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Introduction.

The irreducible representations of the symmetric group &, are clas-
sically known and they are parametrized by the partitions of n. One
of their realizations is so called Specht module which is defined over Z
and has a natural base (Young’s natural base). On the other hand,
Kazhdan and Lusztig [3] constructed another realization, the W-graph
representation which is obtained from a left cell of &, and it also has
a natural Z-base (the vertices of the W-graph). We give in this paper

“an explicit isomorphism between the above two modules and show that

the base change matrix is uni-triangular for some ordering of the base.
Using this isomorphism, if a partition )\ satisfies certain condition, we
can construct the W-graph of the left cell of &, (without some edges
which connect vertices having the same I-set) corresponding to A\ not
using the Kazhdan-Lusztig polynomials P,, but using the relations in
Specht module (the Garnir relations) inductively.

§1. The A-diagram.

1.1. Notations. Let P(n) be the set of partitions =0y, Ay 5 Np)»
where N, =\, =:-=A,>0 and 37, n,=n. For a partition A, the Young
frame of ) is the arrangement of » squares; the first row ,, the second
TOW )\, *++, the last row , parts, and line up to the left. Young
tableau of shape ) has the frame ) and each square is numbered from
1 to n. A Young tableau of shape ) is called standard if its numbering
is increasing from left to right in each row and from top to bottom in

Received October 17, 1936
Revised December 24, 1938



248 HIROSHI NARUSE

each column. We write Tab; the set of all Young tableaux of shape )\
and STab; the set of all standard Young tableaux of shape ). The
transposition of the partition ) is denoted by *A. For a Young tableau
D of shape A, ‘D denotes the transposition of D whose shape is n. We
denote by D, r,, the standard Young tableau of shape )\, whose numbering
is 1 to A, for the first row, )\,+1 to \,+), for the second row and so
on. We set D, po.="(Dt31op). For a Young tableau D, we put

ID)={i | 1=i=n-—1, i+1 is in a lower position than i in D},
I(D)={ie I(D) | ++1 is in the left side of ¢ in D},
IL(D)={ieI(D) | ©++1 is directly below 4 in D}.

Then we have

LEMMA 1. For a standard Young tableau D of shape n, \ € P(n),
(1) ID)=I(D)IIL(D) (disjoint union).

(2) IDLItD)=A{1,2,---, n—1}.

(3) I(D)=@ if and only if D=D, z,.

(4) L(D)=0 if and only if D=D; 1op.

PrROOF. (1) The equality follows immediately from the definitions.
(2) We see easily that ¢+1 is either in A or in B (see Fig. 1).
Hence 1+1€ A iff 1€ I(*D) and i+1€ B iff ¢ € I(D).

|

A
D= [

B

FI1GURE 1

(8) The if part clearly follows. On the other hand, if I,(D)=¢,

241 must be directly below 4 or in the right side of 7, hence D must
have the form D, j,.

(4) Note that 'D,; 1.,=D:; 5.. Then (4) follows from (3).

1.2. The Robinson-Schensted correspondence. The following fact
is well known.

PROPOSITION 1 (cf. [4]). There is a bijection from &, to Il ;cpwm
(STab, x STab,) which is called Robinson-Schensted’s correspondence. By
this, if x corresponds to (P(x), Q(x)), then P(x™)=Q(z).
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We denote by s, the transposition (7, 1+1)€&,. The set S={s,},<i<n:
generates &, as a Coxeter group. Let l(x) be the length of xe€ &, with
respect to this generator set S.

LEMMA 2. For z in &,, we have
(1) lsx)=lx)—1 if and only if 1€ I(P(x)), -
(2) l(o:si)zl(x)—l if and only if 1€ I(Q(x)).

PROOF. (1) Suppose €S, has a form z= <(11' f;”) Then
1 Y2 n
l(s;x)=1l(x)—1 iff © appears after 7+1 in a,, a,,*++, @,, Which is equivalent
to the condition 7 € I(P(x)) by the construction of P(x).

