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Introduction

Let p be an odd prime and put p*=(—1)*"""?p, The decomposition
of the p-th cyclotomic polynomial @,(X) in the quadratic field Q(1/ p¥)
has been early investigated in Dirichlet [2] and also in Staudt [9] and
Lerch [6], the latter considered the decomposition of @,,(X) in Q(1/D)
for a quadratic discriminant D. Later, Petersson [7], and recently,
Williams [12], [13] have also investigated such a decomposition. Let m
be the product of » distinect odd primes »; (1<j=<7). In this paper, we
consider the decomposition of @,(X) in the field generated by all v'p}
over the field @ of rational numbers. Let ¥ ,(X) be an irreducible factor
of this decomposition. We derive the formulas for 7 ,(1), 7 ,.(14) and
¥,.17). Those formulas and our method are not found in any other
paper. Our formulas are useful to obtain various results for quadratic
fields. We derive certain congruences for the class numbers of imaginary
quadratic fields. Those congruences essentially contain lots of results
obtained by Lerch [6], Pitzer [8] and Berndt [1] through various methods
different from ours. Also we derive some results concerning the class
numbers and the norms of the fundamental units of real quadratic fields.

§1. Notation.

For a quadratic diseriminant d, h(d) (respectively h(d)) denote the
wide (resp. narrow) class number of the quadratic field Q1 d). For
d>0, ¢ (>1) denotes the fundamental unit of Q1 d), and & (>1)
denotes the least totally positive unit of Q1" d). For d<0, we have
md)=h(d). For d>0, we have h(d)=h(d), ss=E&, (resp. 2k(d)=h(d), e,=&,),
if N(ej)=—1 (resp. +1), where N denotes the absolute norm. Let X,
denote the Kronecker symbol of Q(1'd). For a prime g, ¢* denotes a
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quadratic prime disecriminant divisible by q. If q is odd, then ¢*=(—1)"“"%¢q
and X.(n)=(n/q), (Legendre-Jacobi symbol). If ¢=2, then g*=—4, 8 or
—8,

X (n)__{(—l)"“”’2 , if » is odd,
o , if m is even,
(—1)*»2 - if n is odd,
X =
«(m) {0 , if m is even,

and X_gn)=X_,n)X(n). Letting q; 1=<j=<t) be the primes dividing d,
we have the decomposition
d=gq -+ q,
and
Xa(m)=Xg(n) - -+ Xy(n) .
We put
kd)=hd)/2,  kd)=hd)/2 .

From the genus theory of the quadratic fields, I?(d) is a rational integer.
If ¢gf>0 for every j, then I?(d) is also a rational integer. (e.g. [3] Chap-
ter 26.8). Let K, denote the field Qv qF, ---, vV q¢¥). The Galois group
G(K,/Q) is abelian of the type (2, --:, 2), t-tuple. For an element ¢ of
G(K,/Q), we define O;=0g by

a_{ 1, if V=V,
-1, if VigF'=—Vf.

The correspondance between ¢ and (o, *- -, g,) is bijective. We set
t
sgno=]] o;,
5=1

so that v'd°=sgnov d. If o is defined over an extation field of K,
then o(d) denotes the restriction of ¢ to K,.
Let m be a squarefree odd rational integer and m=1]}., p; be the

prime decomposition. We define the polynomial ¥ ,.(X) by

+ +

7. X)=1[--- I A—XC3t --- &31)

21 Z’.
where {,=¢*"", and each product [IZ, is taken over all x; mod p; such
that (x;/p;)=+1. We put m*=]]j_, p}. T.(X) is one of the irreducible
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factors of the m-th cyclotomic polynomial P,(X) over the field K,., and
the coefficients of ¥,(X) are all integral. We have the decomposition
P(X)= 11 7Ty X),
GEG (K 1a/Q)
where we put F/(X)=3"_ a°X", for a polynomial F(X)=3"_ a, X" with
coefficients in K,.. We see

91

O=T] -+~ TT (A XC3; -+ &)

%1

where each product II: is taken over all z; mod p; such that (x;/p)=0;.

