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Introduction. Using the results of Grabowski [1] and Omori-Maeda-Yoshioka
[7] on the existence of a star-product of a Poisson structure, we show that “generical”
quadratic Poisson structures in dimension 7 (cf. [2], [6]) do admit star-products and,
in dimension 3, every quadratic Poisson structure does admit a star-product. Examples
of star-product are given for the 13 first classes of the classification of Dufour-Haraki
[2]. For the model #14 (the last one of the previous classification), we give an
example of star-product when the polynomials Q (that generate this case) are the product
of two nonconstant polynomials.

The present work is divided in two parts. In the first part, one can find all necessary
notions that enable us to apply Grabowski [1] and Omori-Maeda-Yoshioka [7] results
(These notions are developed in [1] and [3]) and the formula of the star-product derived
from Drinfeld’s [4]. In the second part, we recall the classification in [2] and we expose
our results on the existence of a star-product of a quadratic Poisson structures.

1. Star-product of a Poisson structure.

11. Poisson structure. Let E be a commutative algebra with unit 1 over a field
K of characteristic 0. Denote M~ }(E)=E and MP(E) the vector space of (p+ 1)-linear
maps from E?*! to E (p>0). Put M(E)= ®D,>_, MP(E) and A(E)=@ ., _, A?(E)
where 47 !(E)=E and AP(E) is the subspace of (p+ 1)-linear antisymmetric maps of
MP(E). The interior product on M(E) is defined by: i : M(E)*—M(E)

i(B)(4)=0 if AeM~Y(E),
(B)A) (X0, ***5 Xarp) =D (= 1)®A(X0, ** *, X1, B(Xis ** *> Xewp)s Xuwpa 15 * " *> Xats).
if Ae M*%E) and Be M%E) .
On M(E), one defines a bracket A by:
AAB=i(B)A+(—1)**1i(4)B with 4e M%(E) and Be M*(E).
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Applying the antisymmetrisation operator o one can then deduce a bracket A on A(E):
AAB=(a+b+1)!/(a+ D(b+ Da(AAB), Ac AYE) and BeAXE).
PROPOSITION 111. (M(E),A) and (A(E), A) are graded Lie algebras.

PROPOSITION 112. ce MY(E) (resp. ce A*(E)) defines an associative algebra (resp.
Lie algebra) on E if and only if cAc=0 (resp. cAc=0).

REMARK. A Lie bracket A is nothing but the Richardson-Nijenhuis one [3] and
A is a generalisation to M(E) [3].

If V is a vector space over K, let’s denote ¥V, the space of the formal series with
parameter A and coefficients in V.
A,=Y, 1*4, e MP(E), is identified with an element A4, of M?(E,) by

Al(xo, ...’xp)=211k< Z As(xs%, ...’xsz;)
k

s+so+--+sp=k
where x'=Y " * A*x].

PROPOSITION 113. M(V), (resp. A(V),) is a graded subalgebra of (M(E,), A) (resp.
(A(E)), B)).

Let (V, ¢) be an associative algebra (resp. Lie algebra). A formal deformation of
cisanelementc,=) APc,of M'(V), (resp. AX(V),) such that ¢, =c and c;Ac, =0 (resp.
¢;Ac; =0). This can be written ), ._c;Ac;=0 (resp. Y i+j=pCiAci=0), VpeN.

The product “.” on E induces on M(E) an associative algebra structure:

A.B(xo, s Xg4+b+ 1)=A(an Y xa)'B(xa+ 15 " s Xa+b+ 1) ’
Ae M%E) and Be MXE).
One defines on A(E) the exterior-product “ A’ by
!
ANBe (a+b+1)!
(a+ DB+ 1)

which gives to 4(E) a graded commutative algebra structure.
The bracket A satisfies:

(%) AR(BA C)=(—1)**D(4AB) A C+BA(4AC),
VAe AYE), Be A(E), Ce A(E).

«(A.B), AeAE) and Be AYE)

On M(E), linear operators are defined as follows: We define the map

8(x) : M°(E)—> M°(E) where H, : E— E
D+— 6(x)(D)=DAH, yE—Xxy.

DEFINITION 114. De M°(E) is a linear differential operator of order <r if
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0(x0)d(x;) - - - 6(x,)D=0 for all x,, - - -, x,€ E. Denote by Diff,(E) the vector space of
linear differential operators of order <r and Diff(E)=| ), , Diff (E).

One has Diff,(E)=Der(E) ® Diff,(E) where Der(E) is the vector space of
derivations of E. One can deduce that Der(E)= {D e Diff,(E) | D(1)=0}.

r=0

PROPOSITION 115. DeMO(E) is a differential operator of order <r if and only if
3(x)"*Y(D)=0 for all xeE.

One defines recurrently a differential operator on M"(E) by:

DEFINITION 116. De M"(E) is a differential operator of order <r if i (x)D is a
differential operator of order <r on M"~!(E) for all p=0, 1, ---, n and xe E where
ip(x)D(xm Y xn—1)=D(x0a T, xp—l’ X, xps Y xn—l)'

In the same way, one denotes Diff’(E) the space of the (n+ 1)-linear differential
operators of order <r, Diff"(E)=|,, , Difff(E) and Diff(E)= @, _, Diff?(E).

Using Proposition 114, D € Diff(E) if and only if 6 ,(x)"* '(D)=0forallxe Eand p=
0,1, ---,n, where 6,(xX)D(xq, * -, X,)=D(Xq, * " *, Xp—1, XeXp, ", X)) —X.D(Xq, - * -,
x,). The space of the (n+ 1)-linear derivations on E is nothing but the set of the elements
D e Diff{(E) such that i,(1)D=0 for p=0, 1, - - -, n. Denote Der"(E) the space of the
(n+ 1)-linear derivations on E and Der*(E)= ®,» - Der?(E).

The subspace of Diff*(E), (resp. Der*(E)) formed by the multilinear skewsym-
metric maps is denoted by ADIff*(E) (= @D, ADIff?(E)) (resp. ADer*(E)=
®,> - ADer?(E)).

ProPOSITION 117. 1°) Diff*(E), Der*(E) (resp. ADIff*(E), ADer*(E)) are as-
sociative subalgebras of (M*(E),.) (resp. (A(E), A)).

2°) Diff*(E) (resp. ADIff*(E), ADIfff(E), ADer*(E)) is a graded Lie subalgebra
of (M(E), A) (resp. (A(E), A)).

DerFiniTioN 118.  Each differential operator Pe ADiff!(E) such that PAP=0 and
P(1,.)=0 is a Poisson structure on E.