(2) As l(z™)=l(x), (2) follows from (1).
1.3. For De STab,, we define 2(D)€ S, by

1 2 8 ...
ac(D)=< '"’) if D=|a, |
a, a2 Qs **°* A, .
a, : _["
a; Qg4

LEMMA 3. For DeSTab,, we have

(1) By the Robinson-Schensted correspondence, x(D) corresponds to
(D, D; 501)-

(2) Usx(D)=Ux(D)—1 2f and only if i€ I(D).

Proor. (1) It is clear from the definition of x(D) and the con-
struction of the Robinson-Schensted correspondence.
(2) Clear from (1) and Lemma 2.

LEMMA 4.

(1) Ue(Dy o)) = =M 20 (0 I 1)
»1op 2 2 M

(2) UBDyse)) =3 (1= Do

1.4. For n=0O, Ay **+, \,) € P(n), we put

N=1Ua(D; rop)) — U((D; por)) = n(n2+ H_ > iM(zM +1)

For 0<k<N, we define a subset &¢ of STab, inductively from N to O.
We put
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D ={Dy10p}
and fof 0<k<N, we put

2¢={DeSTab, | D=s;D’ for some D' e 2},, je (D"},
where s;D’ is the standard tableau interchanging j and j+1 in D.

PROPOSITION 2.

(1) 1 =2¥=STab, (disjoint union).
ogksN

( 2) @g=(Dl,Bot}-

PrOOF. For De 2}, we can show inductively that
(D)) =Ux(D;,10p)) —(N—F) .

Hence if k+l, 2}N 2= i.e. disjoint. For D e STab,, compare it with
D, 1op for the top row from left to right then for the second row in the
same manner and so on. If the first difference is ¢ in D, we must have
a—1eI(D) and D’'=s,_,DeSTab,. For this D', instead of D, do the
same operation. Continuing this, we finally get D, .. If it takes m
times, then De 2%_,.. If we do the same operation on ‘D (compare with
D, por), We get D, 5, after k times interchange. Transposing all of them,
if De 2¢ then D, s 2, Therefore we get (1) and (2).

For DeSTab,, we define ht(D)=Fk if De Z}.

1.5. Partial orders on STab,., We define three partial orders on
STab;.

(1) For D, D' €STab,, if ht(D')=ht(D)+1 and D’'=(, 5)D, for some
transposition (i, j), we define D<D’. Let =< be the transitive closure
of this relation, thus < is a partial order on STab,.

(2) We define a partial order < on STab, as follows. For D,
D’ € STab,,

D<D’ if and only if m,(D)<m.,(D’) for all ¢ and all r,

where m,(D)=#{j | /<7 and j appears in the first » rows of D} (ef.
James [2; 3.10]). This order can be interpreted as follows. For D e STab,
and 1<i<mn, we define D, the sub-diagram of D whose entries are less
than or equal to 7. Then this is also a standard Young tableau of size
1. We also define for a Young tableau D, A(D)=\.,(D), n(D), * -+, N(D))
where \,(D) is the length of ¢-th row of D, hence D has a Young
frame of shape \(D). For two partitions A, ¢ € P(n), we define A<y iff



SPECHT MODULE AND LEFT CELL OF &, 251

MEU, MFN S+ My At o NS+ + 4, and r=s
(>\:=(7\11, Nzy * 0 °, 7\47)’ U= (#1, oy * ooy #s))' Then D_S_ID’ iff X(DSi) = X(D;i)
for all 11 n.

(3) We define the third partial order < on STab,, D=xD’ if and

only if x(D)=<x(D’), where < is the Bruhat order on &,. Then we
have N

ProroOSITION 3. For D, D’ e STab,,
DD’ if and only +f D<ID’, and these imply DD’ .

ProoF. Clearly D<D’ implies D=<D’'. The partial order < is gen-

erated by the relation D,<D,, D,=(p, q)D,. If p is in the k-th row and
q is in the Il-th row in D,, and if p>gq, then k<l. It is easy to see

that

m,,. (D) =m,;.(D,) for i<q or ©1=p or r<k or r=1,
and

m;. (D) +1=m,(D,) for ¢=Zi<p and k=r<li,

therefore D,<]|D,. Hence D<D' implies D<ID’. On the other hand,

using the lemma below inductively, we can prove that D=<1D’ implies
DD,

LEMMA 5. For D, D’ € STab, such that D<]D’, there exists D" € STab,
such that ht(D'")=ht(D)+1 and D<D"<1D'.