For a rational integer n (#0), 7(n) denotes the number of primes
dividing ». For a quadratic discriminant d and a rational integer d (#0),
we define g¢ by

(II A-2@)2rd—=e, i d|d,

d__ | pids
¢d - P prime

0 , if did ,

in particular, ¢i*=1. Clearly the value of ¢ is 0 or 1.
In the __f_ollowing, we always put p*,=—4 and p¥=8. We have
Q()=Q(V'p%) and Q)=Q(' D%, V'pF). For an element ¢ of G(Q(Z)/Q),

we have sgn o(—8)=o0_,0,.

§2. Resulis.
We state our main results.

THEOREM 1. Let m be the product of r (>0) distinct odd primes p;
(1=j=7). Put the field K;,=K,«(Cys) with f=0, 2 or 8. Let o be an
element of G(K,;/Q). Then we have

Tl =c,, TI piEr @™

di2fm
d q.d.

where d runs over all quadratic discriminants dividing 2’ m,
1 L T:f ’)’(zf’m)>1 ’
o VPO, if r@m)=1, Ff=0, m=p,,
m,f = vV'2 (>0), of f=2, m=1,
V2 (>0, if f=3, m=1,
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& >, of d>0,

|G , of d<-—4,
nd,f_ C2"+2 ’ if d=—4 ’
Cs-2"+1 ’ 'if d=—3 ’
with
{1 , of f=0,2,
’):
2, of =8,
and o' is the element of G(K,/Q) such that
1; ce, T ’ ":f f=0 ,

Gfi:xr}(zf’m/p:‘)o:‘, for j={-1,1,---,r , if f=2,
_170719""7.9 if f=3’

with p_,=p,=27.

THEOREM 2. We have

S, sgn o(d)gy "k(d) +a% sgn o<—4><x_4<m>——§”g3“') + g,
diz/m
d<—4
d q.d.

+ az% sgn o(— 3)(1_3(2f m/3)2”%’,”)+ 2_’;"‘)
+ay(sgn o(8)Xs(m) — 1)-?;7”%:% 2%”” —0 (mod2)

where @ denotes the Euler function, and

a,=1 if 4|2"m, =0 otherwise,
a.=1 if 38|2"m, =0 otherwise,
a;=1 if 8|2'm, =0 otherwise.
THEOREM 3. Let D be the product of r distinct real quadratic prime

discriminants pf (1=j=<r), and p* be a real quadratic prime discrimi-
nant different from each p¥. Then we have

- —"1, if "‘=0;
Nie..,)redkr*d —
I Merd® { 1, if r>0.
d q.d.

COROLLARY. i) A(p*)=1 (mod2) and N(e,.)=—1.
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ii) If (p;/p)=—1 for every j, and (p/p;)=1 for every i<j, thenm
h(p*D)=2" (mod 2'**) and N(gp)= —1.

iii) If (p;/p)=—1 for every j, and (p/p;)=—1 for every i<j, and
r=0 (mod 2), then h(p*D)=2" (mod 2"*") and N(e,p)= —1.

Let p be an odd prime such that pfm. Let L be the field generated
over K,V p*) by ¢, s and 7, ; for every quadratic discriminant d|2/mp.

THEOREI\_!I 4. Let p|p be a prime ideal in L, and 7 be an ellement
of G(K;(V'p%)/Q). Then we have

2fmp 2 2fm 2
—8 (dp*) (dp*) — L(p—=1)/2 8 (d) (d)(1—2Xg(p)p)/2
II 7asenc@rmsipt? ks = ple—v/ NEFT Ve Tk ¢??2 (mod p) .

d[2f dl2 f
d q.d dq

§3. Preliminary Lemma.

Let d be a quadratic discriminant. From Dirichlet’s class number
formula for the quadratic fields (e.g. [4] or [10]), we have

L2 Xa@)log(1—Cfs) = —h(d)log 7,
where
& , if d> 0,
-1, if d<—4,
1 , if d=-—-4,
& , if d=-38,

and log denotes the principal branch of the logarithm.
LEMMA. Letting d|2'm be a quadratic discriminant, we have

>, Xy(a) log(1—Erm) = —{ I A—=Xd{p)}h(d)log 7, .