>-1

THEOREM 119 ([1]). If E has no nontrivial nilpotent element then every Poisson
structure on E is of order 1. So a Poisson structure on E is necessarily an element of
Der!(E). Therefore if E is an algebra spanned by F, P is well defined by the images of
the elements (x, y)e F>.

12. Star-product of a Poisson structure. Let P be a Poisson structure on E (E is
supposed without nilpotent element) and m the product on E. As mAP=0, m+ AP is
a deformation of m of order 1.

DEFINITION 121. A formal deformation 4,=m+AP+Y. % A"A, satisfying
1°) A4,eDiff{(E),,
2°)  Au, v)=(—1)A(v, u),
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3°) A, vanishes on constants, i.e., 4,(1,.)=0
is called a star-product of P.
The condition 3°) implies that 1 is the unit of the algebra (E,, 4,).

The following result gives a sufficient condition for the existence of star-product
for the Poisson structure of the form: P=Zi, ;9;;D;. Dy with a;;= —a;; and D, e Der(E).
Let L be the Lie algebra (Der(E), A) and U its enveloping algebra.

DEFINITION 122. He/AZ?L is called a Poisson element if it satisfies the Yang-
Baxter equation:

[H0’ H1]+[H09 H2]+[H1’ H2]=0

where [, ] is the bracket induced by the associative structure on ®3 Uand Hy, H, and
H, are the respective images of H by the homomorphisms:

Vo: @°U— ®°U
UuR@vH— 1QQu®uv,

Yy ®2U—’ ®3U
u@v—u®R1QRu,

2% ®2U—’®3U
uRv—u®R@v® 1.

TueoreM 123 (1], [4]). Let P=Y,,a;;D;.D; (with a;j= —a;; and D;e Der(E)) be
a Poisson structure on E. If }_’=Zi, ;8;D;® D; is a Poisson element, then P admits a
star-product.

Let P=)  _,..,%;D;® D;beaPoisson element where (a;;); ; is an invertible matrix.
Let (b;;); ; be the inverse matrix of (a;;); ;, G the Lie group of the Lie algebra L, (h;;); ;
the matrix of the adjoint action of G in the basis (D;); <;j<p L'=L® Ku a central
extension of L whose bracket [, ]’ is defined by: [D;, D;1 =[D;, D;1+ b;ju, and g € (L')*
such that ¢(L)=0 and ¢@(x)=1.

PROPOSITION 124. Let P=) 1,j@i;Di- D jb be a Poisson structure on E such that
P=Zi, ;91;D;® D; is a Poisson element. Then a star-product of P is given by:

(*%) (u, v) —> m(u, v) + f ( y o(clg) -

n=1 \|a;| +|Bi|>1,1<i<n

v (p(c;"pn) X (2A)Z|¢x|+|ﬂ:|—".H&:Hzﬂ.>

where c,g (¢, e NP) are the coefficients of the term t,s, in the Campbell- Baker-Hausdorff
series
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CH'(Ztka, szDk)=ztka+ZSij+%Ztij[Dk’ Dj],+ T
and H*=(H}'o - o H2?)(e) (v=(v1, Vs, ==, v,) with H;=Y . hyoy Dy, hy(e)=0f, e
is the unit of G.

In particular,

PROPOSITION 125. Let P=) i,;8ijDi- D; be a Poisson structure on E such that
D; commute pairwise, then expAP is a star-product of P and one has. expAP=
Y o (1/kN)A*P* where

1 (— l)k‘zi<,‘"x‘j
—_ Pk= Y ~ = JJamtr
k! 1<i,j<p P T
ri=02rij=k

X(D12L1r1io ce onZs;lrpi)'(DlZf:lril o+ onZf=1r.~p) .

2. Star-product of a quadratic Poisson structure.

21. Quadratic Poisson structure. From now on, we suppose that E (=S*(F))

is the symmetric algebra of a vector space F of finite dimension n over K=R or C.
A basis (x,, ' - -, x,) of Fis fixed.

DErFINITION 211. A quadratic Poisson structure on E is a Poisson structure
P=Y,,a;D; A D; (a;;= —a;; and D;eDer(E)) on E such that P(F, F)c S%(F).

ExampLEs 212. 1°) If D,eDer(E) (i=1,2, - - -. p) commute pairwise and satisfy
D;.D;(F*)= S*(F), then P=) ,.D;A D; is a quadratic Poisson structure on E. This is
a consequence of the graded distributivity of *“ A > relative to A (see (*)).

2°) If D;eDer(E),i=1,2, - - -, p, satisfies D;. D;(F)=S*(F) and P=), ;a;;D;®
D; satisfies the Yang-Baxter equation then P=Zi,j a;D; A D; is a quadratic Poisson
structure. Indeed '

[I—)O’ F1]+[F09 P2]+[}—)15 P2]
= a;a,((1®(D;® D;—D;® D), D,®1®D,—D;®1® D,]
ijik,l
+[1®(D;®D,—D;®D,), D,®D,®1—D,® D, ®1]
+[D:®1®D,~D;®1®D;, D,®D,®1—D,®D,®1])
=_Z’:‘laijak1(Dk®Di®[DjaDz]—Dk®Dj®[Di,Dl]_Dz®Di®[Dj, D]
i,jk,
+D,®D;®[D;, D1+ Dy ®[D;, D] ® D;— D, ®[D;, DI® D;
—D,®[D;, D,1®D;+D,®[D;, D,]® D;+[D;, D, ]® D;® D;
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—[Dj, D,]® D,® D;—[D;, D,1® D,® D;+[D;, D,]® D, ® D;)

=4 ), a,;au(D,®D;®[D;, D1+ D ®[D;, D,1® D;+[D;, DI® D,® D;)
i,j,k,1

and PAP=4} ... a;a4D, A D;A[D;, D;]. Therefore [Py, P,]+[P,, P,]+[P,, P,]=

0 implies PAP=0.

NOTATION. Denote J; (i=1, - - -, n) the derivation of E defined by 0,(x;)=4;;.
Therefore every quadratic Poisson structure P on E can be written P=) i,j Pij0i A O;
where P;je S*F and P;;= — Pj;.

Ji

At every quadratic Poisson structure P on E, one can associate Rpe Der(E) called
the rotational of P ([2], [6]) and which verifies PARp,=0: If P=Zi’ jPij0i A 0; then
RP=Z,.J.61-(P,-J-).6,-.

The restriction of Rp to F is an endomorphism of E so it can be reduced to its
Jordan form. If two quadratic Poisson structures are isomorphic then their rotationals
are isomorphic too. Hence, the Jordan form of the rotational is an invariant for the
classification by linear isomorphisms of quadratic Poisson structures. By convention,
let’s call eigenvalue of P an eigenvalue of its rotational Rp.

