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Introduction

Ramanujan’s formula for the Riemann zeta function at half integers
was formulated and established by Y. Matsuoka [3]. And he deduced
interesting representations for {(1/2){(2a—1/2) and {(—1/2){(2a-+1/2),
where £(s) is the Riemann zeta function and a is an integer greater than
1. Recently, the author [4] generalized the results of Y. Matsuoka [3].
The purpose of this paper is to derive similar results for the values of
zeta and L-functions.

§1. Notations and results.

Throughout this paper, we assume that a is a positive integer and
b is a non-negative integer. As usual, N and @ denote the set of natural
numbers and the field of rational numbers, respectively. Let X be a
primitive non-principal character modulo ¥ and L(s, X) the Dirichlet L-
function associated with X. Denote by ¥ the character conjugate to X.
Let B, . denote the n-th Bernoulli number corresponding to X in the
sense of Leopoldt. For any positive integer n, we set

g, b, X m)= 3, X(n)Y(mo)ni '~ ngt T nir

nyngng(n
(n1,m9,m3) e N3

and

ga, b, X; m)= 3 X(m)F(n)nrt-rmienieotV

ninongln
(n1,n9,m3) e N3

For brevity we will often write

g:(n)=ga, b, X; n) (i=1,2).
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Further for any non-negative integer m, we put

&,(m) =(— Do
and
g(m)=(—1)mm+ar2

Then our formulae are formulated as follows.

THEOREM 1. Let X be an even character. Assume 2a=b+1, and
define, for x>0,

Gi(a, b, X; x)

- ; 25(2b—7)! gi(n), %4 i p—4VnTks
b—1/2 2=62=‘1 26— )41 4V ' n/k x)’e

(—1*e,8)(2b)! (4a—2b—2)1 B s L(b +% x)e(2a—b—+ )

+ a, b!(2a —b—1)1 2ee--1g2—b-1

Then for arbitrary positive numbers a, 8 with a@=n? we have
(1) Gy(a, b, X; a)=Gy(a, b, X; B) .

THEOREM 2. Let X be an odd character. Assume 2a=b, and define,
Jor x>0,

Gy(a, b, X; )

aperse | 2 272D =) :(0) 14y T N —aviTES
= g+ ’g&g{ G141 4V nfk x)’e

(~1)*~'5,(0)(20)! (40~2)! Boors zL(b+, 1)c(2a—b+ 1)

* 2a+1)-51(2a—b)! 26«—2'»1 =

Then for arbitrary positive numbers a, 8 with aB=n? we have
(2) Gy(a, b, X; a)=Gya, b, X; B) .
For brevity, we put, for 2>0,
E(a, b, X; x)

292 — N 9LR) () T N igaVaTR (g
%ZA )1 /] (7V nfk x)ie=*"** (i=1,2) .

Then, by setting (a, 8)=2r, #/2) in (1), (2), we obtain the following
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corollaries.

COROLLARY 1. Let a,b and X be as in Theorem 1. Then we have

1
L (b +_ X)C(Za —b —_2_>
— G- (Ey(a, b, X; 2)—2-»-E\(a, b, X; 8)) ,
where

("1)a—151(b)a-b! (20/—1)-—1)‘ 9fa—2b—1 .

Ci= (2b)! (da —2b—2)1 (24 —1)B,, 7

COROLLARY 2. Let a,b and X be as in Theorem 2. Then we have
1
L(b+1, ¥)c(2a—b+)
=C,n** ¥ Hya, b, X; 2) —2*~*+' K (a, b, X; 8)) ,

where

_ (=1)*"e,(0)(2a+1)-b! (2a—b)! 2%+
(2b)! (4a —2b)! (2¢-2+' —1)B,, 11,7

2

Now, let K be a quadratic field with the discriminant d and X,= (——)
the Kronecker symbol. Then it is well known that X, is a real primitive
character modulo |d| and

( 3 ) L(S, xd)C(s) :CK(S) ’

where x(s) is the Dedekind zeta function of K (cf. [1]). Then from
Corollaries 1 and 2, we obtain the following results.

