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\S 1. Statement of the problem.

Suppose that the differential equation

$w^{\prime\prime}=F(z, w, w^{\prime})$ $(’=d/dz)$

satisfies that $F$ is rational in $w$ , algebraic in $w$ and analytic in $z$ . Among
such class of equations, it is well-known that any irreducible equation
without movable critical points (i.e., the branch points and essential
singular points) must be one of the following six equations, which are
called Painlev\’e equations:

(1) $w^{\prime\prime}=6w^{2}+z$ ,

(2) $ w^{\prime}=2w^{3}+zw+\alpha$ ,

(3) $w’=\frac{1}{w}(w^{\prime})^{2}-\frac{1}{z}w^{\prime}+\frac{1}{z}(\alpha w^{2}+\beta)+\gamma w^{3}+\frac{\delta}{w}$ ,

(4) $w^{\prime}=\frac{1}{2w}(w’)^{2}+\frac{3}{2}w^{3}+4zw^{2}+2(z^{2}-\alpha)w+\frac{\beta}{w}$ ,

(5) $w^{\prime}’=(\frac{1}{2w}+\frac{1}{w-1})(w^{\prime})^{2}-\frac{1}{z}w^{\prime}+\frac{(w-1)^{2}}{z^{2}}(\alpha w+\frac{\beta}{w})+\frac{\gamma w}{z}+\frac{\delta w(w+1)}{w-1}$ ,

(6) $w^{\prime\prime}=\frac{1}{2}(\frac{1}{w}+\frac{1}{w-1}+\frac{1}{w-z})(w^{\prime})^{2}-(\frac{1}{z}+\frac{1}{z-1}+\frac{1}{w-z})w^{\prime}$

$+\frac{w(w-1)(w-z)}{z^{2}(z-1)^{2}}\{\alpha+\frac{\beta z}{w^{2}}+\frac{\gamma(z-1)}{(w-1)^{2}}+\frac{\delta z(z-1)}{(w-z)^{2}}\}$

Conversely, the general solutions of these equations, called Painlev\’e
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transcendents, should be free from movable critical points. Painlev\’e
showed the non-existence of movable branch points only for the first
equation as follows. In the neighborhood of any arbitrary point $z_{0}$ , the
equation (1) is satisfied by the series

(1a) $ w=\frac{1}{Z^{2}}-\frac{1}{10}z_{0}Z^{2}-\frac{1}{6}Z^{3}+hZ^{4}+\cdots$ ,

or

(1b) $ w=\frac{1}{Z^{2}}-\frac{1}{10}zZ^{2}-\frac{1}{15}Z^{s}+hZ^{4}+\cdots$ ,

where $Z$ is the abbreviation of $z-z_{0}$ and $h$ is the second arbitrary
parameter. From (1b) we get the series for $w^{\prime}$ , namely,

(1c) $ w^{\prime}=-\frac{2}{Z^{3}}-\frac{1}{5}zZ-\frac{3}{10}Z^{2}+4hZ^{3}+\cdots$

On eliminating $Z$ between (1b) and (1c) and writing $w=1/v^{2}$ , it is found
that

(1d) $ w’=-\frac{2\epsilon}{v^{3}}-\frac{\epsilon}{2}zv-\frac{1}{2}v^{2}+7\epsilon hv^{3}+\cdots$ ,

where $\epsilon=+1$ or $\epsilon=-1$ . If we transform equation (1) by

(1e) $w=\frac{1}{v^{2}}$ , $w’=-\frac{2\epsilon}{v^{3}}-\frac{\epsilon}{2}zv-\frac{1}{2}v^{2}+\epsilon uv^{3}$ ,

then the equation (1) becomes the system

(1f) $\left\{\begin{array}{l}v’=\epsilon+\frac{1}{4}\epsilon zv^{4}+\frac{1}{4}v^{f}-\frac{\epsilon}{2}uv^{6}\\u’=\frac{1}{8}\epsilon z^{2}v+\frac{3}{8}zv^{2}-\epsilon zuv^{3}+\frac{1}{4}\epsilon v^{3}-\frac{5}{4}uv^{4}+\frac{3}{2}\epsilon u^{2}v^{b}\end{array}\right.$

From the fact that this system has a unique solution which is analytic
in the neighbourhood of $z_{0}$ and satisfies the initial conditions $u=u_{0},$ $v=0$

when $z=z_{0}$ , it follows that the general solution $w(z)$ of (1) has a movable
pole at $z_{0}$ and $w(z)$ can have no algebraic branch point at any point $z_{0}$ .

