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Introduction

In [1], M. Cotlar showed that M. Riesz’s theorem could be extended
to the case of a measure preserving flow as well as a real line or a circle.
In this paper, more generally, we shall consider Hilbert transform on a
one parameter group of operators on a complete locally convex space.
For this, we define several terms and prepare some lemmas in what
follows.

DEFINITION 1. Let $R$ be a real field and let $X$ be a complete locally
convex space. Then $\{U_{t}jteR\}$ is said to be a one parameter group of
operators on $X$, if the following conditions are satisfied;

(i) $U_{t}$ is a continuous linear operator on $X$ for all $teR$ , and $U_{0}$ is
an identity operator on $X$,

(ii) $U_{t}$ $U.=U_{+}$ . for all $t,$ $seR$ ,
(iii) for any $teR$ and any $xeX,$ $(U_{t+h}-U_{t})x$ converges to $0$ as $h\rightarrow 0$

in the topology of $X$ (for short, in $X$).

DEFINITION 2. A continuous linear operator $H_{l},N(0<\epsilon<N<\infty)$ on $X$

is defined as follows;

$H_{N}x=\frac{1}{\pi}\int_{<|t|<N}\frac{U_{t}x}{t}dt$ $(xeX)$

(this integral can be well defined since a mapping $teR\rightarrow(U_{t}x)/teX$ is
continuous on a compact set $\{teR;\epsilon\leqq|t|\leqq N\}$). Also, if $\lim_{\rightarrow 0+,N\rightarrow\infty}H_{N}x$

exists in $X$, we denote it by $Hx$ and call it a Hilbert transform of $x$ .
And the domain of $H$ .(I.e. $\{xeX;Hx$ exists}) is denoted by $D(H)$ .

LEMMA 1. Let $X$ be a complete locally convex space and let $\{U_{t};teR\}$

be $a$ one parameter group of operators on X. Let $x$ be any element in $X$

represented by
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$x=\frac{1}{2\delta}\int_{-\delta}^{\delta}U_{t}vdt$

where $\delta>0$ and $v\in X.$ Then $\lim.{}_{\rightarrow 0+}H_{*,1}x$ exists in $X$.
PROOF. Note that

$\lim_{h\sim}\frac{U_{h}x-U_{-h}x}{2h}=\lim_{h\rightarrow 0}\frac{1}{2h}[U_{h}(\frac{1}{2\delta}\int_{-\delta}^{\delta}U_{t}vdt)-U_{-h}(\frac{1}{2\delta}\int_{-f}^{+\delta}U_{t}vdt)]$

$=\lim_{h\rightarrow 0}\frac{1}{2h}[\frac{1}{2\delta}\int_{h-\delta}^{\hslash+\delta}U_{t}vdt-\frac{1}{2\delta}\int_{-h-\delta}^{-h+\delta}U_{t}vdt]$

$=\lim_{h\rightarrow 0}\frac{1}{2\delta}[\frac{1}{2h}\int_{\delta-h}^{\delta+h}U_{t}vdt-\frac{1}{2h}\int_{-\delta-h}^{-\delta+h}U_{t}vdt]$

$=\frac{1}{2\delta}(U_{\delta}v-U_{-\delta}v)$ .

Let $q$ be any semi-norm from the system of semi-norms $\{q\}$ defining the
topology of $X$. From above equality, there exists $\eta>0$ such that

$q(\frac{U_{h}x-U_{-h}x}{2h}-\frac{U_{\delta}v-U_{-f}v}{2\delta})\leqq 1$ , for all $ 0<|h|<\eta$ .
We have, for any $ 0<|h|<\eta$ ,

$q(\frac{U_{h}x-U_{-h}x}{2h})\leqq q(\frac{U_{h}x-U_{-h}x}{2h}-\frac{U_{\delta}v-U_{-\delta}v}{2\delta})+q(\frac{U_{\delta}v-U_{-\delta}v}{2\delta})$

$\leqq 1+q(\frac{U_{\delta}v-U_{-\delta}v}{2\delta})$ .
Hence we see that, for any $\epsilon,$

$\epsilon^{\prime}$ such that $ 0<\epsilon<\epsilon’<\eta$ ,

$q(H_{\epsilon,1}x-H_{\epsilon^{\prime},1}x)=q(\frac{1}{\pi}\int_{<|t|<e^{\prime}}\frac{U_{t}x}{t}dt)$

