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Introduction

Let G be a connected non-compact semisimple Lie group with an
Iwasawa decomposition G=KAN, where the Lie algebra of K is f in the
Cartan decomposition g=f+p of the Lie algebra g of G, the Lie algebra
a of A is a maximal abelian subspace of p, and the Lie algebra n of N is
a sum of root spaces corresponding to a choice of positive restricted
roots. Let 2 be the Casimir operator of G. We give a formula for Q2
in terms of first order differential operators §,, 8y, 6, defined for left-
invariant vector fields (2, H, x) e ¥ xaxn. Theorem 1.10 is the main result.
Such a formula was first proposed in [1]. The arguments given there,
however, are incomplete. Corrections are made in the present paper.
In particular our formula reduces to Takahashi’s formula [3] when G=
SL(2, R).

§1. Statement of the result.

Let g be a non-compact real semisimple Lie algebra with a Cartan
decomposition g=f+p, and Cartan involution 4. The Killing form B is
negative definite on ¥ and positive definite on p. The formula

(1.1) {z, ¥ = — B(x, 6y) x,YeQg

defines a real positive definite inner product ¢(, > on g. Let acp be a
maximal abelian subspace of p. For aca* (the real dual space of a) let
g.={xeg|[H, x]=a(H)x for every H in a}. «a is a restricted root (re-
lative to a) if both a@ and the root space g, are non-zero. Let Yca*
denote the set of restricted roots, let +—J3 denote a choice of a system
of positive restricted roots, let n denote the sum of the positive root
spaces, and let (for a e l)
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. 1

1.2) me,=dim g, p——2—a§+maa .

Then g has an Iwasawa decomposition g=t+a-+n and a root space de-
composition g=m+a+n-+6n, where m is the centralizer of a in t. Let
G be a connected Lie group with Lie algebra g. We regard elements
of g as left-invariant vector fields on G. Let KCG be the Lie subgroup
with Lie algebra f. Then G has an Iwasawa decomposition G=KAN
where A=expa, N=expn. The subgroups K, 4, N are closed; K is com-
pact when and only when the center of G is finite. Given (2, H, )€
txaxn we define differential operators 4,, dy, 6,: C*(G)—C=(G) on G by

(1.3) (B.f)(kan)=%t—f(k(exp £2)07) oo
Ouf)(kam)= —ad?f(k(exp tH)amn) |-
©.F)(kan) = %f(ka(exp t)n) |

where feC=»(G) and kane KAN is the Iwasawa decomposition of an

element of G. For yecg arbitrary (a left-invariant operator) we also
define ¥ by

(1.4) (ﬂf)(b)=—d‘%f((exp £4)) 1o

for feC=(@), be G. For a=expHe A, Hea, we write H=loga and we set
1.5) e*(kan)=e*"18®

for a€ 3, kane KAN. Thus ¢*€C=(G). Let 2 be the Casimir operator
of G. If {EJ}, {F;} are orthonormal bases of {, p, relative to {, ) given
in (1.1), then 2=-—3, E:+>,; Fte Ug, the universal enveloping algebra
of g. Let 2=-3, E:+3; F3; see (1.4). Then one knows that

(1.6) 2= on the domain C=(G).

(1.6) can be proved using the Cartan decomposition G=Kexp(p) of G.
Now choose orthonormal bases {H}., of a, {u}i=, of m, and {z}i., of n.
Set

1.7 7, =2t 0% oy =X 0%, o
( ) 1 1/'7' yi 1/2 p

for 1<i<t. Let m! denote the orthogonal complement of m in f.
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PROPOSITION 1.8. {z)}i., is an orthonormal basis of mt. Hence
{udi-,U{z.}i; is an orthonormal basis of . Also {H}_,U{y}-, is an
orthonormal basis of p. Hence Q2= —3_, W=D 23+ H2 -0 7 by
(1.6). We make the choice of the orthonormal basis {x.}i=, of 1t as follows.
Write Z*={a,, -+, @}, and for 1<j<q let {®:;)}i%7 be an orthonormal
basis of g.;. Then

(1.9) {rtici= U {m,;)ime
1si=q

t8 an orthomormal basis of n; 3%, May=1 and 20=37_. m.a; see (1.2).

