is specific so that Cg coincides with Kordnyi-Wolf’s Cayley transform.

Our way of proving Theorem B is as follows. First, the convexity of Cs(D) implies the
convexity of Cs(£2 4+ iV). By Theorem A, £2 + iV is symmetric and the parameter s is
specific. With this we show that D is quasisymmetric and Cg is identical with Dorfmeister’s
Cayley transform which we used in [7]. Then we can conclude that D is symmetric, because
it is shown in [7, Theorem 2.6] that if the image of Dorfmeister’s Cayley transform for a
quasisymmetric Siegel domain is convex, then the domain is symmetric. In each stage of
the proof, we take two points z1, zo from the Shilov boundary of D in an appropriate way.
It follows from the convexity of Cs(D) that the midpoint of Cg(z1) and Cs(z2) is contained in
Cs(D). Then we carry out some calculations to analyze this inclusion.

The organization of this paper is as follows. In Section 2, we summarize the structure
theory of normal j-algebras. In Section 3.1, we introduce the pseudoinverse maps and then
in Section 3.2 the Cayley transforms of homogeneous Siegel domains. There we present the
precise statement of Theorem B as Theorem 3.1. In Section 4, assuming that the domain is
quasisymmetric, we compare our Cayley transform with Dorfmeister’s. We collect in Section
5 some facts which hold without any restrictions on the homogeneous Siegel domain for later
use. The proof of Theorem A (the precise statement is Theorem 6.1) is given in Section 6.
Theorem B is proved in Section 7.

Thanks are due to Professor Takaaki Nomura for the encouragement and advice in writ-
ing this paper. The author is also grateful to Professor Hideyuki Ishi for stimulating discus-
sions about the content of this paper.

2. Homogeneous Siegel domains. The structure of a homogeneous Siegel domain is
described in terms of a normal j-algebra. Our references are [20, 21, 22]. A triple (g, J, w)
of a split solvable real Lie algebra g, a linear operator J on g with J> = —I and a linear form
w on g is called a normal j-algebra if the following two conditions hold:

(2.1 JAX, Y] -[JX, JY)=[JX,Y]+[X,JY] forall X,Y g,

2.2) (x|1y)w := ([Jx, y], ) defines a J-invariant inner product on g .

Let (g, J, w) be a normal j-algebra. We put n := [g, g] and a := n™, the orthogonal
complement of n with respect to the inner product (-|-),,. Then a is a commutative subalgebra
of g such that ada is a set of simultaneously diagonalizable operators on g. Let g = a &
Y wea Na be the corresponding eigenspace decomposition of g, where A is a finite subset of
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a*\ {0}, and, for o € a*, we have put
ng :={Xegl|l[H, X]=(H,a)X forall H € a}.

The subspaces ny, a € A, are orthogonal to each other relative to the inner product (-|),.

The number » := dima is called the rank of g. We can choose a basis Hy, ..., H, of a so
that with E,, := —JH,,, m =1,...,r, we have [H;, Ex] = §jxEr, 1 < j <k <r. Let
ap, ..., a be the dual basis of a* with respect to Hy, ..., H,. Then the elements of A are of

the following forms (not all possibilities need to occur):

A2)(o —aj), 1 <j<k=<r; A/Qou, 1 <m=<r;

am, L<m=<r; (/2(x+aj), 1<j<k=r,

and we have ny,, = RE,,, m =1,...,r. We set
n(0) ==Y N2, 80):=a@n0),
j<k
r r
01/2) =Y napn. 81D =Y N0y Y Napra;)2-
m=1 m=1 j<k

andput H := Hy+---+ H,, E := E; + --- + E,.. We see that the subspaces g(0), g(1/2)
and g(1) are the 0-, 1/2- and 1-eigenspaces of ad H, respectively. Moreover, we have
(2.3) [g(a), g(B)] C gl + B)
where, if o + § > 1, then we put g(o + 8) = {0}. Also, we have
IN—ap)/2 = Naprap2, 1 =j<k=r,
Jng, 20 ="ng,2, 1<m=r,
so that Jg(0) = g(1), Jg(1/2) = g(1/2). We note that
24 JT =—[T,E], Teg(),
(2.5) JTvj = —[Tij, Ej1,  Tij € 0(op—a;)/2 -
The subspace n(0) is a nilpotent Lie subalgebra. Let
N(@) :=expn(0), G():=expg0), A:=expa.