THEOREM 213 ([2]). Every quadratic Poisson structure which has eigenvalues A,
verifying no relation of the form A;+ A;= A+ A; with r#s and {i,j} #{r, s} is isomorphic
to a structure of the form Zi,j a;;x;X;0; A 0; where a;;e K with a;;= —ay;.

In what follows let’s replace x;, x,, x5 by x, y, z respectively if n=3.

THEOREM 214 ([2]). In dimension 3, every quadratic Poisson structure is isomorphic
to one of the following 14 models:
1°) axyd, A0, +byz0, A 03+ czxd3 A D,
2°)  b(x%+y?)0, A0, +2(2bx —ay)d, A 05+ z(ax +2by)d; A 0,
3°) x%0, A0y +(—ayz+2x2)0, A 03+ axzd; A 0,
4°) axyd, A0+ (x%+cyz)d, A 03 +axzd; A0,
5°) ax?0, A0, +(yz+(1+2a)x2)0, A 03 —x203 A0, (a# —1/2)
6°) —1/2x20, A0, +byzd, A3 —bzxd; A D,
7°)  a(x*+y2)0; A0, + (byz+ (2a+c)xz2)0, A 83+ ((2a+ c)yz—bxz)03 A,
8) (((a+b)/2)(x*+y>)+22)0, A0, +axzd, A0y +ayzds A O,
9°) —1x20, A0, +(ax®—3y?+1x2)0, A 03+ xy05 A0,
10°) —Qb+1)x20, A0, +(by* — (1 +4b)x2)0, A 05+ (2b+ D)xyd; A 0,
11°)  (ex?+dz?)0, A0, + Qe+ 1)x20, A D4
12°)  (ex2+dz?)0, A0y +(x%+Qc+ 1)x2)d, A 04
13°)  (ex?+dz?+2x2)0; A3, +(ax2+2z2+(2c+ 1)x2)d, A 0,
14°)  05(Q)0, A 0, +8,(Q)0, A O3+ 0,(Q)05 A D, where Qe S3F.
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REMARK 215. In the theorem the cases 1°) to 4°) correspond to nonvanishing
diagonal rotationals; In the cases 2°) and 3°) there is a nonvanishing double eigenvalue;
The case 4°) corresponds to one vanishing eigenvalue. The cases 5°) and 6°) correspond
to a nontrivial 2 x 2 jordan block and a nonvanishing double eigenvalue. The case 7°)
corresponds to a pure complex eigenvalue with nonvanishing real part. The case 8°)
corresponds to a pure imaginary eigenvalue. The cases 9°) to 14°) correspond to nilpotent
rotationals. In the cases 9°) and 10°) the nilpotence degree is 3, it is 2 for the cases 11°),
12°) and 13°), and for 14°) the rotational vanishes.

22. Star-product of a quadratic Poisson structure.

PROPOSITION 221 [7]. Every quadratic Poisson structure whose structure constants
(af)) satisfy

n
(*) Z ajyak” +ajal” + agpal” =0 for all i,j,kuv,w=12---,n
p=1

admits a star-product.

PROPOSITION 222. Every quadratic Poisson structure P which has eigenvalues A,
with no relation of the form

Ai+ A=A+ A with r#s and {i, j} #{r, s}
admits exp(tP) as a star-product.

PrROOF. From Theorem 213, one has the existence of an automorphism g of F
such that g™ '(P)=Y, .a;;x;x;0; A 0;. It hy=x,0,and g;=goh;og~ ' then P=3, ;a,;0; A g;
and [g;,g;1=gc[h;, h;]1og~*=0 because [h;, h;1=0 Vi,je{l, - --,n}. Therefore, by
Proposition 125, P admits a star-product and exp(AP) is one. In [7], it is shown that

every bracket Zi, 1@ X Xj0; A 0; admits a star-product.

PROPOSITION 223. In dimension 3, every quadratic Poisson structure with non-
vanishing rotational and which has eigenvalues Ay, A,, A3 such that relations i,=0,
Ay=—A3 and A, .23 #0 are not verified admits a star-product.

ProoF. The quadratic Poisson structure satisfying the hypotheses of the
proposition are isomorphic to one of the models 1°), 2°), 3°), 5°), 6°), 7°), 9°), 10°),
11°), 12°) and 13°) of Theorem 214. We need the following lemmas to achieve the proof:

LEMMA 1. The quadratic Poisson structure P of the form 1°), 2°), 3°), 5°), 6°), 7°),
9°), 11°), 12°) and 13°) can be written as

P=D,AD, where D,, D, e Der(E) with [Dy, D,]=0.

PrROOF OF LEMMA 1. For the model of the form 1°), one has:
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D1=axal—bza3 ; D2=y52—iza3 if a#o,
a

D,=byd,—cx0, ; D,=x04 if a=0.
For those of the form 2°), one has:
D, =(2bx—ay)d, —(ax+2by)d, ;
D, = —2%a(2bx+ ay)d, —}a(ax —2by)0, + z0,4 if a#0,
D,=bxd,—byd, ; D,=—yd,—x0,+220, if a=0.
For those of the form 3°), one has:
D, =(—ay+2x)0,—ax0, ; D,=—4y0,—4x0,+20,4 .
For those of the forms 5°) and 6°):
P=ax?20, A8, +(byz+(1+2a)xz)0, A 03— bxz03 A0, ,
one has:

142a

D,=ax0,+bz0,; D,=-—yo,+ 2053 —x0, if a#0,

D,=(by+x)0,+bx0, ; D,=z04 if a=0.
For those of the form 7°), one has:

D, =(by+Q2a+c)x)0,—((2a+c)y—bx)0d, ;
D2=—Z—x62—%y61+263 if b0,

D,=y0,—x0,; Dy=axd,+ayd,—(2a+c)z0, if b=0.

For those of the form 9°), one has:
D =x0,+y0y; D,=%x0,+%y0,+(ax+%z)d; .
For those of the forms 11°), 12°) and 13°):
P=(cx?+dz?+pxz)d, A0, + (ax®+qz>+ (2c+ 1)xz)d, A 05
with (p, 9)=(0,0), (2, 1),
one has
D, =(cx?+dz?+pxz)0, —(ax? +qz*+ (2c+ 1)xz)0, ; D,=0,.

LEMMA 2. Every quadratic Poisson structure P of the form 10°) can be written as
P=D, AD, with D;, D,eDer(E) and P=D, ® D,— D, ® D, satisfies the Yang-Baxter



STAR-PRODUCT 483

equation.
ProoOF. Put
D,=—Qb+1)x0, +byd,+(1+4b)z0, ; D, =x0,+y0;,.
Then P=D, A D, and one can verify [D,, D,]= —(3b+ 1)D,. Moreover,
[}_’0, P1]=[1 ®WD,®D,—D,®D,),D;,®1®D,—D,®1®D,]
=—D,®D®[D;, D,]1-D,®D,®[D,, D,]
=(3b+1)(-D,®D,®D,+D,®D,®D,),
[Py, P,]=(3b+1)(D,® D,®D;—D,;®D,®D,),
[P,, P,]=(3b+1)(D,®D,®D,—D,®D,®D,).
Therefore [Py, P,]+ L'I_’o, P,]1+[P,, P,]=0.