. ProOr. Compare D and D’ for the first row from left to right
then for the second row in the same manner and so on. If the first
difference is ¢ in D and b in D’ in the p-th row, then a>b by D<D'.
A corner of a Young tableau is a square that there is no square attached -
to the right of and below it. We put

Cr={j | b=j<a, j is in a corner of D, _, ,
and j is a lower square than a in D}.

As b is in the lower position than a in D, C,=@. Let ceC, be in the
heighest position among C,. Then b=c<a, and if we put D”"=(a, ¢)D
then D" € STab; and ht(D”)=ht(D)+1 by the definition of ¢, therefore
D<D"”. We must show D"<ID’. If ¢ is in the ¢g-th row of D,

m,(D'")=m,,(D)<m,,(D") if 4<c or i=a or r<p or r=¢q,
and
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m (D" =m, (D)+1 if c=i<a and p=r<q.
Therefore it is enough to show that
(1.5.1) m,(D)<m, (D) if c¢=i<a and p=r<q.

We fix 4, ¢c<i<a, and move r from p to ¢g—1. If the first negation of
(1.5.1) occurs for r=r, then m, (D)=m, (D). We define s to be the
smallest 7 such that \;(Dg._,)=N(Dg.—1). For p=k<s,

mu(D)=my_ (D)= mb—l,k(D') <mb,k(D’) =myu(D') .
Therefore r, must satisfy s<r,<q. But then,
)\'r0+1(D <1) = 7\:ra(DSt) > Nro(D’St) = 7\or0+1(D’st) ’

hence m, ,,..(D)>m, , (D) which contradicts the fact D<]D’. Therefore
we have (1.5.1) and finally we get D”"<ID’.

1.6. We define the A-diagram to be the Hasse diagram of (STab,, <)
whose vertices have two data D and I(D). If De 2} D'e=2i, and
8,D'=D then we label the edge {D, D'} as s;. An edge may have no
label (cf. Example 5.1).

EXAMPLE. A=(3, 2).

9 Q DA. Top

%
= i
gé — 4&JA,Bot

§2. The left cells of &,.

By Kazhdan and Lusztig [3], the left cells of &, are determined as
follows. For De STab,, we define
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X,={reS, | Qx)=D for the Robinson-Schensted correspondence} .

We denote by I', the W-graph corresponding to X, with edge and
multiplicity defined by w(z, ¥) (cf. [3]). Then {I,| D e STab,, \ € P(n)}
is the set of all left cells of &, and if D, D’ eSTab,, then I', and I,
are isomorphic as W-graphs ([3; Theorem 1.4]). We particularly consider
Fz:FDZ,Bot on Xa:XDl,Bot'

FPROPOSITION 4. The \-diagram can be identified with the induced
subgraph which is obtained from the Hasse diagram of the Bruhat order
of &, by restricting vertices to X*.

PROOF. For DeSTab,, a(D) corresponds to (D, D, 3t). For D,
D' e STab,, l(x(D")=l(x(D))+1 if and only if ht(D")=ht(D)+1, and in
this case x(D")>x(D) if and only if D'>D (cf. Hiller [1; Definition 6.0]).

LEMMA 6. If x<y and l(y)—U(x)=2, then
pwex, Y)#0 implies L (y)c F(x) ,
where F(x)={se S |sx<ux}.
PrROOF. By [8; (2.3.2)], for se S,

P,,=P,, if x<y, sy<y, se>zx,

where P,, is the Kazhdan-Lusztig polynomial.

The degree of P,,,,S%(l(y) —l(sx)—1)
=—;-(z<y> —U(2)—2)
<) —U)-1).

Therefore if p(x, y)#0 and sy<y then we must have sx<z. Hence
L (y) c ZF(x).