Then G(0) = A x N(0) and G(0) acts on V := g(1) by adjoint action. We put £2 := G(0)E,
the G (0)-orbit through E. Then we know that £2 is a regular open convex cone in V on which
G (0) acts simply transitively. Since g(1/2) is invariant under J, we can introduce a complex
structure on g(1/2) by —J. We denote by U this complex vector space. The Lie subalgebra
g(0) acts on U complex linearly by adjoint action. We put W := V¢, the complexification
of V and denote by w — w™* the complex conjugation of W relative to the real form V. We
define a sesquilinearmap Q : U x U — W by

(2.6) Qu,u) = [Ju,u'l —ilu,u'], u,u e€U.
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Then we see that this map is Hermitian and £2-positive:
Qu,u)=0w ,uw*, uu eU,
.7) Qu,u) € 2\ {0} forall ueU\{0}.
The Siegel domain corresponding to these data is defined by
(2.8) D:={(u,w)yeUxW|Rew—(1/2)Q(u,u) € 2}.

We know that the Lie group G := expg acts on D simply transitively by affine automor-
phisms. Every homogeneous Siegel domain is obtained from a normal j-algebra in this way.
Throughout this paper, we always assume that D is irreducible. Hence, the cone £2 is also
irreducible by [10, Theorem 6.3].

Finally, we remark here that the Shilov boundary X of D is described as

Y={u,w)eUx W |Rew—(1/2)Q(u,u) =0}.

3. Cayley transforms. 3.1. Pseudoinverse maps. A linear form w on g satisfying
(2.2) is said to be admissible. We know the set of admissible forms. To describe it we define
Eyegt,m=1,...,r,by(E; E})=8jm, j=1,...,r,and E;, =00n g(0) ®g(1/2)®
Jn(0). Fors = (s1,...,s) € R, we set Ef := Y s, E; and (vi|va)s := (vi|v2)gr for
v, 12 € V. We say thats = (sq,...,s,) € R is positive and write s > O if s > 0,..., s >
0. Then [17, Proposition 3.4] says that the set of admissible linear forms on g coincides with

a* + {EX |'s > 0}.

Furthermore, we know by [17, Lemma 3.2] that the description of the structure of g in Section
2 is independent of the choice of the admissible linear form w.
Fors = (s1,...,s) € R", we define a one-dimensional representation xs of A by

XS(exp(Z t,,,Hm)) 1= exp <Zsmtm) , tn€R.

Since G(0) = A x N(0), we can extend xs to a one-dimensional representation of G(0)
by putting xs|yy = 1. In the following, we write hv for 2 € G(0) and v € V instead
of (Ad h)v for simplicity. Recalling that G(0) acts simply transitively on §2 by the adjoint
action, we transfer x5 to a function Ag on £2:

As(hE) := xs(h), h e G(0).
We remark that by [17, (3.15)], we have, fors > 0,
(vilva)s = Dy, Dy, log A_s(E), v,z €V.
Lets > 0. For x € £2, we define the pseudoinverse Zs(x) of x by

(3.1) (Zs()ly)s = —=Dylog A_s(x), yeV.
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We call Zy : 2 — V the pseudoinverse map. We see that Zg(E) = E and Zg gives a
diffeomorphism of £2 onto §25, where §25 is the dual cone of §2 realized in V by means of the
inner product (-|-)s:

2%:={xeV|(xly)s>0 forall ye2)\{0}}.

Let G(0)¢ be the complexification of G (0). We extend (-|-)s to W by complex bilinearity and
denote it by the same symbol. We know that Zg is analytically continued to a rational map
W — W which is G (0)¢-equivariant: Zs(hx) = Sh™'Zs(x) (h € G(0)¢), where, for a linear
operator T on W, 8T stands for the transpose of T relative to (-|-)s.

Starting with the dual cone £2%, we obtain a similar map Z; : £2° — £2. We see that 7 is
analytically continued to a rational map W — W which is G (0)c-equivariant: Z} h~lx) =
hZ$(x) (h € G(0)c). Thus, I is a birational map with Z_ I = 7. Moreover, we see by [17,
Theorem 3.19] that Zg (resp. Z{) is holomorphic on £2 +iV (resp. £2°+iV) and Zs(£2 +iV)
(resp. Z& (£2° + i V)) is contained in the holomorphic domain of ZJ (resp. Zs).

3.2. Parametrized family of Cayley transforms. We keep to the notation in Section
3.1 and continue to suppose that s > 0. We define a sesquilinear form (-|-)s on U by

(3.2) (urluz)s := (Qu1, u2)|E)s = (Q(u1, u2), E5), wui,u2 €U.
Then (-|-)s is a positive definite Hermitian inner product on U. The subspaces ng,, ;2 (m =
1,...,r) are orthogonal to each other with respect to (:|-)s. For u € U, we set |lulls :=

(u|u)sl/2. Let u;, € ng,,/2. Then we see by (2.6) that Q (i, um) € ng,,. Moreover, we know
by (3.2) that

(3.3) Qs tm) = 5y it I3 Enm -
For every w € W, we define a complex linear operator ¢s(w) on U by
(CX) (ps(w)uiluz)s = (w|Qui, uz)ls, ur,u2 €U.