¢ mod 2/m p12fm/d
(e,2fm)=1 p prime

PROOF. Let p be a prime such that p|2'm/d. First, suppose p is
odd. Put m'=m/p and a=pa’'+2'm'z. If o’ and x run over complete
reduced systems of residues modulo 2m’ and modulo p, respectively, then
a runs over complete reduced system of residues modulo 2m. Therefore

> Xd(a)log(l Corm) = —Z X (a) Z——szm

a moa 2/ e mod 2/m
(a,2fm)= 1 (a,2fm)=1

oo ’

= -3 Ay, o
a’ mod 2/m’ n=1 n "’
(a’,2fm’)=1
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where, noticing

-1 , if pin,
., ;”={ ~1, if pln
ot p—1, if pln,

the rearrangement of the formula continues as follows

[ ’ ©0 ’
= -3 (32D g 1)+ 3, 2PD) 5ny)
C wwen " S

0

— (X +1D) S 3K e,
watmm

=1-X(p) X Xia)Hlogl—Erar),

a’ mod 2/ m’
(a’,2fm’)=1

where every interchange of summation is guaranteed by Abel’s continuity
theorem (e.g. [11] § 8.71). Second, suppose p=2. There are three cases,
namely, Case i) f=2 and d is odd, Case ii) f=3 and d is odd, Case iii)
f=38 and d=4 (mod 8). Put a=2’a¢'+mz in Case i), ii), and a=a’'+4mz
in Case iii). Then, by the same manner as in the case of p+2, noticing
that

(=2 , if m=2""" (mod?2),
in Case i), ii), z::‘ fC;‘?,,.= 2/ -2t if n=0 (mod 27) ,

z mod 2
@ odd 0 , otherwise,

2, if n=0 (mod?2),

in Case iii), %Cz ={0 , if mn=1 (mod2),

we obtain

>, X (a)log(1—E3r,)

a mod 2/m
(a,2m)=1

1-X(2) 3, Xa(@)log(1—C3), in Case 1), ii),

(a’,m)=1

N A —%,(2) ' Z“ X (aDlog(1—L3) , in Case iii) .

(a’,2m)=1

Now, by the induction on 7(2'm/d) and the class number formula, we
get the Lemma.

§4. Proof of Theorem 1.

We see
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W 3, (I @ @)log—Cir)
(a,2fm)=1 v/ m

=Kk 3, sgno'(d) . mozd'.2 " Xi(a)log(1—C2r,)

dizfm
d=1 or q.d. (a,,2fm)=1

where

k= 1I o}.

P51/ m
Observing

g2me . if X, (a) =o; for every p}|2'm ,

I (o5+%, (a))—

#izfm , otherw1se ,

with

0, if f=0,

p=41, if f=2,

2, if f=8,
the left hand side of (1) is equal to
(2) k27t 37 log(1—Crm) »
where the summation 3V runs over all ¢ mod 2/m such that X, «(a)=0; for
every p;|2'm. Put m;=m/p; for j=1,2, ---, r, and a= mxo—l—Z, 1 2 m ;.

If x, and x; runs over complete reduced system of residues modulo 2/ and
modulo p;, respectively, then a runs over a complete reduced system of
residues modulo 2'm. Therefore, since X, (a) =0j; is equivalent to X, (x;)=
o;, the formula (2) is further equal to

oy oy
(3) 2D VIR 2 log(1—LerCat - -+ &3r)

On the other hand, applying the Lemma, the right hand side of 1)
is equal to

(4) —K sgn o' (d){ H (1 —Xu(p)}h(d)log P+ & log P,r,(1) .

dlzf pi2fm
d q.d P prime

The equality between (8) and (4) proves Theorem 1.

§5. Proof of Theorem 2.

Let aa— a® be the complex conjugation. We have
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o1

@2y =10 - T A= @) Go -+ &)

=T -+« T (- D@ G -+ Gl —CaGst -+ G
-N

=(-vre(Ten) - (o) T,

where we put N=¢(m)/2" and N;=@(m;)/2"'. For an odd prime p (>3),
letting g be a primitive root modulo p, we see

+ (p—3)/2 1—grt
> 2= 2, ¢g*=—3>—=0 (modyp),
2 mop 2 =0 l—g
so that we have
+ 1, if p>8,
fi ol
z mod P CS’ lf p=3,
and, similarly
- 1 , if »>8,
H C;={ -1 .
z mod p 3 s if p=3.