Using the expression for Q in Proposition 1.8 we will derive the
following main

THEOREM 1.10. As above let r=dima (= the rank of @), s=dimm,
t=dimn, and q=|3*|, the cardinality of 3*. Relative to the inmmer
product defined in (1.1) choose orthonormal bases {H}i-, of a, {u):-, of
M, and {&}iey= Uigigo {#:5)}2%7 of 1 (as in (1.9)). Let z,=(2,--6x)V 2 as ir
A.7). Then

q

A1) 2=3, @+ 20(Hbz)+ 3 3 2ottt , — 21 T o33, 3,..,)

Jj=114=1
+RE-SNB-3W  on C=G);
i=1 =1 i=1
see (1.2), (1.3), (1.4), and (1.5). Moreover we have

(ga:,—gzz—z’;ug)f=(—§uz)f on KA for feC=(G).

i=1

Because of the latter equation and the definitions 1.3), (1.4), we im-
mediately obtain

COROLLARY 1.12. If feC=(G) satisfies Jn)=f0b) for b, n)eGxN
(i.e. feC=(G/N)) then

Qf =[ 3} O+ 2003, )~ Syt If .

Also since 9,, 6, commute we have for fe C=(G) satisfying fkb)=f(b) for
(k, b) e KX G (i.e. feC~(K\®@)

Qf=[§ (0%, +20(H)35) +23, 3 €730, ]f '

J=11i=1
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§2. Proof of Theorem 1.10.

Set w,=vy,, 1=ist, w,=H,,, t+1sisr+t, k. (kan)=(Ad(F)w; wo;
k.;eC=(G). By Proposition 1.8 {w/}ii is an orthonormal basis of p and

(a.) ~ . . . ~
QL s ;- 74+t @i The main point is to compute St k.

LEMMA 2.1. ;= S kj,¢+t8H,;+ PN Y. kj.v(m{"'ag,,(,,, + ‘/?e_a"az,(m};
here k; = CAA( )Yy W3y 1=<j=r+t.

linear

PROOF. For (a, b, ) € G x G xg define L,,: C*(G) — C by
@.2) Lewf= %f(a(exp £2)D) |10

for f€C=(G). For kan e G=KAN arbitrary (@;f Y(ean)=(d/dt) f((exp tw;)
kan)|,=, (by (1.4))=(d/dt)f(k expt Ad(k™)w;an)|i== Lirag—1wjand & pIvasy W ()
Liwenf. Forl=ist, w=y,=V 22,2, (by 1.7). @,=%m € gy 1SVEMa,
for some v, ¢ (by (1.9)) so that L,, ,,,,,(1—-1) 14 _Z_LI.,,(,,,,.,.—L;,, an Where for a=
exp H, Hea, Ly, onf = (d/d8)f (k eXP t2,0n) |e=o = (d/d?) f(ka exp ¢ Ad (™)
LymM)|e=0= (d/dt)f(kaexp te_a“(mxv(#)n)lt=o=Lkaa"“ﬂ"’)a,(,,,nf=9—a“(m(33,(p,f)(kaf’{7f)_-
Also by definition Ly, q.f = 0. f Ykan). Thus (ii) becomes Liy..f w
V' 2e w0, fkan)—@. f)(kan). On the other hand for t+1=<i<r+t,
wi=H,_, 50 that St k(6 L, _yenf = Sics Buse ((67)0n,f)(kam).  Since
k. (k™) =k;(k), Lemma 2.1 follows from (i), (iii), (iv), and (1.5).