$=q(\frac{2}{\pi}\int_{*}^{e^{\prime}}\frac{U_{t}x-U_{-t}x}{2t}dt)$

$\leqq\frac{2(\epsilon^{\prime}-\epsilon)}{\pi}(1+q(\frac{U_{\delta}x-U_{-l}x}{2\delta}))$

which implies that $\{H_{l,1}x\}_{\epsilon>0}$ is a Cauchy net as $\epsilon\rightarrow 0+$ . Therefore, from
the completeness of $X,$ $\lim_{\epsilon\rightarrow 0+}H_{\epsilon,1}x$ exists in $X$. This completes the proof.

LEMMA 2. Let $X$ be a complete locally convex space and let $\{U_{t};teR\}$

be $a$ one parameter group of operators on X. Let $x$ be any element of
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$X$ represented by

$x=z-\frac{1}{2T}\int_{-T}^{T}U_{l}zds$ ,

where $T>0$ and $z\in X$ and $\{U_{t}z\}$ is supposed to be bounded in $X$ uniformly
for $t\in R.$ Then $\lim_{N\rightarrow\infty}H_{1,N}x$ exists in $X$.

PROOF. Since $X$ is complete, it is sufficient to prove that $\{H_{1,N}x\}_{N=1}^{\infty}$

is a Cauchy sequence as $ N\rightarrow\infty$ .
Let $q$ be any semi-norm from the system of semi-norms $\{q\}$ defining

the topology of $X$. Now we get that, for any $N,$ $N$ such that $0<T<$
$N<N^{\prime}$ ,

$q(H_{1,N^{\prime}}x-H_{1,N}x)$

$=\frac{1}{\pi}q(\int_{N<|t|<N^{\prime}}\frac{U_{t}x}{t}dt)$

$=\frac{1}{\pi}q(\int_{N<|t|<N^{\prime}}\frac{1}{t}U_{t}(z-\frac{1}{2T}\int_{-T}^{T}U_{l}zds)dt)$

$=\frac{1}{\pi}q(\frac{1}{2T}\int_{-T}^{T}(\int_{N}^{N^{\prime}}\frac{(U_{t}-U_{t+\epsilon})z}{t}dt+\int_{-N}^{-N},$ $\frac{(U_{t}-U_{t+}.)z}{t}dt)ds)$

$\leqq\frac{1}{\pi}q(\frac{1}{2T}\int_{-T}^{T}(\int_{N}^{N^{\prime}}\frac{(U_{t}-U_{t+\epsilon})z}{t}dt)ds)$

$+\frac{I}{\pi}q(\frac{1}{2T}\int_{-T}^{T}(\int_{-N}^{-N},$ $\frac{(U_{t}-U_{t+\iota})z}{t}dt)ds)$

$=I_{1}+I_{2}$ , say.

Since we can, from the boundedness of $\{U_{t}z:t\in R\}$ , take $M>0$ such that
$q(U_{t}z)<M$ for all $t\in R$ , we see that, for any $N,$ $N$’ such that $ 0<T\leqq N\leqq$

$N+T\leqq N^{\prime}$ ,

$I_{1}=\frac{1}{\pi}q(\frac{1}{2T}\int_{-T}^{T}(\int_{N}^{N^{\prime}}\frac{U_{i}z}{t}dt-\int_{N+\epsilon}^{N^{\prime}+}\frac{U_{t}z}{t-s}dt)ds)$

$\leqq\frac{1}{2\pi T}q(0\tau(\int_{N}^{N^{\prime}}\frac{U_{t}z}{t}dt-\int_{N*}^{N^{\prime}+\epsilon}+\frac{U_{t}z}{t-s}dt)ds)$

$+\frac{1}{2\pi T}q(\int_{-T}^{0}(\int_{N}^{N^{\prime}}\frac{U_{t}z}{t}dt-\int_{N+\epsilon}^{N^{\prime}+}\frac{U_{t}z}{t-s}dt)ds)$