END OF THE PROOF OF THE PROPOSITION. Let P be a quadratic Poisson structure
satisfying the hypotheses of the proposition. From Lemmas 1 and 2, one can write
P=g(D,) Ang(D,) with ge GL(F), D,, D,€Der(F) and D, ® D,— D, ® D, satisfies the
Yang-Baxter equation. Therefore g(D,) ® g(D,)—g(D,) ® g(D,) satisfies it too and P
admits a star-product thanks to Theorem 123.

PROPOSITION 224. Every quadratic Poisson structure isomorphic to models 1°), 2°),
3°), 5°), 6°), 7°), 9°), 11°), 12°) and 13°) admits exp AP as a star-product.

Proor. Consequence of Lemma 1 and Proposition 125.

PROPOSITION 225. Let D,, D,eDer(E) and aeK such that [D,, D,]=aD,
([D,, D;]=D,°D,—D,°D,), then P=D, A D, is a quadratic Poisson structure which
admits a star-product. The series (x*) in Proposition 124 gives a star-product of P, where
qo((:’,ﬂ) are:

(p(éaﬂ)=0 lfO(2+ﬁ2¢1 or a1=ﬁl=0 or OC1=062=0 or ﬂ1=ﬂ2=0.

) _ ) HIBI—1 flal+ 181+ 1 (_ yk+1
o GO o s
lo|+BI k=1 k
1 1
x( 2 1g.! gl 2 1g.! ! v))
(piaedss P1:qy1: * " " Pt (poqoeBig P19y © " " Pridie
if'a2=1, ﬁ2=0 andﬂIZl.
3 )l + 1Bl flal+ 181+ 1 (_ yet1
(,,(caﬂ)=u___( =D
jal+]B] k=1 k

1 1
x( 2 19! g0 2 19! ! v))
(poadedly P1:q1’ " P’ (puaveBip P1°q1’ ° " Prdr
if a,=0,a,>1 and B,=1.
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Here,

(pi+¢;>0 (Vi=1, - -, k),

A:p:' {(pia di)1<i<k

((p1= la q1>0) or (p1=la 91 =p2=0, ‘12>O))

K k
and ((ZP;‘=“1+1, Y gi=B;+1 lka>O)
i i=1

i=1

or('§1Pi=°‘1+2, Z_:l q:=B: if‘]k':()))},

(pi+q;>0 (Vi=1, - -+, k), (p;=0, g, =1) or p,>0)

Ba’fp= {(Pi: 9i)1<i<k

k k
and (( > pi=oy+1, Z g;i=p,+1 iqu>0).
i i=1

k K
or (_;117;':“1'*'2, _glq:':Bl lqu=0))} .

Moreover, for all p, ge N*, one has
i°) Hi(e)=(—1"Df

no) Hg(e) ZEWZ)ZI oAq ,az" qu Zle

ii®) H"ng(e) Y pam S etk Apfart 21Dy~ 2}
where A, and AP are given by the following recurrency formulas:

i°) Ajo=1, A¢o=1, A%,=0, A2 ,=1.

If q is even,
k
ARst= A2 2% forall k=0, ---,q/2,

s=0

k=1
=@ 2k A1+ T AL2CEy
for all k,l (1<k<gq/2 and 1<iI<k).
If q is odd,

k
== ZOA;‘I,S2S for all k=0, tt (q_l)/2 ’ A(q+1)/2 0=0 ,

A(q+1)/2t A(q 1)/2,0—1 Sor all =0, ---,(g+1)/2,
k—1

Tr=(g—20c—1)A7_ 1 -1+ Y AL2°CYy,

s=0

forallk,l (1<k<(q—1)/2 and 1<LI<k).



STAR-PRODUCT 485

i) Afy =(~1)P277!C}, ARP=(—1)P47IC}, AD2  =(— 1)P2¢~!CL for all 1=
0, --,pand AP(=0.
If q is even,

pt+k

APt =) AP forall k=0, -, q/2,
s=0
p

ARftt=) ApR*TIC;  forall1=0, -, p,
s=l1

k—1
APF =(g—2(k— D)APA _ 1+ Zo APA2CE,

forall k,1 1<k<gq/2 and 1<iI<Kk).

If q is odd,

p+k

APgT = ;)Af,’fa’-s Jor all k=0, - -+, (g—1)/2,

p
Apiti= 3 Ap22:7ICt foralll=0,---,p,
s=1
p+k

AR =(g—2(k—1) AP - + Zl Api2sTIcy

for all k,1 1<k<(q—1)/2 and 1<I<k),
ALi2,0=0, AR, =ARY 501 forallI=0, -, p+(qg+1)/2,
AP =(g—2(k—1))AP4%, ,_, +pif Apa2sTics

Sorallk,l 1<k<(g—1)/2 and 1<I<k).

(E(q/2) is the integer part of q/2.) _
PROOF. i) One can show that if P=D,o D, —D, - D, then
[Py, P\]=a(—D,®D,®D,+D,®D,®D,),
[Py, P,1=a(D,®D,® D, —D,®D,®D,),
[Py, P,]=a(D,®D,®D,—D,®D,®D,) .

So [Py, P,]1+ [Py, P,]1+[P,, P,]=0 i.e. P satisfies the Yang-Baxter equation. There-
fore P is a quadratic bracket thanks to Examples 212-2°). From Proposition 124, P

admits a star-product and (*#) is the one.
i) We use the same notations as in Proposition 124.

0 1 0 —1
(aij)=<__1 0>, (bij)=(1 0 >,
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L=KD,®KD, ; L'=KD,®KD,®Ku ;
[D;, D;1=[D;, D;]1—-bju; ee(ll)*; @oL)=0 and oW)=1;
Hy=hy,D,—hy Dy ; Hy=hy,D,—hyy D, hij(e)=5;:;

Dy(hy1)=0 5 Dy(hy)=—ahy,;
D(hi;)=ahi;; Dy(hi3)=0 5
D, (h;,)=0 5 Dy(hy)=—ahy,;
Dy (hy;)=ah,,; Dy(hy3)=0
The values of (p(C'",,,,) come immediately from the Campbell-Hausdorff formula and

from [D,, D,]” =aD,—u. The value of H? - Hi(e) is a consequence of the following
lemma:

LEMMA. For all p, qe N* one has:
0) DpoDz—D2°(Zk oCk kDf—k)
2°) HY(e)=(—-1)?D?
0) Hg(e) 25(4/2)21 OA,“IIGZk qu Zk(D )l
4°) HPoHY(e)=Y 7 9Py r % B a?*2*~'D3~2%o D! with Af, and B{, defined by
the recurrency relations above.