The assignment w +— ¢s(w) is also complex linear and ¢s(E) = id.
We put

S={weW|w+Eec+iV}, S={u,w)yeUxW]|weS}.
The Cayley transform Cs : S — W for the tube domain £2 + iV is defined by
Cs(w) =E—-2I(w+E), weS.

Observe that the closure £2 + iV is contained in S. Using Cs, we introduce the Cayley trans-
formCs : S — U x W for D by

3.5) Cs(u, w) == Qos(Zs(w + E)u, Cs(w)), W, w)es.

By [17, Theorem 4.17], the Cayley transform image Cs(D) of D is bounded.

Note that since the definition of the Hermitian map Q in [17] is different from ours (2.6)
by the multiplication constant 1/2, the Siegel domain dealt with in [17] is expressed as T (D),
where T (u, w) := (v/2u, w) ((u, w) € U x W). This modification is made so that we have
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Re(u|uz)s = (u1luz)gx for uy, up € U. However, the pseudoinverse map Zs, the linear map
¢s : W — End¢ U and the Cayley transform Cg are the same as those of [17].
We see that the inverse maps of Cs, Cs are given by

Col(w) =2THE—w)—E, weS*,
Colu, wy = (ps(E —w) 'u, T (w)),  (u,w) € S*,
where we have put
S =lweW|E-we2°+iV}, S ={u,w)eUxW]|weS.

We would like to remark that our Cayley transform Cg for the tube domain 2 + iV
is identical with the Cayley transform given in [9]. In [9], we started with a homogeneous
convex cone §2 and a split solvable Lie group H acting simply transitively on £2. If we take
G (0) as H and E as the base point, V = g(1) becomes a clan with the unit element E by the
following product:

xAy=1[Jx,y], x,yeV.

Moreover, the normal decomposition of the clan V is given by V. = ;. j Maptaj)/2 (see
also [4, Section 2]). Hence, the inner product (-|-)s and the pseudoinverse map Zs defined in
[9] coincide with ours.

Now we are in a position to state our main theorem in its precise form.

THEOREM 3.1. Let D be an irreducible homogeneous Siegel domain. Suppose that
the parameter s = (s, ..., s,) € R" is positive. Then Cs(D) is a convex set if and only if D is
symmetric and s1 = - - - = S.

4. Quasisymmetric Siegel domains. Let D be the homogeneous Siegel domain de-
fined by (2.8). Since D is holomorphically equivalent to a bounded domain, the Bergman
space of D has the reproducing kernel called the Bergman kernel, which we denote by «. By
homogeneity we have an explicit expression for «. Let

by :=(1/2)dimgng, 2, m=1,...,r,
ngjc=dimngq))2, 1<j<k=r,

dm::1+(1/2)Zn,m~+(1/2)2n,~m, m=1,...,r,

i<m i>m

b:=0b,....,b), d:=(,...,d).
Then, by [15, Section 1.3], we have forz; = (u;, w;) € D, j =1,2,
Kk(z1,22) = A_pa—p(wi + w3 — Q(ur, u2))

up to a positive constant multiple.

If the cone §2 is self-dual with respect to the inner product (-|-)2q+p, thatis, £2 = 24+b,
then D is said to be quasisymmetric. We quote here the following criterion due to D’ Atri and
Dotti Miatello.
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PROPOSITION 4.1 [4, Proposition 3]. The Siegel domain D is quasisymmetric if and
only if

(1) ny; are independent of k, j;

(2) by, are independent of m.

We assume that a parameter s = (sq, . .., s,) is positive. We introduce a non-associative
product on V by

4.1 (xylz)s = =(1/2) Dy Dy D log A_s(E) (x,y,z€V).

LEMMA 4.2. Even ifs is replaced by s' := ps (p > 0), the product defined by (4.1),
the pseudoinverse map ZLs, the linear map ¢s and the Cayley transform Cg all remain the same.

PROOF. By definition, we have (-|-)y = p(:|-)s and A_gy = A’ls, so that the product

defined by (4.1) will not change under the replacement of s by §’, and Zy = Zs by (3.1).
Moreover, since (-|-)y = p(:|)s, we know by (3.4) that ¢y = ¢s. Therefore, we have Cy =
Cs. O

Let us suppose that D is quasisymmetric and s; = - -- = 5, > 0. In view of Lemma 4.2,
we simply write Z, ¢ and C instead of Zg, @5 and Cs respectively in this section. Noting that
2dy + by = - - - = 2d, + b, by Proposition 4.1, we know by Lemma 4.2 and [6, Theorem 2.1]
that the vector space V equipped with the product defined by (4.1) is a Jordan algebra with
the unit element E£. This means that in addition to the commutativity xy = yx, we have the
Jordan identity x (x?y) = x%(xy) forall x, y € V. The complexification W of V is a complex
Jordan algebra in a natural way. The following proposition is due to Dorfmeister (see also
[14, Section 4]).