COROLLARY 3. Let K be a real quadratic field, and assume 2a=
b+1. Then we have

CK(b+ Jex(2a— b—_)

=Cyn**~(Ey(a, b, X;; 2)—2*"*"'E(a, b, Xs; 8))
X (Bya, 2a—b—1, X;; 2) —2*+ K (a, 2a —b—1, X;; 8)) ,

where

Cy= (=1r (ablea—bDize
3 (2te—2-1 —1)(2%+'—1) \ (2b)! (4a —2b—2)! B, ,, .



196 MASAO TOYOIZUMI

COROLLARY 4. Let K be an imaginary quadratic field, and assume
2a=b. Then we have

Cx(b + -21->CK(2a b+ %)

=Cz*(Eya, b, X4; 2) -2+ K, (a, b, X;; 8))
X (Bya, 2a —b, X4; 2) -2+ E,(a, 2a —b, X,; 8)) ,

where

Com gm0 ({2t bl Ga—pyy 2oy
4 (24@—2b+1 — 1) (22b+1 — 1) \ (2b) ! (40, —Zb) ! B2a+1, 1 & |

Throughout the rest of this section, we assume that K is an im-
aginary quadratic field. Setting a=b in Corollary 2, we get the following
corollary.

COROLLARY 5.

(x(at ) =Ca(Bia, o, 1 D=2 Ey(a, 0, L 8)) ,

where

C.= (—1)*'e(a)2a +1)(a )22t +!
T RO E@E T DBy,

From Corollaries 4 and 5, we get the following.

COROLLARY 6. For any positive integer a, we have

Ce(L) = CuEa, 0, s 2)—2+Ei(a, 0, i 8)

X (E2(a’ 2a, xd; 2) —2E2(a9 20’: xd; 8))
+(E2a, 2a, X;; 2) —2+' E\(2a, 2a, Xs; 8)) ,

where

_ _ 22a+1)'Biesiy,
° (4a+1)Bi,,,,

Setting a=>b in Theorem 2, we get the following theorem.

THEOREM 3. Define, for x>0,
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G(ap Kd; x)

a (o]

e 220 —9)! 9M) g1/ 7TTd | 2)ie—+/"Taz
— gatl/ ;:‘5;,1 2@— )1 41 4V 'n/|d|x)e 1dl

(—1)*'e,(a) (2a)! 2Bm+1,xdcx(a+%)

* (2a+1)(a!)2t+ 7o ’

where
9(n)=g,(a, a, Xz n) .
Then for arbitrary positive numbers a, 8 with aB=n?, we have
G(a: Kd; a)=G(a’, Kd; :8) .
§2. Proof of Theorem 1.

The method of proof is similar to that used in [8] and [4]. So it is
sufficient to sketch the argument.

Suppose that X is even, and put
9’1(“, b, x; 8)
b 1 1 _ = _ 3
) 2 r(s>r(s+b n -2_)c(s)L(s+b +4, x)L(s 2a+1, x)C(s 2a+b+3 )
12 2” 28
= ()

Using the functional equations of the gamma, zeta and L-functions, we
obtain

o T
(4) Pia, b, %; 8)=g(a, b, 1; 2a—b—2—s) .
Now, we define, for ¢>0,
Fi(a, b, % )= 3,Cu. {3 sty miyie—"7 |

where

C . 2/(2b—3)!
TR —P1 1

By the same way as in [4], we know thét the series



198 MASAO TOYOIZUMI

£ 3, g, (m)(4zV nEkyie—" (0= j<b)

converges absolutely in ¢>0 and uniformly in any interval 6<t< « with
0>0. Thus we get

(5) S:’Fl(a, b’ % t)ta-—ldt
— i C,,,,-{i‘,l g.(n)(dmV W) S:t,+,-/2_le_4,,m,—,, p t}
—28 b ) .
~2(42) 3 Gl s+ )5 0w

Since
| gi(m) | S ntett,
it follows that

(6)  Hngm)=C@L(s+b+3, %) Lis—2a+1, De(s—20+5+2)

for Re(s)>4a+2, and so for all s (by the theorem of identity). Thus
we get, from (5), (6) and the proposition of [4],

Pua, b, % &)=\ Fia, b, %; tyt-dt .