Therefore to prove the non-existence of movable branch points of
Painlev\’e transcendents, it is necessary to calculate the series solutions
and the systems corresponding to the equations. However it requires
cumbersome calculations which are difficult to fulfil without errors. From
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this reason it is desirable to calculate these formulas by computer.
Fortunately we could use HLISP-REDUCE2 system, a famous system for
formula manipulations, and we got following formulas $(1a)-(6-2f)$ using
this system, which must be a verification for hand calculations.

Within my search, $[3]-[6]$ are the only literatures that contain these
formulas, and these are identical with our formulas except the arbitrary
parameter $h$ of (6-1 a) and (6-1 b) which are not found in those literatures.

\S 2. Series solutions obtained by REDUCE 2.

The following formulas (i-j a) and (i-j b) are the series solutions of
the Painlev\’e equation (i). $j$

’ indicates that the solution (i-ja) and (i-jb)

are the j-th sub-case. When $i=2,4$ this classification depends on the sign
of the first term. When $i=3,5,6$ this classification dependu on whether
the value of the parameter is zero or not. The solution (i-j b) is obtained
from (i-j a) by eliminating $z_{0}$ .

(1a) $ w=\frac{1}{Z^{2}}-\frac{z_{0}}{10}Z^{2}-\frac{1}{6}Z^{3}+hZ^{4}+\cdots$ ,

(1b) $ w=\frac{1}{Z^{2}}-\frac{z}{10}Z^{2}-\frac{1}{15}Z^{3}+hZ^{4}+\cdots$ ,

(2-1 a) $ w=\frac{1}{Z}-\frac{z_{0}}{6}Z-\frac{\alpha+1}{4}Z^{2}+hZ^{3}+\cdots$ ,

(2-1 b) $ w=\frac{1}{Z}-\frac{z}{6}Z-\frac{3\alpha+1}{12}Z^{2}+hZ^{s}+\cdots$ ,

(2-2 a) $ w=-\frac{1}{Z}+\frac{z_{0}}{6}Z-\frac{\alpha-1}{4}Z^{2}+hZ^{3}+\cdots$ ,

(2-2 b) $ w=-\frac{1}{Z}+\frac{z}{6}Z-\frac{3\alpha-1}{12}Z^{2}+hZ^{3}+\cdots$ ,

(3-1 a) $ w=\frac{1}{gZ}-\frac{\alpha+g}{2z_{0}g^{2}}+hZ+\cdots$ , $\gamma=g^{2}\neq 0,$ $z_{0}\neq 0$ ,

(3-1 b) $ w=\frac{1}{gZ}-\frac{\alpha+g}{2zg^{2}}+(h-\frac{\alpha+g}{2z^{2}g^{2}})Z+\cdots$ , $\gamma=g^{2}\neq 0,$ $z\neq 0$ ,

(3-2 a) $ w=\frac{2z_{0}}{\alpha Z^{2}}+h-\frac{h}{z_{0}}Z+\cdots$ , $\gamma=0,$ $z_{0}\neq 0$ ,

(3-2 b) $ w=\frac{2z}{\alpha Z^{2}}-\frac{2}{\alpha Z}+h-\frac{h}{z}Z+\cdots$ , $\gamma=0,$ $z\neq 0$ ,
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(4-1 a) $ w=\frac{1}{Z}-z_{0}+\frac{z_{0}^{2}+4+2\alpha}{3}Z+hZ^{2}+\cdots$ ,