COROLLARY 1. [I'? is obtained from i-diagram by adding some edges
{D, D'} for De 2}, D'e 2}, |—k=0dd=3, I(D"c I(D).

PROOF. For DeSTab,, I(D)={i|s, € & (x(D))}, thus it is clear from
the lemma above.

For x€ X* we denote by g, the base element of I corresponding
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to x, where D=P(x). Thus {gp}pesren, i8 the natural Z-base for I'’.

§3. Specht modules.
In this section we will quote some results of James [2].

3.1. We define an equivalence relation ~ on Tab, by D~D' if and
only if i-th rows of D and D’ are equal as sets for all i. We define

Tabloid,=Tab,/~ (the set of equivalence classes under ~).
We denote by [D] the equivalence class containing D. And we put
M, = the free Z-module on Tabloid, .
Then &, acts naturally on M,. We also define for D e Tab,

V,={x €&, | x stabilizes each column of D},
kp= 3, sgn(x)x € Z[&,] ,

ZGVD

el):kD[D] eM,,
S*= <3D>Z,D6Tab;CM2 .

S? is called the Specht module corresponding to the partition .

LEMMA 7. The Z[S,] module S* is a cyclic module generated by any
e, D e Tab,.
It is also known that

PROPOSITION 5 ([2; Theorem 8.4]). {ep}pesran, t8 @ Z-base of S*.

The action of &, on S* with respect to this base {e,}pesmn, i8 de-
termined by the action of s,=(¢, ©+1) on e, for D e STab,.

PROPOSITION 6 (James [2; 25.1]). The action of s, on ey is calculated
as follows (D e STab,): »

(1) If 1eIL(D), then s.,ep,= —ép.

(2) If ieI(D)UI(D), then s.ep=ée,p.

(3) If ieI(D), then ser=€p+ X p<p @pD'.

The case (3) is calculated by the Garnir relations.

3.2. The Garnir relations. For Dec Tab,, let X be a subset of the
i-th column of D and Y be a subset of the (¢+1)-th column of D. We
define, for Zc{1,2,---, n}, &, to be the permutation group on the set
Z. We fix a coset representative of &y ,,/S:*x&, and denote it by
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{0.}isi<,» Then we define

Gzy= D, sgn(o)o; € Z[S,] .
1sisr

PROPOSITION 7 (James [2; Theorem 7.2]). If | XU Y|> the number of
squares in the i-th column of D, then

Gx’yep=0

which 18 called the Garnir relation.

§4. The isomorphism.

4.1. Now we can state the main result of this paper. We con-
sider two Z[&,] modules with natural bases, S*=<{ep)z pestn, and I'*=

{9p)z,pesma0

THEOREM. There exists a unique isomorphism @ from S* to I'* such
that

P(ep)=9p +D§Dap',pgp' (ap',p€ Z).

PrROOF. Let W, be the subgroup of &, generated by a subset ICS.
For pe P(n), we set I(¢)=I(D:,5s.) and regard it as a subset of S by
identifying ¢ with s,, Then W, is the horizontal subgroup of D, r..
We also set S3,=S*QQ and I'{=7"QQ. By Stanley [5; 4.1]

AN\
Indy, 1, S§> =#{D € STab, | [(D)c I(1)}

where I(/;})={1, 2,+++, n—1}—I(r). This multiplicity is the Kostka number
K;, On the other hand

<Ind;’n1(#)1) FzQ>=<1’ Fé]WI(#)>
=#{D e STab,| I(D)N I/(\#)= @}
=#{D € STab, | I(D)C I(¢)} .