Hence, in view of @(m)/2"=p(m/3)/27" if 3|m, we get
Oy . S N SR e S L (=&n"r , if 3fm,
@ (If ) (1<) ‘{(—cgfcs-fv. if 3lm.
Therefore, as arg(a)=(1/2)arg(a/a’) (mod x) where arg(Y) denotes the

argment of ¥, we obtain

N

3 arg(—Cys) (modxw), if 3fm,
(5) arg(Ta(in) = N
Earg(—csfcg) (modrw), if 3|m.

On the other hand, from Theorem 1, we have

(6) arg(w’:.(czf))zarg(dlg v;,‘ﬁ“”"”’ﬁf"’:‘“’) (mod 27) .
d<0
d q.d.

From (5) and (6), exchanging ¢ with ¢’, it follows that
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—L S sgna(@)ey k() — . 21 sgn o(—8)g*’

2’\d|2 Fm 3
dqé1=
NN args)  (modl), if 3m,
2 2z
NN argsts) (mod1), if 3|m.
2 2z

ol +2(a5-1)

Here, since {Ir={;7 , We see

5 aTe(CE) = sgn o(—DX_(m)g?, S (sgn o®X(m)—~1)gt’ (mod 1) ,

and

—z%arg(@')z-%- sgn o(—3)A_o(2'm/3) (mod1), if 3|m,

which proves Theorem 2.

§6. Proof of Theorem 3 and Corollary.

There are three cases, namely, Case i) P*D is odd, Case ii) p*=S8,
Case iii) D=0 (mod 8). In Case i), by Theorem 1, we have

w;D(l)chD,o H ed—snga'(du k(d)e—-sgna'(pd);bpdk(pd) .
d|D

Applying the conjugation §, V' p——1"p), we get

t - »D Sp\— »D
" p(l) chO I“l[) stgna'(d)¢d k(d)(sj,%) sgna'(pd)¢pdk(pd) .

Hence we obtain

(7) w;p(l)w“p(l) N(ch 0) H e—zsgna'(d)gb k(d)N(e )—sgna’(pd)gspdk(pd) .

On the other hand, again by Theorem 1, and since sgn(o9,) (d)=sgn ¢’(d),
sgn(ed,)' (pd)= —sgn o’(pd), we get

ad ’ ’ 2D
p ~s8gn a’(d) k(d) sgno’(pd) g7 k(pd)
p(1)=cup, H o #2 I3 Pd ,

so that we obtain

8) 553 (D)=cho, JT egtoene @sie
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From (7) and (8), we obtain Theorem 3 in Case i). By Theorem 1, we have

in Case ii), ¢, THEHTHE)™) }: II —sgna(d),tﬁ‘pk(d)e—‘sdgna(p'd)gig:gk(p‘d) .
in Case iii), ¥55s(C8)¥50s((C5)7) - ’
d q.d.

Hence, by exactly the same way as in Case i), we obtain Theorem 3 in
these cases.

We prove Corollary by induction on ». By Theorem 3, we have

(9) Niepo "= I Niepaireme.
D

0<d<D
d q.d.

In the Case ii) of Corollary, we have ¢2.?=1 for every d|D. Hence, by
(9) and the induction assumption, we get

. Z 1
d|D
D
Niepn**? =TT Negd*r™ = (—1)¢ o
o3 |
=(—1=—1,

which proves the Case ii) of Corollary. In the Case iii) of Corollary, we
have

prp=

{1 , if »(d) odd,
0, if »(d) even,

for every d|D. Hence, by (9) and the induction assumption, we get

X 1
N(e,ep)*?* P = H N(gpod) P =(—1) ¢ Hn i 2ven
b4
0<d<D
daq
r(d) even
where we have
> 1= (r(d+1)= r(d)+1 (mod2)
d|D a[p 4D
0<d<D <d<D 0<d<D
d q.d. d q.d. d q.d.
r(d) even

r r— —1
—Z.( >3+1 th( >+1

J= 3—1
1 (mod2), if +» even or r=1,
0 (mod2), if » (>1) odd.