(4-1b) $ w=\frac{1}{Z}-z+\frac{z^{2}-1+2\alpha}{3}Z+(h-\frac{2z}{3})Z^{2}+\cdots$ ,

(4-2 a) $ w=-\frac{1}{Z}-z_{0}+\frac{z_{0}^{2}+4+2\alpha}{3}Z+hZ+\cdots$ ,

(4-2b) $ w=-\frac{1}{Z}-z+\frac{z^{2}+1+2\alpha}{3}Z+(h+\frac{2z}{3})Z+\cdots$ ,

(5-1 a) $ w=\frac{z_{0}}{aZ}+h+\cdots$ , $\alpha=\frac{a^{2}}{2}\neq 0$ ,

(5-1 b) $ w=\frac{z}{aZ}+(h-\frac{1}{a})+\cdots$ , $\alpha=\frac{a^{2}}{2}\neq 0$ ,

(5-2 a) $ w=\frac{z_{0}h}{Z^{2}}+\cdots$ , $\alpha=0$ ,

(5-2 b) $ w=\frac{zh}{Z^{2}}+\cdots$ , $\alpha=0$ ,

(6-1 a) $ w=\frac{z_{0}(z_{0}-1)}{aZ}+h+\cdots$ , $\alpha=\frac{a^{2}}{2}\neq 0$ ,

(6-1 b) $ w=\frac{z(z-1)}{aZ}+(h+\frac{1-2z}{a})+\cdots$ , $\alpha=\frac{a^{2}}{2}\neq 0$ ,

(6-2 a) $ w=\frac{h}{Z^{2}}+\cdots$ , $\alpha=0$ ,

(6-2 b) $ w=\frac{h}{Z^{2}}+\cdots$ , $\alpha=0$ .

\S 3. Systems verified by REDUCE 2.

Using the same method already shown in \S 1 for the equation (1),
we can calculate systems $($2-1 $f)-(6-2f)$ from the series solutions $($2-1 $b)-$

(6-2b). With these systems, immediately we can prove non-existence of
movable branch points of the general solutions of the Painlev\’e equations
(2) $-(6)$ .

(1f) $\left\{\begin{array}{l}v^{\prime}=\epsilon+\frac{\epsilon}{4}xv^{4}+\frac{1}{4}v^{f}-\frac{\epsilon}{2}uv^{0}\\u’=\frac{\epsilon}{8}x^{2}v+\frac{3}{8}xv^{2}-\epsilon xuv^{s}+\frac{\epsilon}{4}v^{3}-\frac{5}{4}uv^{4}+\frac{3}{2}u^{2}v^{f}\end{array}\right.$
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where $w=\frac{1}{v^{2}}$ , and $\epsilon=+1$ or $-1$ .

(2-1f) $\left\{\begin{array}{l}v=1+\frac{z}{2}v^{2}+\frac{2\alpha+1}{2}v^{\$}+uv^{4}\\u’=-\frac{2\alpha+1}{4}z-(\frac{2\alpha+1}{2})^{2}v-zuv-\frac{3(2\alpha+1)}{2}uv^{2}-2u^{2}v^{3}\end{array}\right.$

where $w=\frac{1}{v}$ .

(2-2f) $\left\{\begin{array}{l}v’=-1-\frac{z}{2}v^{2}-\frac{2\alpha-1}{2}v^{3}-uv^{4}\\u=\frac{2\alpha-1}{4}z+(\frac{2\alpha-1}{2})^{2}v+zuv+\frac{3(2\alpha-1)}{2}uv^{2}+2u^{2}v^{3}\end{array}\right.$

where $w=\frac{1}{v}$ .

$(3-1f)$ $\left\{\begin{array}{l}v^{\prime}=g+\frac{\alpha+g}{gz}v-uv^{2}\\u^{\prime}=\frac{\beta}{z}-(\frac{\alpha}{g}+2)\frac{u}{z}+(u^{2}+\delta)v\end{array}\right.$

where $w=\frac{1}{v},$ $\gamma=g^{2}\neq 0$ , and $z\neq 0$ .