As the matrix (K, )i .epm i8 invertible, we get Sy=I} as Q[&,] modules.
The —1 eigenspace of s, in I'y is 3l;c;0 Q9p, and it is easy to see that
if I(D)DID,3.) for DeSTab,;,, then D=D, s, Therefore the common
—1 eigenspace of I(D;z.) in I'y is Qgp, 5, But since ep, 5., is a common
—1 eigenvector of I(D; s, in Sh, there is an isomorphism &: 8= I'§ such
that a(eDZ,IBot:) = ng,Bot'

By Lemma 7, we can define p=3&|u: S*—I'*, which is a Z[&,] homo-
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morphism. We will show that this homomorphism ¢ has.the required
property by induction on ht(D). If ht(D)=0, then D=D, .. and by the
construction ¢(e,) has the required form. If ht(D)>0, take j € I, (D) and
define D'=s;D. Then by induction

Pler)=gort 3 @pr,pgp
As ¢ is a Z[S,] homomorphism,
P(ep) =P(8€p") = 8;P(€p) -
On the other hand
8i9p=9p+ g+ 3, bpgpe
and

—gpr if jeID")
Sngn= ngl+lower if j c Il(tD")
gpe+9gp-+lower if jeI(D")

where D°=g;D"” and D" <D°<D. Therefore ¢(e,) also has the required
form. ¢ is an isomorphism by this form, and uniqueness is clear. -

4.2. Construction of left cells. For DeSTab;, we define
B,={D' € STab,; | ht(D)—ht(D")=0dd=8 and I(D")D>I(D)}

and
cD)=(_ U ID")-KD){L, 2, -+, n—1}.

For \ € P(n), we define a condition (C;) as follows:

(C)) For all DeSTab;—{D; 5.}, there exists je I(D) such that
j € C(S,'D). :

REMARK. For n<7, all partitions A € P(n) satisfy the condition (C,).
But there are partitions which do not satisfy the condition for =8,
e.g. n=(2,221,1). :

COROLLARY 2. If a partition \ satisfies the condition (C;), we can
construct sub-W-graph of the left cell I'* from the an-diagram wusing the
Garnir relations.
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PROOF. We construct 7* inductively on ht(D), DeSTab,. For
ht(D)<3, a-diagram is equal to I'*. For k=3, assume that I is already
constructed for ht(D)<k, so the action of s, on g, is already defined for
ht(D)<k and all . Take De 2{. If C(D)=(, then no edges are added
and take another De 2% For iecC(D), we have two cases.

(1) If 1e (D), put D'=s,D. By the condition (C,) for D’, there
exists je I(D") such that j¢C(s;D’). Then P(ep) =8;9(e,;p) is already
determined in terms of g,., D°XD’. On the other hand p(e,)=g,+ lower
is also determined. As p(e,)=s,0(¢,), We get 8,9,=0p +0p+ Spr<p Apr G prre
Then add all the edges {D, D"} for a,.#0 and define p(D”, D)=qp.

(2) If ieL(*D), then s,e,=ep+,pqp Brep (calculated by the Garnir
relations). o¢(e,) is already determined and as s, p(e,) =9(s.e;), we get
89p=9p+2.p<p Ypgp. Then add all the edges {D, D"} for v,.#0 and
define (D", D)="p '

Do this operation for all 1eC(D). For all De =z} do the same
operation and we get I'* for ht(D)<k. Thus inductively we get I
(If there are vertices with the same I-set, some edges may be added
to become the left cell.)

§5. Examples.

In this section we calculate W-graphs (the left cells) and transition
matrices for A=(3, 2, 1) and for all partitions of n="7 using Corollary 2.

5.1. v=(@3,2,1). The \-diagram is indicated below. We label the
Young tableaux D, D,,---, D,, from top to bottom. We also write
et=ep'i and g;=g,,. As the action of s, on g, is already known for
ht(D)=2, we can calculate @(e,) for ht(D)<3 inductively:

P(es)=g,s by definition of @,
P(eys) =8:p(ey) = 8:916=9gis+ 916 »

P(€1) =8:P(€16) = 83916 =01, + J1s

P(€15) =38, P(e1) = 8,(G1s + J10) = F1s + G4

ple) =8:p(ey) =g, + 91+ 91+ 91 -

We define the action of s, on g, for ht(D)=8. C(D,)={1} and this is
the case (2) of Corollary 2.