$=\frac{1}{2\pi T}q(\int_{0}^{r}(N+\epsilon\frac{U_{t}z}{t}dt+N\int_{N+*}^{N^{\prime}}(\frac{1}{t}-\frac{1}{t-s})U_{t}zdt-\int_{N}^{N^{\prime}+}\frac{U_{t}z}{t-s}dt)ds)$

$+\int_{-T}^{0}(-\int_{N+\epsilon}^{N}\frac{U_{t}z}{t-s}dt+\int_{N}^{N^{\prime}+\epsilon}(\frac{1}{t}-\frac{1}{t-s})U_{t}zdt+\int_{N+*}^{N^{\prime}}\frac{U_{t}z}{t}dt)ds)$
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$\leqq\frac{M}{2\pi T}\int_{0}^{\tau}(N\frac{1}{t}dt+N+\cdot\int_{N+}^{N^{\prime}}.(\frac{1}{t-s}-\frac{1}{t})dt+\int_{N^{\prime}}^{N^{\prime}+}\frac{1}{t-s}dt)ds$

$+\frac{M}{2\pi T}\int_{-T}^{0}(\int_{N+}^{N}$ . $\frac{1}{t-s}dt+\int_{N}^{N^{\prime}+}(\frac{1}{t}-\frac{1}{t-s})dt+\int_{N+}^{N^{\prime}}.\frac{1}{t}dt)ds$

$\leqq\frac{M}{2\pi T}\int_{0}^{r}(\log\frac{N+s}{N}+\log\frac{(N^{\prime}-s)(N+s)}{NN}+\log\frac{N+s}{N})ds$

$+\frac{M}{2\pi T}\int_{-T}^{0}(\log\frac{N}{N+s}+\log\frac{(N^{\prime}+s)(N-s)}{NN’}+\log\frac{N’}{N^{\prime}+s})ds$

(1) $\rightarrow 0$ (as $N,$ $ N^{\prime}\rightarrow\infty$ ).

Also we see as in the above estimation of $I_{1}$ that, for any $N,$ $N^{\prime}$ such
that $0<T\leqq N\leqq N’\leqq N+T(<N+2T)$ ,

$I_{1}=\frac{1}{\pi}q(\frac{1}{2T}\int_{-T}^{r}(\int_{N}^{N^{\prime}}\frac{(U_{t}-U_{t+}.)z}{t}dt)d_{S})$

$\leqq\frac{1}{\pi}q(\frac{1}{2T}\int_{-T}^{T}(\int_{N}^{N+2T}\frac{(U_{t}-U_{+l})z}{t}dt)ds)$

$+\frac{1}{\pi}q(\frac{1}{2T}\int_{-T}^{\tau}(\int_{N}^{(U_{t}-U)z}N+2\tau_{\ovalbox{\tt\small REJECT}_{t}^{t+l}t})ds)$

$\rightarrow 0$ (as $N,$ $ N^{\prime}\rightarrow\infty$ ).

From this and (1), we see that $I_{1}\rightarrow 0$ as $N,$ $ N^{\prime}\rightarrow\infty$ . In a similar way,
we can also see that $I_{2}\rightarrow 0$ as $N,$ $ N’\rightarrow\infty$ . Hence this implies that
$\{H_{1,N}x\}_{N\Rightarrow 1}^{\infty}$ is a Cauchy sequence in $X$. This completes the proof.

\S 1. Main theorems.

Now we can show the following theorems by Lemma 1 and Lemma
2.

THEOREM 1. Let $X$ be a complete locally convex space and let $\{U_{t}:teR\}$

be $a$ one parameter group of operators on X. Let $x$ be any element in
$X$ represented by

$x=\frac{1}{2\delta}\int_{-\delta}^{\delta}U.(z-\frac{1}{2T}\int_{-T}^{T}Uzdt)d\epsilon+v$

where $\delta,$ $T>0$ , zeX and veX such that $U_{t}v=v$ for all teR and $\{U_{t}z\}$

is supposed to be bounded in $X$ uniformly for $teR$ .
Then $\lim_{\rightarrow 0+.N\rightarrow\infty}H_{\iota,N}x$ exists in $X(i.e. xeD(H))$ .
PROOF. Since it is clear that H.,$Nv=0$ , we see
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$H_{*,N}x=H_{e,N}(\frac{1}{2\delta}\int_{-\delta}^{\delta}U_{l}(z-\frac{1}{2T}\int_{-T}^{T}U_{t}zdt)ds)$