(3-2f) $\left\{\begin{array}{l}v^{\prime}=\epsilon\sqrt{\frac{\alpha}{2z}}+\frac{v}{2z}-\frac{1}{2}uv^{2}\\u^{\prime}=-\frac{3u}{2z}+(\frac{u^{2}}{2}+\frac{\beta}{z})v+\delta v^{3}\end{array}\right.$

where $w=\frac{1}{v^{2}},$ $\gamma=0$ , and $z\neq 0$ .

$(4-1f)$ $\left\{\begin{array}{l}v^{\prime}=1+2zv-2(\alpha-1)v^{2}-uv^{\$}\\u=\{2(\alpha-1)^{2}-2zu+\beta\}+4(\alpha-1)uv+\frac{3}{2}u^{2}v^{2}\end{array}\right.$

where $w=\frac{1}{v}$ .

(4-2f) $\left\{\begin{array}{l}v^{\prime}=-1-2zv+2(\alpha+1)v^{2}-uv^{3}\\u’=\{2(\alpha+1)^{2}+2zu+\beta\}-4(\alpha+1)uv+\frac{3}{2}u^{2}v^{2}\end{array}\right.$
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where $w=\frac{1}{v}$ .

(5-1f) $\left\{\begin{array}{l}v^{\prime}=\frac{a}{z}-\frac{uv}{z}\\u^{\prime}=\{-\frac{u^{2}}{2z}+\frac{\alpha}{z}+\gamma\}+\frac{\beta(1-v)^{2}}{z}+\frac{1}{1-v}\{\frac{(u-a)^{2}}{z}+\delta z(1+v)\}\end{array}\right.$

where $w=\frac{1}{v}$ , and $\alpha=\frac{a^{2}}{2}\neq 0$ .

$(5-2f)$ $\left\{\begin{array}{l}v^{\prime}=\epsilon u\\u’=-2\epsilon u^{2}\frac{v}{1-v^{l}}-\frac{u}{z}-\frac{\epsilon\beta}{2z^{2}}v(1-v^{2})^{2}-\frac{\epsilon\gamma}{2z}v-\frac{\epsilon\delta}{2}\frac{1+v^{2}}{1-v^{2}}v\end{array}\right.$

where $w=\frac{1}{v^{a}}$ , $\alpha=0$ , and $\epsilon=+1$ or $-1$ .

(6-1f) $\left\{\begin{array}{l}v^{\prime}=\frac{a(1-uv)}{z(z-1)}\\u^{\prime}=-\frac{a(uv-1)(z-u)(1+z-zv)}{2z(z-1)(1-zv)}+\frac{a(uv-1)^{2}}{2z(z-1)(1-v)}\\+\frac{au(u-1+z(v-1))}{2z(z-1)}-\frac{uv-1}{1-zv}+\frac{\beta(1-v)(1-zv)}{az(1-v)}+\frac{\gamma(1-zv)}{az(1-v)}\\+\frac{\delta(1-v)}{a(1-zv)}\end{array}\right.$

where $w=\frac{1}{v}$ , and $\alpha=\frac{a^{2}}{2}\neq 0$ .

(6-2f) $\left\{\begin{array}{l}v^{\prime}=\epsilon u\\u=-\epsilon\{\frac{1}{1-v^{2}}+\frac{z}{I\prime 1-zv^{2}}\}u^{2}v-\{\frac{1}{z}+\frac{1}{z-1}+\frac{v^{2}}{1-zv^{2}}\}u\\-\frac{\epsilon v(1-v^{2})(1-zv^{2})}{2z^{2}(z-1)^{2}}\{\beta z+\frac{\gamma(z-1)}{(1-v)}+\frac{\delta z(z-1)}{(1-zv)}\}\end{array}\right.$

where $w=\frac{1}{v^{2}}$ , $\alpha=0$ , and $\epsilon=+1$ or $-1$ .
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