8,6, =€,—¢e,, —e,, by Garnir relation ,
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111111 111111001 1
010111 1111 11111 1
0 01 001 0110 100 00 1
0 00 100 1100 110 10 1
0000101011 111 11 1
0 00 001 0111 111 101
0 00 000 1000 110 10 0
0 00 000 0100 110 11 1
0 00 000 0010 101 10 1
0 00 000 0001 011 10 O
0 00 000 0000 100 10 O
0 00 000 0000 010 11 1
0 00 000 0000 001 10 O
0 00 000 0000 000 10 1
0 00 000 0000 000 01 1
0 00 000 0000 000 00 1

A-diagram for 1=(3,2,1) transition matrix for 2=(3,2,1)
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and
8,:9(60) =P(ey—e,,—€16) =go+ g5 -

On the other hand

8,P(e5) =8,0,+8,(gs; + €15+ g1+ 916) =896~ 011+ G1s— Gss -

Therefore s,9,=9g,+9,,+9, and we get u(D, D,)=1. C(Dg;)={2} and this
is the case (1) of Corollary 2. s,e,=¢,=s,e,, and the action of s, on g,
is known:

8,:P(ey) =8,(G10+ G113+ G10)
=0gs+9st 9o+t 9u+t9.et+9distdit9s-.

On the other hand

82¢(65) =8,9s 1+ sz(gn + 91+ 91t G5+ i)
=805+ 9ot 91w+ 9u+tgdit+dis+9gu,

therefore s,9,=g9.+9:+9, and we get u(D, D,)=1. As we defined all the
actions of s, on g, for ht(D)<3, we can calculate @(e,) for ht(D)=4.

In this way we get transition matrix and W-graph simultaneously. The
added edges are

Dy——D,, case (1),
D9 D16’ -Ds‘—“‘Dm Ds_Du; Dl__D’H Dl““—Dw case (2);

with multiplicities 1. This W-graph is also the left cell.

5.2. m=7. We indicate only half of the cases. For transposed
partition ., the Young tableaux are ‘D with the same numbering. The
edges are the same and the I-sets are I('D)={l,2,---, 6}—I(D). The
transition matrix is indicated in lower triangle, e.g. for A=(2, 2,1, 1, 1),
p(es) =9gs+9s+9s+9,. Dotted edges are added for the W-graph to become
the left cell.

2=(7)

11234567 1

2=(1,1,1,1,1,1,1)
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1
@ 123456
7
2
Cs) 123457
6
3
(4) 123467

4
(3) 123567
4
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i=%,1,1)

111010 100 00 00
11111111010 00
11011 111 11 10
101 01 010 10 00
01010110111
11101011111
000010100101
001011010111
000101001011
000010110101
1
1

0
1
0
0

1
0
0
1
0

000001011 01
0 0 00 00 010 11
0 000 00 001 01 01
0 000 00 000 01 11
0 0 00 00 000 00 01

0
1
0

HHMHHRHRMBMHMOMMOROOO O
M EHOFEFOMHOOMHOOOOOO

t2=(3; 1: 1’ 1, 1)
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2=(4,1,1,1)

11 10 100 000 000 000
1111 110 100 000 000
0110 110 110 100 000
1 01 011 101 010 000
0 10 100 100 100 100
1 11 010 111 111 010
1 01 001 001 010 000
00 10 110 100 110 110 10
0 0 01 010 010 101 011 01
01 11 011 001 011 010 00
0 0 00 010 110 100 110 11
0 0 10 110 101 010 010 10
0 0 01 011 011 001 011 01
0 0 00 000 010 100 100 10
0 0 00 010 111 111 010 11
0 0 00 001 001 001 001 01
0 0 00 0600 010 101 110 1
0 0 00 000 001 011 011 O
0 0 00 000 000 001 011 1
0 0 00 000 000 000 001 O

‘2=(4,1,1,1)

8888888

HkHEMHOQOMMOOFROOOOOOODODOO
HHOHOOMHMOOOOOOOOoOOOODOO

1
0
0
1




262

HIROSHI NARUSE

2=(5,2)
111212112111
111111112111
101111111111
010101112111
101011011111
110101111111
00 10 100 10 10