$=H.,1(\frac{1}{2\delta}\int_{-\delta}^{\delta}U_{l}(z-\frac{1}{2T}\int_{-T}^{T}U_{t}zdt)ds)$

$+H_{1,N}(\frac{1}{2\delta}\int_{-\delta}^{\delta}$ U.zds– $\frac{1}{2T}\int_{-T}^{T}U_{t}(\frac{1}{2\delta}\int_{-\delta}^{\delta}U_{l}zds)dt)$

which
since $\left\{\begin{array}{ll}implies, from Lemma 1 & and 2, that \lim_{e\rightarrow 0+,N\rightarrow\infty}H_{\epsilon,N}x exists in X,\\U_{t}(\frac{1}{2\delta}\int_{-f}^{\delta}U.zds)\} is cle & arly bounded in X uniformly for teR.\end{array}\right.$

THEOREM 2. Let $X$ be a complete locally convex space and let
$\{U_{t}:t\in R\}$ be $a$ one parameter group of operators on $X$ such that the set
$\{xeX:\lim_{T\rightarrow\infty}(1/2T)\int_{-T}^{T}U_{t}xdt$ (denoted by x) exis $ts$ in $X$ and $\{U_{t}x\}$ is bound-
ed in $X$ uniformly for $t\in R\}$ is dense in X. Then the domain of $H$

(denoted by $D(H)$) is a dense set in $X$.
PROOF. Let $u$ be any element in $X$ and let $V$ be any balanced convex

neighborhood of $0$ in $X$. Then, we can find $\delta,$ $T>0$ and an $x$ in the dense
set in the assumption such that

$u-xe\frac{V}{3}$ , $x-\frac{1}{2\delta}\int_{-\delta}^{\delta}$ U.xds $e\frac{V}{3}$

and

$\frac{1}{2\delta}\int_{-\delta}^{\delta}U.(\frac{1}{2T}\int_{-T}^{T}U_{t}xdt)ds-\overline{x}e\frac{V}{3}$ .
Then, we see that

$u-[\frac{1}{2\delta}\int_{-f}^{\delta}U.(x-\frac{1}{2T}\int_{-T}^{T}U_{t}xdt)ds+\overline{x}]$

$=[u-x]+[x-\frac{1}{2\delta}\int_{-\delta}^{\delta}U.xds]+[\frac{1}{2\delta}\int_{-\delta}^{\delta}U_{l}(\frac{1}{2T}\int_{-T}^{T}U_{t}xdt)ds-\overline{x}]$

(2) $e\frac{V}{3}+\frac{V}{3}+\frac{V}{3}=V$ .
Also, since we can easily see that
Theorem 1, that

$U_{t}\overline{x}=\overline{x}$ for all $teR$ , we get, by

$\frac{1}{2\delta}\int_{-\delta}^{\delta}U.(x-\frac{1}{2T}\int_{-T}^{T}U_{t}xdt)ds+\overline{x}eD(H)$ .
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From this and (2), it follows that $D(H)$ is dense in $X$, since $u(eX)$ and
neighborhood $V$ of $0$ in $X$ are arbitrary.

THEOREM 3. Let $X$ be a complete locally convex space and let $\{U_{t}:t\in R\}$

be $a$ one parameter group of operators on $X$ such that the set $\{$

$\lim_{T\rightarrow\infty}(1/2T)\int_{-T}^{T}U_{t}xdt$ (denoted by x) exists in $X$ and $\{U_{t}x\}$ is bounded
uniformly for $teR\}$ is dense in X. Assume that, for any neighbou

$xeX$:
in $X$

rhood
$V$ of $0$ in $X$, there exists a neighborhood $W$ of $0$ in $X$ such that

$H_{N}zeV$ for au $zeW$ and $ 0<\epsilon<N<\infty$ .
Then, for any $x\in X,$ $Hx$ exists in X. Moreover, $H$ is a continuous linear
operator on $X$.