PROPOSITION 4.3 [6, Theorem 2.1].  The linear map ¢ : w +— @(w) is a *-represen-
tation of the Jordan algebra W':

p(w*) =pw)*, weWw,
pwiw2) = (1/2) (e (wew2) + e(w2)e(wi)), wi, w2 € W,
where, for a linear operator T on U, we denote by T* the adjoint operator of T relative to
C1)s
Moreover, since 2d; + b; are all equal for j = 1,...,r, we know by Lemma 4.2 and

[14, Proposition 4.4] that Z(w) = w™! for invertible w € W, where the right-hand side is the
Jordan algebra inverse of w. Hence,

Cu,w) = QRe((w+ E) Hu,(w—E)w+E)™, wwesS.

Here we note that ¢ ((w + E)y hH = o(w + E)~! by Proposition 4.3 and ¢(E) = id. Thus,
our Cayley transform C coincides with the Cayley transform treated in [7].

5. Basic facts. We collect here some of the facts that are true without any restrictions
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on the homogeneous Siegel domain D. In this section we always suppose that the positive in-
tegers j, k,lsatisfy 1 < j <k <[ <randwy; € (ﬂ(ak+aj)/2)c, wyj € (ﬂ(a,+aj)/2)c, wix €
(n(az+(¥k)/2)c‘
We set
Stk = (1/2)([Jwyj, wej ] + [Jwij, wij]) € (Mg4ap)/2)C -

We put v[w] := (w|w)s (w € W), where we note that v[iw] = —v[w]. Since the clan
structure in V is introduced in a manner compatible with the normal j-algebra structure as
we remarked at the end of Section 3, we can quote the following two propositions from [8],
where we note that they are valid not only for real ¢}, #, # but also for complex ¢;, #, .

PROPOSITION 5.1 [8, Proposition 4.2]. Lett;, t, t; € C. Then one has
exp(Jwyj + Jwij) exp(Jwyg) exp(tj Hj + i Hy + 1 H)E
= Y En+eVEj+ (" + 2s0) e vlwi ) Ex
mj,k,l
+ (" + @sp) " e*vlwi] + 2s) el vwy ) E)
+ ey 4 ewyj + (e S + et wr) .
PROPOSITION 5.2 [8, Proposition 4.6]. One has
exp(Jwij + Jwgj) exp(Jwy) exp(tj Hj + (e Hy + 4 H) ™' E
= > En+ (4@ e + @so) e lwiviwg]
mj k.l
+ (25)) " e vlwy] — 57 e (S lwin)s) E
+ (e + Qs e [wi) Ex + ¢ T E)
+ (7" (ad Jwipwye — (7% + 2sp) e wlwil)wy)
+ e "¢ ad Jwij)wik — wij) — e Twig .
We also use the following two lemmas to compute the Cayley transforms.

LEMMA 5.3. We have the following.

(1) Forallx € V,one has ¢s(x) = ady Jx + (ady Jx)*

(2) The linear operators ¢s(Ep) (m = 1,...,r) are orthogonal projections onto
nam/2'

PROOF. (1) Definition (2.6) of Q and the Jacobi identity together with the fact that
ad Jx commutes with J give

(ad Jx)Q@u, u') = Q(u, (ad Jx)u') + Q((ad Jx)u, u') .
Hence, it follows that

(5.1) (O, u)*(ad JX)E)s = ((ad Jx)"ulu')s + ((ad Jx)ulu')s .
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Here we note that $(ad Jx) E = x. In fact, we obtain by (2.4) that, forany v € V,
(vP(ad Jx)E)s = ([J[Jx, v], E], EJ) = (v]x)s .

Therefore, the left-hand side of (5.1) is equal to (¢(x)u|u’)s, and the proof is completed.
(2) The linear operator 2 ady Hy, is an orthogonal projection onto ng,, /2, and thus it is
self-adjoint. Hence, (1) yields ¢s(E,,) = 2ady H,,, and (2) follows. O

LEMMA 5.4 [14,Lemma 3.4]. We have ¢ps®(Ady h)x) = (Ady h)Ses(x)(Ady h) for
allh €e GO)and x € V.

We have some inequalities concerning the dimensions of the root spaces of g.