Since @, (a, b, X; s) is regular in Re(s)>2a, Mellin’s inversion formula
permits us to write

(7) Fya,b,X; t)= Pi(a, b, X; 8)t~*ds .

1 Sza+l,’2+ioo

27

2a+1/2—1%

Then it is easily wverified that

(8) Fia,b, % t)=—1_

i P (a, b, X; s)t—*ds
74

S—(b+1)+ioo
—(b+1) 400

+{sum of residues of integrand at poles s=0, 2a—b———;-} .

Substituting s=2a—b—1/2—8, it follows from (4) and (7) that

(9 = e, b, % et ds =t enF (a5, 1, L)
27 J—tn—ie t

The residues in the sum are as follows:
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Res(p.(a, b, X; 8)t™*)

a _ . _ _1_ _ —_l
(~1ra®)@b)! (25 —2)! Bsz<b+ -~ x)c(za b 2)
a-b! (2(1, —b ~~1) ! Q8a—2b—1p2a—b—1

Res (9(a,b,%; s)t™)

8§=2a—b-—1

(—1)*",(b)(2b)! (4a —2b—2)! Bza,i"L(b +% , X)C(Za —b __;_)t-za+b+1/2

— a-. b ' (Za __b — 1) ' 260—2b—17r2a—b_1

Using (8) and (9), these calculations give the equality
Fya, b, X; t)+(—1)*4,
1 ‘
— f—20+b+1/2 . = _.1)a~1
tserts(Fy(a, b, % 2 )+ (—1)74,)

where

A1=61(b)(2b)! (da—2b—2)! Bz L(b+5, X)i(2a—b—3) :

a-b! (2a —b— 1) ! 98226120 —b—1

Setting t=(a/7)* and 1/t=(Q/x)?, the above equality immediately yields
Theorem 1.

§3. Proof of Theorem 2.
Suppose that X is odd, and put
P(a, b, X; 8)
b 1 1 _9a. 7(s— 1
m2F(s)F<s+b+§-)C(s)L(s+b+E, x)L(s 2a, x)C(s 2a+b+2)

” ()

Then we obtain
(10) Py(a, b, X; 8)=<P2(a, b, X; 2a—~b+%——s> )
Next, we difine, for ¢>0,

F@, b, % =3} Cu.i{ 33 au) v/ ntByie=="
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where

__29(2b—j)!
R TCEIT T
By the same argument as in the proof of Theorem 1, we see that

(11) Fiya, b, X; t)y=—1_

S2¢+1+ioo
271

P.(a, b, X; s)t—*ds .

2a+1—i°

Then it is easily verified that

(12)  Fya, b, X; t)=—2r

- P.(a, b, X; s)t~*ds
271

S-—(b+1/2)+ioo

—(b41/2) -1

+{sum of residues of integrand at poles s=0, 2a —b +—;—} .
Substituting s=2a—b+1/2—S, it follows from (10) and (11) that

(13) -

1 S—-(b+1/2)+ioo
271

Py(a, b, X; 8)t-*ds=t"****~12F z(a, b, X; '1-) .

—(b+1/2) —i®
The residues in the sum are as follows:

Res(¢(a, b, X; )t~

a _ 1 . l-
( —1)°6,(b)(2b)! (4a—2b)! By, 13 L(b +1, X)c(za b+ )
Bl (2a+1)-b! (2a —b)! 98a—2b+120—b .

Res (9y(a, b, X; 8)t™°)

8=2a—b+1/2
a—1 _ - _1_ - _l —2a+b-1/2
(D) @) (da—20)! Bu+1,zL<b+ 2, x)c(za b+3 )t
- (2a+1)-b! (Za—b)! Qfa—2b-+1p2a—b

Using (12) and (13), these calculations give the equality
Fya, b, X; ) +(—1)*"4A,
1
— f—2a+b—1/2 o —1)e—-1
=t-er(Fya, b, 1) +(~ 14 )

where
_ 1 . l
EB)E)! (4a—2b)! BraroxL(b+-, X)((2a—b+3)
(2a+1)-b! (2a—b)! Qoa—zb+izza—b .

A,=
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Setting t=(a/x)* and 1/t=(B/x)* in the above equality, we can easily
deduce Theorem 2.
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