PROOF OF THE LEMMA. 1°) One has: D, - D,=D, o D, +aD,; the formula is then
satisfied for p=1. Suppose it is true until order n, then

D3*'oD,=D}o(DyoD,y)=D}o(D,Dy+aD,)=(D}oD,)o (D, +al)

=D2°( > c:a"D;"")o(Dl+a1)=Dzo( 3 Cta*Dy** %+ Y. c:a"“Dr">
k=0 k=0 k=0

n n+1
=D20(D;'“+ ) (C,',‘+C,’,“1)a"D;'+1"‘+a"“>=Dzo< ) C,':a"D;'-").
k=1

k=0
2°) One has: H,(e)=(hy,D,—h,D,)(e)=—D,. If H}(e)=(—1)"D?, then
H Y (e)=(H3(e)o Hi)(e)=(—1)"(D] o (h12D,—h,1Dy))e)

=(—1)"(—huDi'“+ ) C.’."Di"(hlz)Di"'"°Dz)(e)

m<n

=(—- 1)"(_’111Di'+1 + Z hlza"'C,',"Di'_"'oDz)(e)

ms<n
=(_ l)n+1Di|+l .
3°) One has:
Hy(e)=(hy;D;—hy Dy )(€)=D,,
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H%(e) =(D; o (hy3D,—hy Dy)(e)
=(ahy, Dy —hyDyo Dy +h,y,D3)e)=aD,+ D3 .

Suppose that

E(n/2) k
Hie)= Y. Y Afa* "Dy D,
k=0 l=0

then,

Em/2) k
Hg“(e):(H;(e)OHz)(e):(( kgo 1;0 Ai'c',za2k—lD3—2k°Di>°H2>(e)

E(m/2) k
=(( Z Al?,zaZk_'D;'z'_Zk°Di)O(hzzDz—huDD)(e)

k=0 1=0

E@/2) k
=( 2 Az,zaZk—’Dﬁ'_Zk"(—hleiH +hay Y CzsasDi—sf’Dz))(e)

s<l

s<l

l—s
( C{—sa'Di""))(e)
r=0

Ai?,zaz,‘_ng—Zk ° (“‘h21Di+ ! +h222 ClsasDi_a" Dz))(e)

E(m/2) k
=( Z Al?,taZk_ng_Zk"(—huDiH+h22 Z Cia’D,
=0

]
7N
b
S
]
M=

k=0 =0 s<l
E(m/2) k .

= Z Ap,a**7'Dy %o —hyy DIt +hyy Z Cia’D,
k=0 I=0 s<l

(5 ct.aroe)))o
r=0

E(nj2) k
=( Z Ai’,zaZk_lD'z"Zk ° (“'112101+ ! +hy, Z 2°Cia’D, - D{_’))(e)

s<l

E@m/2) k
=< Y. hay A0 1<(n—2k)aD£"2"_ Dt

+ Z zsClsang—2k+1 oDi_S>)(e)

s<l
E(n/2) k
= Z (n_zk)AlzlaZk—H1Dg—2k-1Di+1
k=0 1=0
E(n/2) k
+ 2 Z( 2 Az,lzsc,‘)a“"bs“‘“obi
k=0 1=0 \s+r=1
Emn/2)+1 k
= Y (n—2(k—1)Ap_;,_1a**"'D3* 17D}
1

k=1 1
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E(nj2) k
+ Z Al':,s+123 S+1 GZk_ng+l_2k°Di-
= 1=0

k=0 s+l<k

If n is even,
k .
Aret=) Ap2°  forall k=0, ---,n/2,
s=0

k=1
AL =(—2(k—1)Ag_y -1+ Z,o A 2°Cis

for all k,! (1<k<n/2 and 1<I<k).
If n is odd,

k
ALS'=Y Ar2* forallk=0, -, (n—1)2, ALl 20=0,
s=0
A?n++11)/2,l=A(':ltll)/2,l—l for all l=0, Tt (n+ 1)/2 N
k—1
A = (=2 — 1A 111+ X AR2°Cy,
s=0

for all k,l (1<k<(m—1)/2 and 1<i<k).
4°) One has:
(HY - Hy)(e)=((HY)(e)~ H,)(e)=(—1)"(Df o (hy;D, —hy 1 Dy))e)

=(— l)p( Z Cng(hzz)Df-k°D2_h21Df+ 1)(e)

k<p

=(— l)p( Z C,’;hzzakDf_k ° Dz"h21Df+1>(e)

k<p

=(—1)? Z CshzzakDf_k oD,

k<p

=(_1)sz C,’,‘hzza"Dzo( Y c},_,,a'Df"‘—’)
<p

I<p-k

=(—1)? Y 29C%aD, o DP 9=(—1)? Y 2?7'Cla?"'D,0 D},

q=<p I<p

(HY o H})(e)=((HY > H,)(e) - H;)(e)

=(— l)p( Z 2P_chap_qD2 °oD{)o(hy,D, —h21D1)(3)

q<p

=(— 1)"( Y 2P74Cla? "D, o( > Cih,,a?"'D] oDz)

q<p l<q
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+ 2 2"“1C§a"”‘1“h22D1‘1“>(e)

q<p

=(— 1)P< Y 2”“‘C§a”“1D220( Y 2q-lc;h22aq-lpi)

q9<p l<q

+ 2 2""‘Cga”‘q“h22D‘f+1>(e)

g=<p

=(— 1)1’( 2P~9CIP~9D2 o<}j 24"'c;aq"D{)+ y 2v-'C,',aP—’“D{+1>
ag<p

l<gq l<p

=(—1)P( (2 cgc;)zp-lav-'pgopi + 2P—’c},av-’+11){+1>
l<p\l<gq

I<p

=(—1)P( Z 4”_1C,l,ap_lD22°Di+ Z 2p—lcll,ap—t+1Di+1).