PROOF. Let $x$ be any element in $X$. It is sufficient to prove that
$\{H_{\epsilon.N}x\}$ is a Cauchy net as $\epsilon\rightarrow 0+,$ $ N\rightarrow\infty$ . Let $V$ be any balanced convex
neighbourhood of $0$ in $X$. Take a balanced convex neighbourhood $W$ of
$0$ in $X$ such that

$H_{e,N}ze\frac{V}{3}$ for all $zeW$ and $ 0<\epsilon<N<\infty$ .

From Theorem 2, there exist $y$ in $D(H)$ and $ 0<\epsilon_{0}<N_{0}<\infty$ such that

$x-yeW$

and

$H_{l,N}y-H_{l^{\prime},N^{\prime}}y\in\frac{V}{3}$

for all $\epsilon,$
$\epsilon^{\prime},$ $N$ and $N$ such that $0<\epsilon,$ $\epsilon^{\prime}<\epsilon_{0}$ and $N_{0}<N,$ $ N<\infty$ . Then

we see that, for any $\epsilon,$
$\epsilon^{\prime},$ $N$ and $N^{\prime}$ such that $0<\epsilon,$ $\epsilon^{\prime}<\epsilon_{0}$ and $N_{0}<N$,

$ N<\infty$ ,

$H_{\epsilon,N}x-H_{l^{\prime}N^{\prime}}x$

$=(H_{e,N}y-H_{e^{\prime},N^{\prime}}y)+H_{\epsilon.N}(x-y)-H_{\epsilon^{\prime}.N^{\prime}}(x-y)$

$\in\frac{V}{3}+\frac{V}{3}+\frac{V}{3}=V$ ,

which implies that $\{H_{e,N}x\}$ is a Cauchy net as $\epsilon\rightarrow 0+andN\rightarrow\infty$ . Then
we get, from the completeness of $X$, that $Hx$ exists in $X$.

Next we shall prove that $H$ is a contimuous linear operator on $X$.
Since the linearity of $H$ trivially follows, it is sufficient to prove the
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continuity of $H$ at $0$ in $X$. Let $K$ be any balanced convex neibourhood
of $0$ in $X$. Then by the assumption there exists a balanced convex neibour-
hood $G$ of $0$ in $X$ such that

(3) $H_{\epsilon,N}z\in\frac{K}{2}$ for all $z\in G$ and $ 0<\epsilon<N<\infty$ .

Let $u$ be any element in $G$ . Since $\lim_{\epsilon\rightarrow 0+,N\rightarrow\infty}H_{e,N}u=Hu$ in $X$, there
exist $\epsilon_{1}$ and $N_{1}$ such that

$Hu-H_{\epsilon_{1},N_{1}}u\in\frac{K}{2}$ .

Hence we see, from this and (3), that

$Hu=Hu-H_{e_{1},N_{1}}u+H_{e_{1},N_{1}}u$

$\in\frac{K}{2}+\frac{K}{2}=K$

which implies the continuity of $H$ at $0$ in $X$. Therefore we have that
$H$ is a continuous linear operator on $X$. This completes the proof.

COROLLARY 1. Let $X$ be a Banach space and let $\{U_{t}\in R\}$ be $a$ one
parameter group of operators on $X$ such that

(i) the set $\{x\in X:\lim_{T\rightarrow\infty}\frac{1}{2T}\int_{-T}^{T}U_{t}xdt$ exists in $X$ and

$\{U_{t}x\}$ is bounded in $X$ uniformly for $t\in R\}$ is dense in $X$

and
(ii) there exists a $C>0$ such that

$\Vert H_{\epsilon,N}x\Vert\leqq C\Vert x\Vert$ for all $x\in X$ and $ 0<\epsilon<N<\infty$

Then, for any $x\in X,$ $Hx$ exists in X. Moreover, $H$ is a continuous linear
operator on $X$.

PROOF. The proof immediately follows from Theorem 3.

COROLLARY 2. Let $X$ be a Hilbert space and let $\{U_{t}:teR\}$ be $a$ one
parameter group of unitary operators on $X$ (i.e. $U_{t}^{*}=U_{-t}$ for all $teR$).
Then the Hilbert transform $H$ is a continuous linear operator on $X$.

PROOF. A first part of condition (i) in Corollary 1 is satisfied in a
Hilbert space from von Neumann’s ergodic theorem. And a second part
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of condition (i) in Corollary 1 is clearly satisfied since 11 $U\Vert=1$ for all
$teR$ . Therefore it is sufficient to prove that the condition (ii) in Corollary
1 is satisfied in the Hilbert space $X$. This is assured in the following
lemma.

