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Introduction.

Let $A$ be a commutative ring with unity. For a subset $E$ of Spec $A$ , we put

(1) $S_{E}=\bigcap_{p\in E}(A\backslash p)$
$(S_{\emptyset}=A)$ .

Then $S_{E}$ is a saturated multiplicatively closed set.
To an A-module $M$, we associate a presheaf $\overline{M}$ in the following way. By putting

(2) $\overline{M}(U)=S_{U}^{-1}M$

for an open subset $U$ of Spec $A$ , we define a presheaf $\overline{M}$ of modules on Spec $A$ . Then

(3) $\overline{M}(D(f))=M_{f}$ for $f\in A$ ,

(4) $\overline{M}_{p}=M_{p}$ for $\mathfrak{p}\in SpecA$ ,

where $D(f)=\{p\in SpecA|f\not\in \mathfrak{p}\}$ . Here $\overline{M}$ is not a sheaf in general. But the sheafification
of $\overline{M}$ turns out to be the quasi-coherent $\tilde{A}$-module $\tilde{M}$ . Then we ask the question: When
is the presheaf $\overline{M}$ actually a sheaf?

Noting that $\overline{M}$ is a sheaf if and only if $\overline{M}=\tilde{M}$, we introduce the following three
conditions for a ring $A$ :

(S. 1) $\overline{M}=\tilde{M}$ for any A-module $M$ .

(S.2) $\overline{\mathfrak{a}}=\tilde{\mathfrak{a}}$ for any ideal $\mathfrak{a}$ of $A$ .

(S.3) $\overline{A}=\tilde{A}$ .

Then it is obvious that (S. $1$ ) $\Rightarrow(S.2)\Rightarrow(S.3)$ .
The main results of this paper are as follows.

THEOREM 1. Suppose that $A$ is a valuation ring. Then
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(i) $A$ satisfies the condition (S.3).
(ii) (S. $1$ ) $\Leftrightarrow(S.2)\Leftrightarrow SpecA$ is a noetherian topological space.

COROLLARY. A valuation ring offinite dimension satisfies the condition (S. 1).

THEOREM 2. Let $A$ be a Dedekind domain. Then
(S. $1$ ) $\Leftrightarrow(S.2)\Leftrightarrow(S.3)\Leftrightarrow the$ ideal class group of $A$ is torsion.

COROLLARY. (i) The ring of integers of an algebraic numberfield offinite $degre_{t}$

satisfies the condition (S.1).
(ii) Let $A$ be a coordinate ring of a non-singular affine algebraic curve over $C$

Then $A$ is a Dedekind domain, and $A$ satisfies the condition (S. 1) if and only if the curv $($

is rational.

THEOREM 3. Suppose that $A$ is a unique factorization domain $(UFD)$ . Then
(i) $A$ satisfies the condition (S.3).
(ii) (S. $1$ ) $\Leftrightarrow(S.2)\Leftrightarrow A$ is a principal ideal domain $(PID)$ .
For integral rings which are not integrally closed, we obtain;

EXAMPLE 1. Let $A=Z[\sqrt{m}]$ . If $m=-3,5$ , then $A$ satisfies the condition (S. 1)
Moreover, if $m$ is a square free integer such that $m\equiv 1$ (mod8) and $Z[(1+\sqrt{m})/2]i($

a PID, then $A$ satisfies the condition (S.1).

EXAMPLE 2. Let $A=C[X, Y]/(Y^{2}-X^{3}-aX-b)$ , where $a,$ $b\in C,$ $4a^{3}+27b^{2}=0$

Then $A$ does not satisfy the condition (S.3).

The author wishes to express his thanks to Professor Shigeru Iitaka for his advices
and warm encouragement.

1. Here we introduce the topological conditions (T.1), (T.2) and (T.3).
Let $A$ be a ring and $M$ an A-module. For any subset $E$ of Spec $A$ , we obtain

(5) $S_{E}^{-1}M\cong ind.\lim\overline{M}(U)$ ,

where $U$ runs over all open sets of Spec $A$ which contain $E$. Therefore we can write
(2) $\overline{M}(E)=S_{E}^{-1}M$ for $E\subset SpecA$ .

Let $A$ be an integral ring and $\mathfrak{a}$ an ideal of $A$ . Since $\tilde{\mathfrak{a}}$ satisfies the condition thal
$\tilde{\mathfrak{a}}(U)=\bigcap_{p\in U}\mathfrak{a}_{\mathfrak{p}}$ for any non-empty open sets $U$ of Spec $A$ , we obtain

(6)
$\bigcap_{p\in E}\mathfrak{a}_{p}\cong ind.\lim\tilde{\mathfrak{a}}(U)$

for any non-empty subset $E$ of Spec $A$ . Here $U$ runs over all open sets of Spec $A$ which
contain $E$ (see [6], Lemma 1). Therefore we can write
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(7)
$\tilde{\mathfrak{a}}(E)=\bigcap_{p\in E}\mathfrak{a}_{p}$

for

For a ring $A$ , we put

$E\subset SpecA,$ $ E\neq\emptyset$ .

$\Sigma=\{D(f)|f\in A\}$ , $\Sigma_{1}=\{D(\mathfrak{a}_{\alpha})|\alpha\in QA\}\cup\{\emptyset\}$ .

Here $QA$ is the total quotient ring of $A$ and $\mathfrak{a}_{\alpha}=\{b\in A|b\alpha\in A\}$ . Then

(8) $\Sigma\subset\Sigma_{1}$ if $A$ is integral.