I<p q<p

Suppose that (HY o H3)(e)=) F"2 Y P* X gpprqp+2k=tpr-2kp!l then

(HY o H3™ )e)=((H?} > Hj)(e) ° H,)(e)
E@n/2)p+k

=< Z Z Al?,'lnaerZk_lD;_szi)"(hzzDz_h21D1)(e)

k=0 1=0

E(n/2) p+k
=< 2 3 Aprar HIDE o (Dl (hy,D;)— hyy DY ‘))(e)

E(n/2) p+k
— Z Z Alg’,lnap+2k—ng—2k

k=0 I=0
)
° (hzzDz ° ( Z zl_sal—scls)“hmD{+ 1))(9)
s=1

Emn/2) ptk ptk
= Z Z h22 Z Zl_sCigA,z’l")dp+2k_ng—2k+1ODi

k=0 s=0 l=s

E(n/2) p+k
+ kzo l_ohzz(n‘—Zk)Alf:’,’lnap+2k_l+ng_Zk_l 0Di+ 1)(6)
E(n/2)p+k /p+k
— Z Z ( Z 2l—sClsA’€,ln)ap+2k—ng—2k+1 ODT
k=0 s=0\I=s
En/2) p+k
+ Z Z (n—2k)A,f_’,"a”+2""+1D'2’_2"_1 ODi+1 .
k=0 I=0

If n is even,
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p+k

Apett=) Apr2*  forall k=0, -, n/2,
s=0

Agrtt= f, Agr2s7'Cy forall I=0, -+, p,

s=1

k—1I

AR =(n—2(— 1) A"y - + Z,o AR52°Cy s

forall k,l (1<k<n/2 and 1<I<k).
If n is odd,

p+k

APStt=3 Apr2®  forall k=0, - -, (n—1)/2,
s=0

P
AgrTt =3 4gr2eTict forall =0, -, p,

s=I

pt+k

Af’,ln+ 1 =n—2k-— 1))Al€-’-"l,l— L+ Z A’g,snzs—lcls
s=1

forall k,1 (1<k<(@®m—1)/2 and 1 <I<k),

Af,n’:-’i)l/Z,o:O ’ A(I:.’i-'i)l/z,l=A(’,’,’ﬁ 1/2,0-1 for all ]=0, .. ',p+(n+ 1)/2 ,
p+k
A,f',l"‘i'l =(n—2(k"" 1))Akp’_n1,l_1 + Z A’?’,snzs—lcls
s=1
for all k, I (1<k<(n—1)/2 and 1<I<k).

COROLLARY 226. Every Poisson quadratic bracket P with P= Rp A w, w € Der(E),
admits a star-product.

Proor. Thanks to the formula (1) of [2]:
| [u, v]=(— 1Y"R(u A v) — R A v—(— 1)u A R(v) ,
ue AYE), ve A(E) and R?2=0.
We have Rp=RpA R,—[Rp, w] i.e. [Rp, o]=Rp(R,—1). The result comes from
Proposition 225.

PROPOSITION 227. 1°) Every Poisson quadratic bracket isomorphic to the model
#4 can be written: P=D, A D, with D,, D, e Der(G) and [D,, D,]=0.

2°) If K=C, every Poisson quadratic bracket isomorphic to the model #8 can be
written: P=D, A D, with D, D, eDer(G) and [D, D,]1=0 where G is the algebra over
K of fractions in x, y, z.

ProOOF. One can easily see that the d; can be extended to derivations on G and
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that every isomorphism of F can be extended into an automorphism of G.

1. For a bracket P of the type #4, one has P=D, A D, with D, = —(x?/z)0,—
cz03+axd, or Dy =axd, —(cz+x?/y)d; and D, =yd, —z05. It’s a matter of verification
that [D,, D,]1=0.

2. For a bracket P of the type #8, one has P=D, A D, with D, =x8,—yd, and

D, = —{(a—b)/2(—yi+x)+ez*/(—iy+x)}0,
—{(a—b)/2(y + xi) —iez*|(— iy +x)}0, + azd; , or

D,=—{((a—b)(x*+y?)+ez?)/x+yi}o,
—i{((a—b)(x*+y?) +ez?)/x+yi}d,+azd; .

We also have [D,, D,]=0.

Let now P be a Poisson quadratic bracket isomorphic to the model #4 or #8. From
the above results, there exists ¥ e GL(F) such that ¢ ~'(P)=D,; A D, with D,, D, €
Der(G) and [D,, D,]=0. Hence P=y(D,;)Ay(D,), ¥(D,), Y(D,)eDer(G) and
[¥(Dy, Y(D2)]=0.

REMARKS. From Proposition 227, one has: each Poisson quadratic bracket P
isomorphic to the model #4 or #8 admits exp ¢P as a star-product.

This star-product has its 4, in Diff'(G) and is defined on C3\S (S is a 2-plane in
C?). Nevertheless, for the structures of type #4 (resp. #8) verifying a(c—a)(2a+c)=0
(resp. ab(3a+ b) =0), one can show the existence of a star-product such that 4, € Diff(E).
Indeed, a simple calculation shows that for the structures of type #4 (resp. type #8)
verifying a(c—a) =0 (resp. ab=0), the structure constants satisfy (*).

For the structures of type #4 verifying 2a+c¢=0, one has P=D, AD,+D; A D,
with D, =ax0, —cz05; D, =y0,—z05; D3 =x0,; D,=x0; and

[Py, P+ P,, I_’2]+[F1,132]=(2a+c)(D20D3oD4—D20D4oD3—D30D20D4
+D3oD4oDy+DyoDyoDy—DyoDyoDy)=0.

Hence P is a Poisson bracket and then admits a star-product and the series (*x) is
the one. '
For the structures of type #8 verifying 3a+b=0, one has P=D, AD,+D;AD,
with D, =x0,—y0,; D, = —(a+b)/2x0, —(a+b)/2yd, +azds; D, =¢20,; D,=z0, and
[Po, P11+ [Py, P1+ [Py, P1=(Ba+b)(D,oDyoD,— D, °oD4yoD3y+DyoDyoD,y
'—D40D1 °D3+D3OD1 °D4—D30D40D1)=0 .
Hence P is a Poisson bracket and then admits a star-product and the series () is the
one.

PROPOSITION 228. Every quadratic Poisson structure of the type #14 admits a star-
product.
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PrOOF. Let P=Zi, o @i XuX,0; A 0; be a quadratic Poisson structure of the type

#14 and Qe S3(E) such that P=05(Q)3; A 0,+8,(Q)0, A 05+ 3,(Q)03 A J,. One can
write:

Q=Ax}+Bx3+Cx3+Dx?x,+ Ex}x;+ Fx2x, +Gx3x,
+Hx2x, + Kx3x,+ Lx,x,x; ,

P=(3Cx3+Ex}+Gx3+2Hx3x; +2Kx3x,+ Lx,x,)0,; A0,
+(BAxZ+2Dx,x, +2Ex x5+ Fx? + Hx2 + Lx,%3)0, A 05
+(3Bx3+ Dx?+2Fx,x, +2Gx,x3+ Kx? + Lx,x3)03 A 0, .