LEMMA 2.2. 7 3 Pt ki.v(mas,(ﬂ, S ki 0, = — 2ui=1 20(H)0x,-

PROOF. For (z, H, f) etxaxC=(®), kaneG=KAN 0,k 0xf)kan)=
(d/dt)ke,; (k XD t2) |i= (Ouf)(kan) + ki;(kan) (0.0uf) (kan). Now k;(kexpilz)=
(Ad (exp t2)w;, Ad (k)wy = (d/dt)k,;(k exp t2)l.=, = {[2, w;], Ad (EHwy =

12t ka(kan) <[z! w:‘]’ w3 i.e.

r+t
(2.3) 0.k H=§{ [, wj]’ wkady+k0.0x

for (2, H) etxa. Hence for 1=j=<r+¢

r+t

q ™a r q M™a, r
(2.4) > ZF ki,v(#)az,(m Z‘i kj,t-HaH;:Z ZFE IZ (2o Werels wz>ka‘,u(mk5131{,

p=1 y=1 p=1y=1 ¢=1 I=1
m

q a, T
+> Z# >, kj,u(mkj.t+t3z,(p)am .

p=1 y=1 i=1

Now
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r+t

(2 -5) g‘i kjtkjk = Btk ’

and for 1=1=7, 0,4,:4:=0, w,.,=H,. Also from (1.7), [z, y,](;)[ﬂfc,, z,] and
since {x,},-%# is an orthonormal basis of 8., We get [z, H.], Yy =
—B(H,, [2,, Yom)) = —B(H,, [62, 4, 2.n]) (oY (V) = B(6x,w, [H, Z,m]) =
—au(H)®, )y Ty = —au(H,). Thus summing over j in (2.4) gives
Z;:f fi=1 > kj,y(ﬂ)az,(p) pIn kj,i+t5Hi= =1 Z:;“{/‘ i <[zu(l‘)9 Hy], yv(#)>alf¢=
—2, Gl Mo, 0)(H )0 p, = —351-, 20(H )05, (by (1.9)), which proves Lemma
2.2,

LEMMA 2.6. i [ Stk um(—0,,, ” +1/7e‘“#6,y(m)]2 = DUy Dk
+2¢72%uj2  —21 2 e %) 5%(#)}.

Zy () Zy(u)

PrRoOOF. Similar to (2.3) we have Ki0e, ki ambe; i, =K 2302 [20ims
wZ(T)]_’_wl>kjlaq(T) + kj,y(p)kj,z(r)az,(,,)aq(r,, and :kj,v(ﬂ)azy(#)kj,l(ﬂl/ 2 e—a75zur) =
-2 ek, 272 (20 Wan), ’wz>ka3n(7) -2 e 1k; ks 1 0., (,,)54;1(,)- Then
using (2.5) again, the identity <[2,, win], Wy = (2uims Yan)s Yow) =
— B[z, Y], Ya) = — B([62, ), %, 0], Yan) (bY (V) above)=0 (since [6x,x]ea
for xeg., a€X), and the fact that §,, 6, commute for (z, z)efxn, the
statement of Lemma 2.6 follows. ,

We are now in a position to compute 37! %% By Lemma 2.1 354 @i=

it [ k;, i+t611.,;)2 +Zf=1i5j, i+t3Ht 2Z=1 PN k;, y(#)(""az,(,,) +v'2 e‘aﬂax,(m) +

;Iz_=1 DI kj,v(#)(""az,{,,) +1'2 e“’f'az,(,,))ZLl kj,i+t8H¢ + {2Z=1 PN kj,u(#)(——at,(#) =+
V2 e_a‘“az,(#))}z]- Now 374 (i, ki ie0m,) =200 = 2U52E kj,t+tkj,l+t5H¢6H; (since
0ukii+0m,=K;140n05)=2i-, 0%, (by (2.5)). Also the sum over j of the
second term in the above bracket is zero by (2.5) since Oste,vm=0 for
1=:=<r. Similarly Py D DINT kj,»(ﬂ)l/?e_“'”éz,(m P kj,i+taH¢ =0 by
(2.5). Lemma 2.2 and Lemma 2.6 therefore imply

{07

v(u)

PROPosml}o_N_ 2.7, 2355 = 2 Ok, + 20(H)0x,) + X8, 375 {82,
2e7"w0%, ,—2V 2€7%0,, 0, .}
Zy(p) Zulp)