LEMMA 3. Xand $\{U_{t}:t\in R\}$ are defined as in Corollary 2. Then, $it$

follows that

$\Vert H_{\epsilon,N}x\Vert\leqq\Vert x\Vert$ for all $x\in X$ and $ 0<\epsilon<N<\infty$ .
PROOF. We see, from Stone’s Theorem, that

$||H_{*.N}x||^{2}=\Vert\frac{1}{\pi}\int_{<|t|<N}\frac{U_{t}x}{t}dt\Vert^{2}$

$=\Vert\frac{1}{\pi}\int_{\epsilon<|t|<N}\frac{1}{t}(\int_{-\infty}^{\infty}e^{l\lambda}dE(x)x)dt\Vert^{2}$

$=\Vert\int_{-\infty}^{\infty}g_{*,N}(x)dE(x)x\Vert^{2}$

$=\int_{-\infty}^{\infty}|g.,N(\lambda)|^{2}d||E(\lambda)x||^{2}$ ,

where $\{E(x):xeR\}$ is a spectral family of the one parameter group of
unitary operators $\{U:t\in R\}$ and

$g_{\iota,N}(x)=\frac{1}{\pi}\int_{<||<N}\frac{e^{i\lambda t}}{t}dt$ .

Since we can easily show that $|g_{*,N}(\lambda)|\leqq 1$ for all $xeR$ and $ 0<\epsilon<N<\infty$ ,
we see that

$||H_{\epsilon,N}x||^{2}\leqq\int_{-\infty}^{\infty}d||E(\lambda)x||^{2}$

$\leqq||x||^{2}$ .
for all $xeX$ and $ 0<\epsilon<N<\infty$ . Hence this completes the proof.

\S 2. Application.

Let $(\Omega, B, \mu)$ be a a-finite measure space and let $L^{p}(\Omega)(1\leqq p<\infty)$

be the set of all p-order integrable functions on $\Omega$ with norm $||$ . $||_{p}$ . We
define $\{T_{t}:teR\}$ as a measure preserving flow on $\Omega$ , that is,

(i) for any $teR,$ $T_{t}$ is a measure preserving transformation on $\Omega$

and $T_{0}$ is an identity on $\Omega$ ,
(ii) $T$ $T.=T_{t+}$ . for all $t,$ $s\in R$ ,
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(iii) a mapping $(t, \omega)\in R\times\Omega\rightarrow T_{t}\omega\in\Omega$ is measurable.
Now we can define a one parameter group of operators $\{U_{t}:t\in R\}$ on
$L^{p}(\Omega)$ such that for all $f\in L^{p}(\Omega)$ .

$(U_{t}f)(\omega)=f(T_{t}\omega)$ for all $t\in R$ and $\omega\in\Omega$ .
It is well known that $\{U_{t};t\in R\}$ satisfies all conditions in Definition 1 and
that $U_{t}^{*}=U_{-t}$ for all $teR$ in $L^{2}(\Omega)$ . Under these preparations, we see
the following proposition in [2].

PROPOSITION 1. There exists a constant $C>0$ (independent of $\epsilon,$ $N$

and N) such that

$\mu\{\omega e\Omega:|\frac{1}{\pi}\int_{\epsilon<|t|<N}\frac{f(T_{t}\omega)}{t}dt|>x\}\leqq\frac{C}{\lambda}||f||_{1}$

for all $0<\epsilon<N<\infty,$ $ 0<\lambda<\infty$ and all $f\in L^{1}(\Omega)$ .
PROOF. See [2].

Now we have the following generalized M. Riesz’s theorem which was
first proved by M. Cotlar [1]. Our proof is based on Corollary 1.

THEOREM 4. Let $(\Omega, B, \mu)$ be a $\sigma$-finite measure space and let
$\{T:teR\}$ be a measure preserving flow on $\Omega$ . Let $p$ be any real such
that $ 1<p<\infty$ .