For all u,v,w=1, 2, 3,

3
uv ., pw uv ., pw uyv pw __ ,uv 2w uv 3w u 1w uv 3w u 1w uv 2w
Z ai1pa33 +a3,a31 +a3,a7; =a13053 +A13a53 +a31a31 +0a33a3; +aza;; +azzai;
rp=1

=ai3(a3y —a3}) +a33(ady —aiy) +afi(aiy —a3y)

and as (a2} —a3i?)=(a3y —aiy)=(a{y—a3y)=0 for all w=1, 2, 3, then
3
uv w uv w uv pw __
Y. at®afy +astaly +astaly =0.
rp=1

By using Proposition 221, P admits a star-product.

In order to give examples of star-product for quadratic Poisson structures of the
type #14 associated to the polynomials OQ=0,0, (Q; (i=1,2) is a nonconstant
polynomial of degree i), we shall prove a necessary and sufficient condition showing
when such structures are isomorphic:

PROPOSITION 229. Two quadratic Poisson structures P, and P, of type 14. P;,=
03(0;)0; A0, +0,(Q;)0, A 03+ 0,(Q;)03 A 04, i=1, 2, are isomorphic if and only if there
exists an automorphism  of E such that: Q,=(dety ~"W(Q,). (dety~ ! =(dety ~ )| F).

PrOOF. Let ¢ be an automorphism of E and (b;;) the matrix of y ~! restricted to
F in the basis (x, y, z), then Yo d;op ! =Z;=1 b;;0; (i=1,2,3) and

Y(P)=Y(030)W o0,y " DIAW0,°¢ D)+ Y(0,0) el HAWods09~1)
+Y(0,0)We 03y YA, o9™ ")

3 3 3 3
= l//(asQl)( -:21 buaj) A ( _; szaj) + !//(51Q1)< .; sza,-) A ( ;1 bajaj)
+'//(‘32Q1)< i‘. b3jaj) A ( 23: b1j0j>

=Y(0301)(b11b22—b12b51)0; A0y +(b12053—b13b;35)0, A 05
+(b13byy —b11b33)03 A 0y)
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+¥(01Q1)((b21632—b3,031)0; A 03+ (by2033—b33b35)0, A 03
+(b23b31 —b31b33)03 A 01)
+Y(0,01)((b31612—032011)01 A0y +(b33b13—b33b13)0, A 03
+(b33b11 —b31b13)03 A 0y)
=(Y(0:3Q21)(b11b22—b15b21) +Y(0101)(b2153, —b23b31)
+¥(0201)(b31612—b33b11))0, A 0,
+(Y(03Q1)(b12b23—b13b22) +¥(0,01)(b22b33 —b23b33)
+Y(0,01)(b32013—b33b12))0, A 03
+(Y(03Q1)(b13b21 —b11523) +¥(0101)(b23b3y —b21b33)
+¥(0201)(b33b11 —b31b13))03 A 04

3 3
=< _;1 b3j6j|//(Q1)(b1 1022—=b12b51) + _;1 bijajW(Ql)(bzlbsz —b32b31)

3
+ '21 ijaj‘//(Ql)(b31b1z—b32b1 1))51 A0,
j=

J

3 3
+ < '21 b3;0¥(Q1)(b12b33—b13bs5) + ) b1;0;¥(Q1)(b22b33—b33b3,)
j= =
3
+ '21 szajlp(QO(bszbm"b33b12))62 A0y
=
3 3
+< '21 b3;0(Q1)(B13b2y —b11b33) + Zl by;0;Y(Q1)(b23b31—b;1b33)
Jj= j=

3
+ '21 b,j0;W(Q21)(b33by4 —b31b13))53 A0y
J=

3
= '21 (b3j(by1b23—b13b31)+byj(br1b32—bj2b34)
j=
+sz(b31b12 —b;,b, 1))5,"//(Q1)a1 A0,
3
+ _Z.l (b3j(b12b23—by3b35)+byj(by2b33—by3b35)

J

+b,j(b32013—b33b12))0;y(Q1)0, A 0
3
+ 'Zx (b3j(b13ba1 —by1by3)+byj(by3bsy —by1b33)
i=

+b2j(b33b11 _b31b13))ajl/’(Q1)03 N0y,
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by1(b11b22—b12051)+b11(ba1b3; —by3b3)+b,1(b3 b1, —b320,,)=0,
b32(b11b25—b12b31) +b12(b21D35 —b22b31) +b;35(b31b12—b32011)=0,
by3(by1byy —b13b,1)+b13(by1b3; —by3b31) +by3(bs by, —bsyby)=dety ™,
b31(b12b33—b13b35)+b11(b22b33—by3b33) + by (b3yb3—bs3by)=dety ™1,
b33(b12b23—b13b52) +b15(b32b33—b33b3,) +by3(b3yby3—b33by)=0,
b33(b12b53—by3b;5) +by3(ba2b33 —ba3b3;) +b33(b32b13—b33b12)=0,
by1(b13by1 —b11b,3)+ by 1(basbsy —by1b33)+b,y1(b33by —b31b,3)=0,
bays(b13byy —b11b33)+b15(ba3bsy —by1b33) +byy(basbyy — by by3)=dety ™1,
b33(b13by1 —by1b;33) +by3(by3b3y —b;1b33) +b33(b33by 1 —b31b3)= 0.
Therefore

63Q2=det|/1_163|//(Q1)
Yy(P))=P, <= 62Q2=detd/“162¢(Q1) < Q,=dety " 'yY(Q,).
0,Q,=dety~10,y(Q,)

REMARK 2210. 1°) The previous proposition gives a classification (by isomor-
phisms) of the quadratic Poisson structures which have a vanishing rotational.

2°) One can show that the homogenous Poisson structures of degree p>2 having
a vanishing rotational can be written as

P=04(0)0; A0, +0,(Q)0, A 03+ 3,(Q)05 A0, where Qe SP*1(F).
And the same proof as before is still available for two such structures
P;=05(0,)0, A 02+ 01(Q:)0, A 03+ 0,(Q;)03 A 0, i=1,2.

3°) If Qisahomogeneous polynomial of degree p which depends on two variables,
then the associated Poisson structure admits a star-product of the form exp AP. Indeed,
according to 2°), one can suppose that Q does not depend on z; P can be written as

P=0,(Q)0, A 03+ 0,(Q)03 A0,

and if D, =0,(Q)0,—0,(Q)0,; D,=0,, then P=D, A D, and [D,, D,]=0. Hence the
result is given by Proposition 125.

PrOPOSITION 2211. If the field K= C, every quadratic Poisson structure of type %14
such that Q= Q,Q, (where Q; is a homogeneous polynomial of degree i) has a star-product
and an example is given by the Proposition 225.