This proves the Case iii) of Corollary.

=r@1-1) +1E{
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§7. Proof of Theorem 4.

Putting p,,,=7», and applying Theorem 1 to mp and 7, we get

Tr+1

(10) 0. ffa- Cerlop -+ Gl

%1 Zrt+1
H 7]—sgn r'(d)¢2f"'plc(d)

dlzfmp
d q.d.

=(T1I ﬂgsfgnr @ ¢k ’”Pk(d))( H —sgnt’(dp")¢d';, pk(dp*))
g]?lf:ln |

where 7' is an element of G(K,(1'p*)/Q) such that )=X, «(2"mp/p;)T;.
Let P be a prime ideal in L({,), dividing p. Then, putting o=17% ; and
since {,=1 (mod P), the left hand side of (10) is congruent to

(li e i;[ (1__(:;-1,@1 ... C:;))wﬂm

modulo p, which is, again by Theorem 1, equal to

- _ 2fm _
(11) el Pgogn e ey MDD/
gifm

where ¢’ is an element of G(K,/Q) such that g;=X, «(2'm/[p;yo;. From (10)
and (11), it follows that

of m
—sgn o/ (dp*) g%, PP (dp*)
II 7% #iptPride

d|12fm
d q.d.
f of m
— a(p—1)/2 sgn o’ (d) 2’ ™((p—1)/2)—sgn ¢/ (d) Pik(d)
=c,:,f / I}[ v {sgn () p—1)/ gnv [ (modp) -
di2
e

where, since sgn ¢’'(d)=sgn 7'(d)X,(p) and ¢2f ”‘”—¢’f m(1—Xs(p))/2, we see

sgn ¢’ (d)gy’ ™2 ; 1_ sgn 7'(d)¢y ™ = sgn z"(d)¢3zf"'—————-—x"(p )2p —1 ’

which, by exchanging ¢’ with 7, proves Theorem 4.

§8. Some applications.

We derive some special congruences from our results. They are only
examples, we can obtain more congruences of these types by the similar
way.

Application 1: Let p=1, ¢=3 (mod 8) be primes such that (p/q)=—1.
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Then, by Theorem 2, we have

k(—8pq)+ k(—pq) +k(—8p)+k(—8q)+k(—q)=0 (mod4),
k(—8p)+k(—4p)=0 (mod4),
and

k(—8q)+k(—q)—q—1-§50 (mod 4) .
It follows that
k(—8pq)+k(-—pq>+k(—4p)s—q-;—3 (mod 4) .

This is the formula (19) of Proposition 5 in Pitzer [8].
Application 2: Let p be a prime such that »=8 (mod 8), p=2 (mod
3). Then, by Theorem 2, we have

k(—24p)+k(—12p)+k(—8p)+§%’2‘£so (mod 4) .

It follows that

0 (mod4), if p=11 (mod16),
2 (mod4), if p»p=8 (mod16).

This is the third and the forth formula of Corollary 11.6 in Berndt [1].

Application 3: Let p=3 (mod4) be a prime. We put &,=t+uv p
with rational integers ¢, . It is easy to see that u=1 (mod 2), and t=0
(resp. 2) (mod4), if p=T7 (resp. 8) (mod8). We put w=1—. Then
V2 =Cew?. Since (1—CH)(1—il2*=1+C+F+C% (mod w®)=(1—C%)/(1—
), we get T (1T ,(1)’=1 (mod w®). Hence, by Theorem 1, it follows
that

k(—24p)+3k(—12p)+k(—8p)=

Vpihorghtn(—1)#5ani=1 (mod @) .
Therefore, as &},=t>+2tul” p +u*p=—1 (mod 4), we obtain

1 (mod4), if p=7 (mod8),

De. (—1)rup-Dr__1)ya—h—p)/z =
Vpeu(=1) (=1) {—1 (mod4), if »=8 (mod8).