LEMMA 5.5 [15, Corollary 4.4].  We have the following.
(1) Ifni # 0, then one has njj > ny;.
(2) Ifngj # 0, then one has n;j > nyy.

PROPOSITION 5.6. For v € oy +a,)/2 anduj € Ny, /2, One has
2 -1 2 2
l(ad Jugj)ujlly = 2s;) ™ Nvkjllsllujlls -

PROOF. Wehave [Juj,u;jl=Quj,u;) = s;I ||uj||§Ej by (2.6) and (3.3). Taking the

commutator with Jvy;, we see by the Jacobi identity and (2.5) that
([ vk, i), Jufd+ [, Joigl il = =5 3ok -

Taking the commutator with Jvy; once again, we obtain
(52 vy ujl, Jujl, Jogl + [0 uj, Jogl gl Jugl = 57 g IS0 vk, v
Since Jvi; € N(op—a;)/2 and [Jvgj, u;l, [Juj, Jugj] € ng, /2, one has

[[Jvkj, ujl, Jugl = [[Juj, Jugl, Jugil = 0.
It follows from the Jacobi identity that both terms of the left-hand side of (5.2) are equal
to [[Jukj, Jujl, [Jugj, u;]l. Since the operator ady Jvg; is complex linear, we have
[Jvgj, Jujl = J[Jvgj, u;]. Hence, we see by (5.2) that

[TLT vk w1, T vk, w11 = 2s)~ luIISTT vk, g1

Applying E{ to both sides, we obtain the proposition by (2.6) and (3.2). a

If nkj # 0O, then Lemma 5.6 says that for a non-zero vgj € 0(g+q;)/2, the linear map
Ng,/2 D uj > (ad Jugj)uj € ng, 2 is injective. Hence, we obtain the following.

LEMMA 5.7. Ifngj #0,0ne has b; < by.

LEMMA 5.8 [8,Lemma7.5]. Leta, € R(m = 1,...,r) and v € N(apta))/2-
Then we have Y amEn + vkj € §2 if and only if ayy > 0 (m = 1,...,r) and aja, —
s~ v lI§ > 0.

Furthermore, we have the following lemma.
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LEMMA 5.9. LetayeRm=1,...,r),v; € N(g+a,)/2 and vk € Wy tay)/2- Then
we have Y am Ep + vj + vk € 2 if and only if

1) ap>0m=1,...,r);

(i) ajapar —axQs)~vylls —a; sl > 0.

REMARK 5.10. The conditions (i) and (ii) imply that

—1 2 —1 2
aja; — 2s)~ vjlls >0,  arar — 2s)) ™ lugjllg > 0.

PROOF OF LEMMA 5.9. For simplicity, we set vi = Y amEn + vij + vi. Let us
assume that v; € £2. Then it is clear thata,, > 0 (m =1, ..., r). It follows easily from (2.6)
and (3.3) that [Jwy;, v;;]= —(ajsl)_l [lvz ||§El. Hence, by [8, Lemma 4.1], we have

v2 1= (exp Jwi)vi = ) amEm + (@1 — a3 s vy I19) Er + vik -
m#l

Since exp Jw;; € G(0), we have v; € §2 = G(0)E. Therefore, we obtain (ii) by Lemma 5.8.
Conversely, we assume that (i) and (ii) hold. Then we have v, € £2, so that v; =
(eprwlj)’lvz e 2. O

6. Refinement of the previous theorem. Before proving Theorem 3.1, we would
like to present a refinement of [9, Theorem 1].

THEOREM 6.1. Lets = (s1,...,5:) € R" be positive. Then Cs(§2 +iV) is a convex
set if and only if §2 is a symmetric cone and s1 = - - - = 5.

In view of [9, Theorem 1], it is enough to prove the ‘only if” part of Theorem 6.1. More
precisely, our only task is to prove Propositions 7 and 13 of [9] under the single assumption
that Cs(£2 + i V) is convex. Now we suppose that Cs(§2 4+ i V) is a convex set. As in the
previous section, we assume that the positive integers j, k, [ satisfy 1 < j <k <[ <r.

6.1. Firststep. First we show thats; = --- = s,.

PROPOSITION 6.2. Ifnyj # 0, then one has s; = s;.