Proor. First of all, we remark that if a quadratic Poisson structure verifies the
Yang-Baxter equation, so does its image by isomorphisms or by multiplication by a
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constant. Because of the propositions before, one can suppose that
Q=xQ’ where Q'=Ax%*+By?+Cz?>+Dxy+ Exz+Fyz,
A,B,C.D,EeK, FeR.

If F2—4BC #0, one can reduce Q to the form Q =x(A4x?+ Dxy+ Exz+ Fyz) with F#0
thanks to the automorphism ¢ defined by

. 2 2__4
v=x; =TtV o4BC  FAVE Z4BC (4 beRY)
2B 2B
and Y(z)=ay+bz if B#0,

or

_ /FZ_4RC 2
V) =x ; W(z)= F+ JF 4BCay_F+,/F 4BCbz

2C 2C
and yY(y)=ay+bz if C#0,

and Q =x(Ax?+ Fyz) thanks to the automorphism ¢ defined by

E
P(x)=x; <p(y)=y—7x; cp(2)=z——l;:x-

If F2—4BC=0, Q can be reduced to Q=x(4x2+ By?+ Dxy+ Exz) because By’>+
Cz*+ Fyz=(\/By+./Cz)?, and to Q=x(By>+ Exz) if E#0.
Finally, one has three cases to study:
i) Q=x(Ax2%+ By?+ Cxy),
ii°) Q=x(4y*+ Bxz),
iii°) Q=x(Ax?*+ Byz).
For the case i°) P admits a star-product because Q does not depend on z. For the case
ii°) P=Bxyd, A0,+ (3Ax2+ Byz)d, A 3+ Bxz03 A 0,, so we are brought to structures
of type 1) if A=0 or type 4) if A#0 (see remarks following Proposition 227). For the
case iii°), P=Bx20; A0,+(Ay>+2Bx2)0, AD3+2Axy0;10,. Putting D,=x0,—
(y/2)0,—2205; D, = —2Ayd;+ Bxd,, we have P=D; A D, and [D;, D,]1=3/2D,, then
thanks to Proposition 225, P admits a star-product.

The following result generalises the previous proposition:

PROPOSITION 2212. Let a,beK, P,, P, and P, three homogeneous polynomials
of SF of degree 1 and Q = PYP4P5(aP; +bP4PY) with s=t+k and gk —rt#0. If abs #0,
then the structure P=05(Q)0, A 0,+0,(Q)0, A 03+ 0,(Q)03 A0, admits a star-product.

ProOF. Let E, be the vector subspace of F spanned by P;, P, and P;.
1%t case. dim E; <3. In this case, there is an automorphism y of SF such that
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(dety " )(Q) is a polynomial in the variables x and ¥, then P admits a star-product
thanks to Remark 2210.

2" case. dim E,;=3. In this case, we can find an automorphism ¥ of SF such
that

0, =(dety "YW (Q)=cxPyz"(ax* + by'z¥) where ce K* .

Because of Proposition 224, it’s sufficient to show that P, =0,(Q,)d; A 0, +0,(0,)0, A
03+ 0,(Q,)05 A 0,admits a star-product.

i) ab=0ors=0. Q,is of the form dx*y#z?, de K. We can suppose that afy #0
(otherwise Q, will depend on two variables so P will admit a star-product thanks to
Remark 2210). Then

P =dyx’yPz7710, A O, +dux®"1yPz70, A 03+ dBx*yP 1270, A 0, .

Put D, =x0, +a/Byd, and D,=dyx*"'y#z7719,—dBx*~'yP~1279,. One verifies easily
that Py=D; AD, and [D,, D,]J=(ax—1+(a/B)(B—1))D,. Therefore a star-product of
P, is given by Proposition 225.

ii) abs#0. One has

0,0, =cx?"1y%z"(a(p+5)x*+ pby'z") ,
0,0, =cxPy?™ 12" (agx*+ b(q + )y*z*) ,
030, =cxPy%z" " Yarx*+ b(r+ k)y'z*) ,
and
Py =cxPyiz" " Yarx*+ b(r +k)y'z%)0, A 0, +cx? " yiz"(a(p + s)x*
+pby'z¥)0, A 03+ cxPy? 2 (agx® + b(g + )y*z¥)d;3 A D, .
Put
D, =x0,+uyd,+vz0,,
Dy=cx?~yiz" " Narx*+ b(r+k)y'z¥)o, — cx?~ 1y1= 1z (agx* + b(q + £)y'z*)d,
with u, ve K. Let’s seek u, v such that P, =D, A D,.
P, =D, AD,<> —vx? " 1yiz"(arx® + b(r + k)y'z¥)
—ux?"1yiz"(agx*+ b(g + t)y'z")
=xP~1y%z"(a(p + 5)x*+ pby'z*)
<>qau+trav=—a(p+s), (g+ t)bu+(r+k)bv= —pb
<> u=(rp—(p+s)r+k))/(gk—r?),
v=(—pq+(p+s)qg+0)/(gk—rt).
On the other hand, one has
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[D,, D]=c{(p—D)x? " 1yiz"~ Y(arx*+ b(r +k)y'z")
+rsax? tydz" " IxS+ quxP 1y 1(arx +b(r+k)y'z¥)
+ub(r+k)x? " 1yiz" " ytzk —ux? " 1yt" " Yarx® + b(r + k)y'z")
+o(r— Dx?~1y%2" " Y(arx® +b(r+k)y'z")+bkv(r+k)x"‘1 17" 1y'7%10,
—c{(p—Dx?1y?" 1z (agx* + b(q + 1)y'z*) + qasx? " 1y? T 1z x*
+u(g— Dx? " 1y9™ 1z (agx® + b(q+ Dy'z¥) +ubt(q + )xP "1yt 1z7ytz*
+orxP "1yt 1z (agx® + b(g + )y'z*) + vbk(g + )xP " 1yi T 1"yt z*
—oxP~1y7 12" (agx® + b(g + 1)y'z*)} 04
=c{((p— 1) +(g— Du+(r—Do)x?~1y%z"~ *(arx*+ b(r + k)y'z¥)
+8sxP 7 1y9z" = Y(arx® + (b(r + k)/s)(ut + kv)y'z*)} 0,
—c{((p— D +(g—Du+(r—v)x?~'y?" 2"(agx*+ blg + 1)y'z")
+5xP " 1y97 1z (agx® + b(g + )(1/s)(ut + kv)y'z*)} 05 .
If

u=(rp—(p+s)r+k)/(gk—r1), v=(—pg+(p+s)g+1)/(gk—rt),
then

(ut+vk)=s, [Dy, D, ]=(p—1+(q@—Du+(r—1v+s)D, .

Hence P, admits a star-product, and an example is given by Proposition 225.
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