Then, it follows that
(i) for any $f\in L^{p}(\Omega),$ $\lim_{*\rightarrow 0+,N\rightarrow\infty}(1/\pi)\int_{\epsilon<|t|<N}(f(T_{t}\omega)/t)dt$ (denoted by

$Hf)$ exists in the norm topology of $L^{p}(\Omega)$ ,
(ii) $H$ is a continuous linear operator on $L^{p}(\Omega)$ .
PROOF. As the previous arguments, we define a one parameter group

of operators $\{U_{t};t\in R\}$ on $L^{p}(\Omega)$ such that, for any $feL^{p}(\Omega)$ ,

$(U_{t}f)(\omega)=f(T_{t}\omega)$ for all $t\in R$ and $\omega e\Omega$ .
First we see, from von Neumann’s and Yoshida’s ergodic theorem, that
the first part of condition (i) in Corollary 1 is satisfied, that is,
$\lim_{\tau\rightarrow\infty}(1/2T)\int_{-T}^{T}U_{t}xdt$ exists in $X$ for all $x\in X$. And the second part of
condition (i) in Corollary 1 is clearly satisfied since $||U_{t}f||_{p}=||f||_{p}$ for all
$feL^{p}(\Omega)$ . Therefore it is sufficient to show that the condition (ii) in
Corollary 1 is satisfied.

By Proposition 1 and Lemma 3, there exists a constant $C>0$ such
that, for any $ 0<\epsilon<N<\infty$ ,
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$\mu\{\omega e\Omega:|H_{\epsilon,N}f|>\lambda\}\leqq\frac{C}{\lambda}||f||_{1}$ for all $feL^{1}(\Omega)$

and

$||H_{N}f||_{2}\leqq||f||_{2}$ for all $feL^{2}(\Omega)$ .
This implies, from Marcinkiewicz’s interpolation theorem, that, for any
$1<p\leqq 2$ , there exists a constant $C_{p}>0$ such that

(4) $||H_{N}f||_{p}\leqq C_{p}||f||_{p}$ for all $ 0<\epsilon<N<\infty$ and $f\in L^{p}(\Omega)$ .
In the case of $ 2\leqq p<\infty$ , put $q=p/(p-1)$ . Then, we see that, for any
$0<\epsilon<N<\infty,$ $feL^{p}(\Omega)$ and $geL^{q}(\Omega)$ ,

$\int_{9}H_{*,N}f\cdot gd\mu=\int_{\rho}(\frac{1}{\pi}\int_{\epsilon<|t|<N}\frac{U_{t}f}{t}dt)gd\mu$

$=\int_{\rho}(\frac{1}{\pi}\int_{<|t|<N}\frac{f(T_{t}\omega)}{t}dt)\cdot g(\omega)d\mu$

$=\int_{\epsilon<|t|<N}\frac{1}{\pi t}(\int_{\rho}f(T\omega)g(\omega)d\mu)dt$

$=\int_{\epsilon<It|<N}\frac{1}{\pi t}(\int_{\rho}f(\omega)g(T_{-}\omega)d\mu)dt$

$=-\int_{\rho}f(\frac{1}{\pi}\int_{\epsilon<|t|<T}\frac{U_{t}g}{t}dt)d\mu$

$=-\int_{\rho}f\cdot H_{\epsilon,N}gd\mu$

which implies, by $H\ddot{o}rder’ s$ inequality and (4), that

$||H_{l},Nf||_{p}=\sup\{|\int_{\rho}H.,Nf\cdot gd\mu|:||g||_{q}\leqq 1\}$

$=\sup\{|\int_{\rho}f\cdot H_{\epsilon,N}gd\mu|:||g||_{q}\leqq 1\}$

$\leqq\sup\{||f||_{p}||H_{e,N}g||_{q}:||g||_{q}\leqq 1\}$

$\leqq C_{q}||f||_{p}=C_{p/(p-1)}||f||_{p}$ .
It follows, from this and (4), that, for any $p$ such that $ 1<p<\infty$ , there
exists $C_{p}^{\prime}>0$ such that

$||H_{*,N}f||_{p}\leqq C_{p}^{\prime}||f||_{p}$ for all $ 0<\epsilon<N<\infty$ and $feL^{p}(\Omega)$ .
This shows that the condition (ii) in Corollary 1 is satisfied. Therefore,
by Corollary 1, the proof is completed.
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