PROOF. Since the inequality s; > s is shown by [9, Lemma 5] under the same assump-
tion as here, it suffices to show that s > s;. Let us take any non-zero § € R and non-zero
Ukj € Wy+a;)/2- Let us compute the Cayley transform images Cs(z1) and Cs(z2) of the
following two points of £2 +iV:

21 =0k + ), 2z2:=—i(0Er + vgj).
We set
p = log(2si) g |12 +1+i8).
If we put in Proposition 5.1

ti=1=0, t=p, wi=wip=0, wg=iv,
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then the formula in Proposition 5.1 becomes exp J(ivij) exp(pH)E = z1 + E. Put
n = expJ (ivgj) exp(pHy). Since Is(z1 + E) = Is(nkE) = sp~1E, we have by Proposi-
tion 5.2

Csz) == Y Em+ Qe PQ2s)) o ll7 = DEj + (1 —2e ) Ey + 2ie Py .

m#j.k
Replacement of § by —§ and vy by —wy; gives
Csz)=— Y Em+ Qe P@s) Muilli — DEj + (1 — 27 P)Ex — 2ie Puy; .
m#j.k
Consider & := (1/2)(Cs(z1) + Cs(z2)), the midpoint of Cs(z1) and Cs(z2). We have
E=— Y En+QRee ")2s)) 'lugjli = DE; + (1 —2Ree ?)Ex — 2(Ime ™ P)uy; .

m#£j.k
Since Cs(§2 + i V) is also a convex set, we have & € Cg(£2 +iV), so that Cs_l(é) eR+iV.
We shall compute C; ! (£). We put in Proposition 5.2

t; = —log(1 — ((2s) Mvgi 112 + D 2s) Mg 1),
6.1) tfy = —log(Ree™”), 1 =0,
wij = 8(2se) ok I2 + D7 oy, wie = wy; =0,

and set i) := exp(Jwy;)exp(tjH; + t Hy). Here we note that the established inequality
sj > s guarantees f; € R and that Ree™ > 0 implies #z € R. Then the formula in
Proposition 5.2 becomes 57~ E = 271(E — &). Since 2I¥(E — &) = Is*(sfflE) =nE, we
have by Proposition 5.1

Co' &) = (e — DE;j + (e + ' 2s) w17 — DEk + e wy; .
Since C§1 (€) € 2 + iV, we know by Lemma 5.8 that
(6.2) (€' — D) (e™ + " 2s) w7 — 1) — Q@si) " e w7 = 0.
Multiply both sides by e~ ((2s¢) "' [|vg; 2 + 1)%. Then (6.1) and some simplification yield
(2s0) " Hlvei 17 + D@s) oIz % — 1) — 82 (2si) ™ v 12 = 0.
Further simplification using e’* = (Re e”)~!((Ree”)? + (Ime”)?) and ||vy; s # O gives
(2s0) v 17+ D = (@so) g Iz + 1) = 8257 (55 — s0) -

Since the left-hand side is independent of §, and since s; > sy, the arbitrariness of § forces
Sj = Sk. O

We now obtain the following proposition by Asano’s theorem [1, Theorem 4] from
Proposition 6.2, as we did in [9, Proposition 9].

PROPOSITION 6.3. The numbers s,,, m = 1,...,r, are independent of m.

6.2. Second step. In view of Proposition 6.3, we put for simplicity s = s,,, m =
1, ..., r,independent of m.
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PROPOSITION 6.4. Ifny # 0, then one has njj = ny;.

PROOF. Let us assume that nj; # 0. By Lemma 5.5 (1) it is enough to show that
njj < ni;. Let us take any non-zero vy € Mg 4a)/2- FOr every vy; € N(oy+a;)/2, We have
S(ad Jup vy € oy 4aj)/2 by [8, Lemmas 4.4 and 7.7]. We shall prove that the linear map
N(qy+a;)/2 D VIj H> S(ad Jup)vyj € oy +a,)/2 is injective, which implies nj; < ny;.

Let us suppose that v;; € N(o+a;)/2 and ®(ad Juyk)vi; = 0. Let § € R and consider the
following two points of £2 +iV:

2 =10E +vp +vy), z2:=—i(0E + v+ ).
We set in Proposition 5.1
ti=t=0, f=1log(l+ @) "ol + @) vl +i8) .
wj =0, wj =ivy, wik=Iivgk

and put n := exp Jw; exp Jwy exp(t;H;). Then the formula in Proposition 5.1 becomes
nE = z1 + E. Since Zs(z1 + E) = Zs(nE) = Sy~ ' E, we know by Proposition 5.2 (note that
S(ad Juj) v = %(ad Juk)v;; = 0 by [8, Lemma 7.7]) that

Cs)=— Y En+Qq '@l — DE;
m+#j.k,l
+ g7 @) Mvielly — DEe+ (1 —2¢ ) E; + 2ig ™ vy + 2ig e,
where we have put
g =14 @) ol + @) vgll + 8.
A similar argument gives

Cs@)=— Y En+Q3 '@ ujlls — DE; + 24 @) lloll; — D Ex
m+#j.k,l

+ (1 =2"YE —2ig vy — 2ig o .
We set & := (1/2)(Cs(z1) + Cs(z2)), the midpoint of Cs(z1) and Cs(z2). Then

E=— ) En+QRel@ H29) vl — DE,
m+#j.k,l

+ 2Re(gH@s) Muwll2 — DEx + (1 — 2Re(g ™) Ey
—2Im(g~ vy — 2Tm(g ™ ik .