Here, we see

—u (modw®, if »p=7 (mod8),

V pe,=tV'p +ups{ (mod @), if p=3 (mod8).
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Thus, in view of u=(—1)*""2 (mod 4), we get
(—1)WHA(—1)rep-rEm =1 (mod 4) ,
which proves
h(—p)=h(4p)+u+1 (mod4).

This is the result of Williams [12].

Application 4: Let p=1 (mod 4) be a prime. By Theorem 3, we see
N(eg,)=—1, k(8p)=1 (mod 2), if and only if p=5 (mod 8). We put &,=
t+u12p with rational integers ¢, u. We see t=u=1 (mod2). By
Theorem 1, we have

(12) wp(CB) — es—pk(Sp),':—k(—Bp)eéi .

7,(—&)

As (i=—1, we set ¥,({)=}, (i with integers a; in Q1 p). Since
X2y (X =T ,(X), we have (V¥ (L) =V ,(;). Here, comparing the
coefficients of (i, we get a,=a,, a;=0, if p=5 (mod 16), and a,= —a,,
a,=0, if p=13 (mod16). Hence, observing {,+{'=1"2, we may set
U, (L) =0 ""(a+1"2 B) with integers o, 8 in Q). Applying the con-
jugation 6, V2 ——1"2), we get ¥, (—C)=(—C)*" " (@—1"28). There-
fore, as a+1"28=a—1"2 8 (mod ®®), we obtain ¥,(&)/¥ (—)=—1 (mod
@®). Thus, from (12), we get

(13) Ear®P ke = —1 (mod ®@°) .

We have g,+e=t+1+21"2(1+1"p)/2)=t+1 (mod ®®), so that, in view
of ei=—1 (mod w®), we see g,=(—1)""12g=¢} (mod w®). Hence, by (18),
we obtain

g5 (thE@R) D= (k=8p) =D = (__1)=GkGpI-0/2(__ 1)~ C=8p)=D2= ] (mod @®) ,
which proves
tk(8p)+k(—8p)=0 (mod4).

This is equivalent to the result of Williams [13].
| Application 5: Let p=¢=1 (mod4) be primes. By Theorem 3, we
see N(&s,p)=—1, k(Bpg)=1 (mod 2), if and only if in either of the following
three cases,
i) p=1 (mod8), ¢=5 (mod 8), (p/q)=—1,
i) p=¢=5 (mod 8), (p/q)=—1,
iii) p=¢=5 (mod 8), (p/q)=1.
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By Theorem 1, we have, respectively,

ss—pkq(apq),‘:—k(—qu)eg:;ﬂq),ik(—&]) , if i) ,
U _ .« p(— 1 ep  es

14) 7 p(q(csc)):_ kP k8P 11 it i),
pg\~ 8 _ (e op (e . (e C1e_ . eee

esplz(apq),,' k( 5”"’5,’3‘,‘,""’@"‘ Bp)egéBQ),'lk( aq)68 1'& 1 , lf lll) )

Similarly as in Application 4, we see ¥, ({)/T,(—C)=1 (mod @*) and &,,=
&ty Esp=¢E1?, =641 (mod w°®), where we put &,,=t+uV 2pq, &,=t,+u," 2p
and &,=t,+u, 2q with rational integers ¢, u, t,, u,, t,, u,. Therefore,
from (14), we get

3 et 7 > —k(— 3 Yk (—
1) & k(qu)'?: k( qu)eaqk(ﬁq ’l,k( 8q)

(15) ii) gz tk®rOg—k(=8p0) o1g—1 =1 (mod ®° ,
iii) ey th®PO k(=890 ctpk 89k (~8p) ook 8D fh(~80) o—17—1

where, in view of (13), we have

(16) sgpk(Sp)ik(—Bp)Esqu(aq)ik(—&:) = __6;1,':—1 (mod 0)8) .
From (15) and (16), we obtain ,

0 (mod4), if i),

2 (mod4), if ii), iii).

This formula for the Cases i) and ii) is the result of Hikita [5].

In [5] the author have simplified and extended the method of Williams
[13] to the above Cases i) and ii). The proof in [5] is rather complicated
and seems difficult to apply in more general cases.

tk(8pq)+k(—8pg) = {
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