Zy(p)
Since 337, 31,05 02 = 2ui=1 0z, Proposition 2.7 and equation (a.) pre-
ceding Lemma 2.1 clearly imply formula (1.11) of Theorem 1.10. Given fe
C=(G), ka € KA (1.3) implies for z € ¥, (3,f)(ka) = (d/dt) f (kaexpt Ad(a~")2)|,—,=

(Ad(a=Y)zf)(ka) so that
2.8) (% 2:)7)ka)=3; (Ad@zAd@ 2z f)ka) -

On the other hand we have

LEMMA 2.9. Let {E} be an orthonormal basis of . Then
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(5 B2)5 )k exo ) =5 (Adexp—n)E)f)kexpy)  for (b y)eKxp.

Lemma 2.9 follows essentially from the fact that Ad(k™) is an or-
thogonal transformation of p. Taking {E}={u.}U {2} (see Proposition 2.8)
and yca in Lemma 2.9 we get for a=expyec A

@10) ((Za+32)f)ko=((T Ademwr+3, Ade™2))f )ka)
=((Zw+3 (Ad@ 2 ) )(ka)

i=1

since u,c€m, the centralizer of a in !. Thus (2.8) and (2.10) imply
Chtay 02) f = (Ciay (W —ul) + 34,20 f on KA, which completes the proof of
Theorem 1.10.

In the very special case when G=SL(2, R), Theorem 1.10 reduces to
a result of Takahashi. Namely we have the following data. If Z is the
ring of integers, an Iwasawa decomposition of G is given by the dif-
feomorphism @: R/ArZ X R X R— G defined by

def[ cos@/2 sing/27e”* O [1 &
@1D 80, & &) =Hotne = ‘:—sin 6/2 cos 0/2J[0 —W] 0 1]

KAN SO(2)exp aexpn, where

I

a[; _0J=2r , It={a}; m=0.

(2.12) a

'reR} ,

The vectors H,= [1/ 2v2 —1/2 1/ 2:' T, = [O 1/2 are an orthonormal basis

of a, n respectively. Here B(x, y) 4 tracexy and fx= —=z* for x, yeg=

BI(Z R). Hence, by (1.7), Z —|: 1202 1 21/2] and since K is abelian
, and Z, (in (1.3), (1.4)) coincide. Theorem 1.10 therefore gives

1

(2.13) Q=%+ b, + 26705 —21 2 e 0,0y,

o[BIV E +O)/2 0 3
For s,te R, expsH,a,= expl: 0 e +t)/2] =@, vs4+¢. FOT
+ € C*(R/ArZ*x Rx R) it follows that (94,(y-@™) P, t, &) =0T -07)
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(koashe) = (d/ds)yr- D~ (ko(exXp S H,)uMe)| om0 = (d/dS)¥(8, S/ 2 + 8, &)]\o = (L1 2)

(0/at)(6, t, £). Similarly &, exp szlzexp[_g9 2 %2]‘”‘1’[—3/21/? s/zol/'é‘]z
0 @+sn"2)/27_ _ N 1S
eXpl:(g+s/l/‘§')/_2 0 ]""k0+s/1/_2— Oz,(p @)@ = 1N 2 )(0/06),

and (0x,(v-97%))-0=(1/2)(9+/3¢) since expsXn.=n,,... Using e“(kya,m,)=
e’ (cf. (1.5)) we therefore obtain from (2.13)

COROLLARY 2.14 (R. Takahashi, Lemma 3 of [3]). For G=SL(2, R),
the expression of 2 in terms of the Iwasawa coordinates (8, t, &) in (8.11)
is given by (2(y-07) - @ = (1/2)(0*y/dt?) + (1/2)(04/58) + (1/2)e*(0%p/d%) —
e~(0°y[0008) for € C*(R/AnZ X RX R).

The reader should note that the Casimir operator defined in [3] is not
the same as our 2, but rather coincides with —22.
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