By the convexity of Cs(£2 +iV), we have £ € Cs(£2 +iV), so that C;'(£) € 2 +iV.
Let us compute Cy 1(€). In Proposition 5.2, put

wi; =0, wi=Req) 'Amqvk, wij = Req) 'Amq)vy;,
(6.3) t; = —log(1 — Req) "1 25) uj12),
t = —log(1 — (Req) ' 2s) Mull2), # = —log(Re(g™")),
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where we note that#;, 7, #; € R. We set
N = exp Jwyjexp Jwy exp(tjHj + tp Hy + 1 Hy) .

Then the formula in Proposition 5.2 becomes 7 'E = 271(E — &) by virtue of
S(ad Ju)v; = 0 and [8, Lemma 7.7] again. Since 2Z}(E — &) = ZX(7~'E) = fE,
we obtain by Proposition 5.1

Co(§) = (€ = DEj + (% = DEg + (¢" + e*29) ™ lwikll§ + €7 29)~ w5 = DE;
+e'iwyj + efwig .
Since C; ! (£) € £2 + iV, we know by Lemma 5.9 (ii) that
(" = D{(e = D(e" + e™2) willg + € 29) ™ lwij g = 1) — €2 2s)~ w15}
—(e' = e 29) " lwill§ = 0.
After some simplification, we obtain
(e — D{(e" = (e = 1) =" 2s) " wyjllg} = (¢ — De*2s) ™ willg -
Multiplying both sides by e~ %/ e~, we see by using (6.3) that the above inequality becomes,
after dividing by (Re ¢) =3 (2s) ™! lui |12,
(6.4) Req)(e" = 12s) vy llg = 2amg)*2s) ™ w3 -
By using e" = (Re q)_l((Re q)2 + (Im q)z), we arrive at
29) "y lls (X2 = X) = 822) vyl

where X := 1+ (25)! ||v1k||§ +(2s)7 ! llvi ||§. Since 6 € R is arbitrary and the left-hand side
is independent of §, we must have v;; = 0, which we had to show. O

Now that Propositions 7 and 13 in [9] are proven without using the convexity of CJ (§2%+

i V), the proof of Theorem 6.1 is completed.

7. Proof of the main theorem. Let D be the homogeneous Siegel domain defined
by (2.8). If D is symmetric and the parameter s satisfies s; = --- = s, > 0, then we know
by Section 4 that Cs is identical with the Cayley transform treated in [7], so that the Cayley
transform image Cgq(D) is a convex set by [7, Theorem 2.6]. We now prove the ‘only if” part
of Theorem 3.1.

LEMMA 7.1. One has
Cs(D)N ({0} x W) ={0} x Cs(£2 +iV).

PROOF. Since DN ({0} x W) = {0} x (£2 +iV), we have clearly by (3.5) that Cs(D) N
({0} x W) D {0} x Cs(£2 +iV). For (u, w) € D, we have w € £2 + iV by (2.8) and (2.7).
Hence, we have Cs(D) N ({0} x W) C {0} x Cs(£2 +iV). O

LEMMA 7.2, Letl < j < k < r. Foruy € ng. o and v € W(ogta,)/2, One has
(ad Jvgj)*uy € N /2.
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PrROOF. Ifu’ e (na/./z)L = Zm#j N, /2, then we have (ad Jugj)u’ = 0. Hence,
((ad Jog;) *ug|u')s = (ur|(ad Jvgj)u')s = 0.
This implies (ad Jvg;)*ux € ng; 2. O

From now on, we assume that Cs(D) is a convex set. By Lemma 7.1, Cs(£2 i V) is also
convex, so that £2 is a symmetric cone and s; = - - = s, by Theorem 6.1. Then we know by
[24, Proposition 3] thatny;, 1 < j < k < r, are independent of j, k and they are all non-zero.
We set s :=s,,, m =1, ..., r, independent of m, as in the previous section.

PROPOSITION 7.3. Letl < j < k <r. For any non-zero vij € Moy +a,)/2s the linear
map (ad Jvkj)*‘nw/2 I Ny /2 —> Ng; /2 is injective. Hence, we obtain by < bj.