011 010 11 11
00 01 001 01 11
00 10 110 10 10
01 01 011 01 11
00 00 010 11 10
0 0 01 00 000 01 01
0 0 00 00 001 01 11

2=(2,2,1,1,1)

COoOOROOHOOQOOHH
QO OO OO HOMMKFMHKMH

e
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t21=(2,2,2,1)

263

2=4,3)

1111121111111
11 111 111 111
10 110 111 111
01 011 111 111
10 100 100 110
11 010 111 111
01 001 001 011
10 110 100 110
00 010 010 101
01 011 001 011
01 010 110 100
0 00 010 101 010
0 0 10 010 011 001
1111 111 111 111

11
01
01
00
11
00
00
10
00
00
1

ol e e e Y el e el
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0 1000 1100 1100 110 00
0 0100 1010 1001 010 01

1=(3,8,1)
111 1111 1111 1111 211 11 1
@ 357 1 10 1110 1111 1111 110 01 1
4 1 01 0011 0111 1111 110 01 1
‘ / 01 0
‘ 01 0
(\ 20 5 1 11 0010 0111 1111 111 111
(36) 14 0 01 0001 0001 0110 100 00 1
3 1 10 1100 1000 1000 010 00 0
: 0 10 1010 0100 1100 110 10 1
| 0 10 0110 0010 1011 111 11 1
21 0 01 0011 0001 0111 111 10 1
@ ;gg 1 11 1110 1110 1000 110 10 0
3 0 00 0010 0101 0100 110 11 1
0 10 0110 0011 0010 101 10 1
0 01 0011 0011 0001 011 10 0
1 11 1111 1111 1110 100 10 0
0 01 0010 0111 1101 010 11 1
1 11 0010 0011 0011 001 10 0
1 11 1011 0111 1111 111 10 1
0 01 0000 0010 1001 010 01 1
1 01 0001 0011 1111 111 11 1

2=8,2,2)
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i=4,2,1)

1 11 111 12111 111210 111101 10101 0110
110 111 11111 111111 111111 11111 1110

010
011

1 01 001 00110 010200 010100 10001 0100 01 O

10 100 11100 111110 111111 11112 1211

0
0 10 010 0101t 101111 111111 11111 1110 01
1

11 001 00111 010111 011110 11011 1100
0 00 100 10000 110000 111000 11100 1200
1 10 110 01000 101110 111111 11111 1111
0 10 101 00100 010110 011111 11112 1201

0 10 011 00010 000101 010110 11011 1100 01
1 11 011 00001 000011 001010 01010 1000 00

0 00 100 11000 100000 111000 11100 1100
0 00 100 10100 010000 011000 11100 1210
1 00 000 01000 001000 100101 10111 1111
1 11 111 01110 000100 010110 11011 1101
1 10 111 01101 000010 001011 01111 1101
1 10 011 00011 000001 000010 01010 1000
0 00 010 01000 101000 100000 10100 1100
0 00 100 11100 110100 010000 11000 1100
00 100 11100 110010 001000 01100 1110
01 000 01000 001100 000100 10011 1101
11 111 01111 000111 000010 01011 1101
00 010 01001 001010 000001 00101 0101
00 010 01010 101100 110100 10000 1100
00 100 11100 110110 011010 01000 1100
00 010 01000 101010 101001 00100 0110
01 000 00000 000100 000110 00010 1001
01 011 01111 001111 000111 00001 0101
00 000 00010 000101 010110 11010 1000
00 010 01110 111110 111111 11101 0100
0 00 010 00000 001000 100001 00100 0010
0 01 001 00110 000100 000110 00011 0001
0 00 000 00110 010101 010110 11011 1101
0 00 010 00010 001000 100101 10101 0110
0 00 000 00010 000001 000110 11011 1101

t2=(3,2,1,1)

0
1
1
1
0
0
0
0
1
0
0

5.3. Remark. The algorithm of Corollary 2 can be ameliorated and
we get W-graphs for all partitions of n=9. We have a microcomputer
program to calculate these W-graphs. In these cases,

matrices are all nonnegative.
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