PROOF. Let us assume that uy € ng, /2 and (ad Jug;)*ux = 0. Let § > 0 be arbitrary.
We consider the following two points on the Shilov boundary of D:

z1 = (ugy, wgy) := (uk, (1/2) Q(uk, ug) + i S Ex + vij))
20 = (Ugy, Wyp) = (—ug, (1/2) Q(ug, ur) — i(§Ex + vgj)) .
We know by (3.3) that
wey = (28) Mugll2 +i8)Ex +ivij,  wey = (28) Hlugll2 — i8)Ex — ivg; -

Let us compute the Cayley transforms & := Cs(z1) and & := Cs(z2) of z1, z2. In what
follows, we will write &§; = (ugj, ng), Jj =1,2. We put

p = log(1 4+ 29) " uells + 25) " logjllg + i) .
We set in Proposition 5.1
ti=4=0, ftr=p, wy=wgp=0, wg =Iivy
and put 1 := exp Jwy; exp(# Hy). Then the formula in Proposition 5.1 becomes nE = w;, +
E. Since Zy(w;, + E) = Zs(nE) = sp~ ! E, we have by Proposition 5.2
Ts(w,, + E) = Z Em—+ (1= @) e P12V E; + e PE —ie Py .
m# j.k
Hence, we obtain by Lemma 5.3 and the assumption (ad Jvi;)*uy = 0 that
ug, =2e Puy,
we, = — Z Em+ G le ™ Pllugl2 = DE; + (1 = 2e P)Ey + 2ie Py .
m#j,k
Similarly, we have
Ug, = —26_’_’141( ,

we, = — Z Em+ G le o2 = DE; + (1 = 2e P)Ep — 2ie Puy; .
m#j.k
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We set & = (ug, we) := (1/2)(&1 + &), the midpoint of &; and &. Then
ug =2i(Ime™P)uy,
wg=— Y En+ (" "Ree M)ujlli — DEj + (1 —2(Ree ") Ex — 2(Ime™P)vy; .
m#j.k

Since Cs(D) is a convex set, one has & € Cs(D).
To compute the inverse Cayley transform Cg 1 (&) of &, we put, in Proposition 5.2,
qp =Tl -0 Ree”) ' l), % =—logRee ™), 4=0,
’ wij =wi =0, wy = (Ree”) ! (ImeP)uy;

and set 1) := exp Jwy; exp(t; H; + 1y Hy), where we note that ¢;, #r € R. Then the formula in
Proposition 5.2 becomes $7 ' E = (1/2)(E — we). Since 27 (E — wg) = Is*(sff1 E) =nE,
we have by Proposition 5.1

CsHwe) = (¢ = DE; + (¢ + 29) "' e lwg I = DEx + 'iwy .
On the other hand, we know by Lemma 5.4 that
¢s(E — we) = 2(Ady 7 H*(Ady 7).
Since ad Jv; commutes with J, we also have (ad Jug;)* Juy = 0. Since ug = 2i(Ime™?)uy,
os(E — wg)_lug = (1/2) Ady 7(Ady exp(t; Hj + tx Hi)) *u
= (1/2)e"* (Ady exp J wy;j)ug
=i(Ime P)euy ,
where the last equality follows from (ad Jwy;)uy = 0. Therefore, we obtain
Col @) = (iAme™P)eug, (€' — DVE; + (e + (25) " el |lwy; |12 — D Ex + e wyj) .

We put & = (ug, wy) == C§1 (£). Since Cs(D) is convex, we obtain ¢ € D, so that we know
by (2.8) that w; — (1/2)Q(us, u;) € £2. Hence, it follows from (3.3) that

(€7 — DEj + (" + 29) el lwy g — 1 = 29) 7 Ame™ ") 2 luglI) Ex + wyj € 2.
Then, by Proposition 5.8,
(€' —1)(e" +2s) e [lwij 17— 1— (29) " (Ime™P) e ¥ |u]|3) — (25) e |lwyj |7 = 0.
A simplification gives
(€7 — 1)(e" = 1= 25)" Ame™7) e urll3) — 25) €' wjlls = 0.
Multiplying both sides by e~'/, we obtain by (7.1) that
1— Ree?)™ = 82(Ree”)?ug |2 > 0,

where we have divided the inequality by (2s)~! llvg; ||§ > 0. This must be true for any § € R,
so that we have uy = 0. Therefore, the linear map (ad JUkj)*|nak/2 D Ng2 > N s
injective. U
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We know by Lemma 5.7 and Proposition 7.3 that dimny,, 2, m = 1,...,r, are inde-
pendent of m. Now Proposition 4.1 tells us that D is quasisymmetric. Since s = --- = s,
we see by Section 4 that Cs coincides with the Cayley transform defined in [7]. Therefore, it
follows from [7, Theorem 2.6] that D is symmetric.
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