For any subset $E$ of Spec $A$ , we put

(9) $\tilde{E}=$

$\bigcap_{U\in\Sigma,U\supset E}U$

,

(10)
$\tilde{E}^{1}=\bigcap_{V\in\sum_{\supset VE^{1}}}V$

,

(11) $E^{*}=$ { $p\in SpecA|\exists \mathfrak{p}^{\prime}\in E$ such that $\mathfrak{p}\subset \mathfrak{p}^{\prime}$ } ,

(12) $E^{o}=m$-Spec $\overline{A}(E)\subset$ Spec $A$ .

Then

(9) $\tilde{E}=\bigcap_{f\in S_{E}}D(f)=\{\mathfrak{p}\in SpecA|\mathfrak{p}\subset\bigcup_{\mathfrak{p}^{\prime}\in E}\mathfrak{p}^{\prime}\}=Spec\overline{A}(E)$
.

Moreover if $A$ is integral and $ E\neq\emptyset$ , then

(9) $\tilde{E}=\{p\in SpecA|l(E)\subset A_{p}\}$ ,

(10) $\tilde{E}^{1}=\{\mathfrak{p}\in SpecA|z_{(E)\subset A_{p}\}}$ .

LEMMA 1. Let $A$ be a ring and $E$ a subset of SpecA. Then
(i) $E\subset E^{*}\subset\tilde{E}^{1},$ $E^{*}\subset\tilde{E},$ $E^{o}\subset\tilde{E}$.
(ii) If $E$ is open, then $E=E^{*}$ .
(iii) If $A$ is integral, then $\tilde{E}^{1}\subset\tilde{E}$ .

The proof is easy.

Let $A$ be a ring. We introduce the following conditions for the topology ofSpec $A$ .

(T.1) For any open set $U$ of Spec $A$ , there exists $f\in A$ such that $U=D(f)$ .

(T.2) For any open set $U$ of Spec $A,$ $U=\tilde{U}$.

(T.3) For any open set $U$ of Spec $A,\tilde{U}^{1}=\tilde{U}$.

Then the following lemma is easy to prove.
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LEMMA 2. Let $A$ be a ring.
(i) (T. $1$ ) $\Leftrightarrow For$ any ideal $\mathfrak{a}$ of $A$ , there exists $f\in A$ such that $\sqrt{\mathfrak{a}}=\sqrt{(f)}$ .
(ii) (T. $1$ ) $\Rightarrow For$ any $p\in SpecA$ , there exists $f\in A$ such that $p=\sqrt{(f)}$

$\Rightarrow For$ any subset $E$ of spec $A,$ $E^{*}=\tilde{E}$

$\Rightarrow(T.2)$ .
(iii) If $A$ is integral, then $(T.2)\Rightarrow(T.3)$ .

Moreover, we consider the condition:

(T.1’) For any compact open set $U$ of Spec $A$ , there exists $f\in A$ such that $U=D(f)$

Then we have

(13) (T. $1$ ) $\Leftrightarrow(T.1^{\prime})$ and Spec $A$ is a noetherian topological space.

2. Here we consider the relationship between the conditions (S. 1), (S.2), (S.3) $ane$

the conditions (T.1), (T.2), (T.3).
Let $A$ be an integral ring. For any intermediate ring $B$ of $QA/A$ , we put

$B_{*}=\{a/b\in QA|a\in A, b\in A\cap B^{x}\}$ .

Then $A\subset B_{*}\subset B$ .
Let us fix an integral ring $A$ , and consider the correspondence between non-empt3

subsets $E$ of Spec $A$ and intermediate rings $B$ of $QA/A$ defined by

(14) $E\mapsto B=\overline{A}(E)$ , $B\mapsto E=\{\mathfrak{p}\in SpecA|\mathfrak{p}\cap B^{x}=\emptyset\}$ .

LEMMA 3. Let $A$ be an integral ring. Then
(i) $\overline{A}(E)\mapsto\tilde{E}by(14)foranynon- emptysubsetsEofSpecA$ .
(ii) $\{p\in SpecA|p\cap B^{x}=\emptyset\}\mapsto B_{*}by$ (14)for any intermediate rings $B$ of$QA/A$ .
(iii) $E=\tilde{E}\neq\emptyset\Leftrightarrow there$ exists $B$ such that $E=\{\mathfrak{p}\in SpecA|\mathfrak{p}\cap B^{x}=\emptyset\}$ .
(iv) $B_{*}=B\Leftrightarrow thereexists$ Esuch that $B=\overline{A}(E)$ .

The proof is easy.

COROLLARY. The mapping (14) is a bijection between the set ofsubsets $E$ ofSpec $A$

such that $ E=\tilde{E}\neq\emptyset$ and the set of intermediate rings $B$ of $QA/A$ such that $B_{*}=B$ .
Let $K$ be a fied and $A$ a subring of $K$. We denote by $Loc(K|A)$ the set of local

subrings of $K$ which contain $A$ . We consider the mapping $\Psi_{A}$ : Spec $A\rightarrow Loc(QA|A)$

defined by $\mathfrak{p}\mapsto A_{p}$ . Then $\Psi_{A}$ is an into-homeomorphism.
For any intermediate ring $B$ of $QA/A$ , we put

$B^{*}=\bigcap_{R\in{\rm Im}\Psi_{A}\cap Loc(QA|B)}R$ .

Then $B\subset B^{*}\subset QA$ .
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We consider the correspondence between $E$ and $B$ defined by

(15) $E\mapsto B=\tilde{A}(E)$ , $B\mapsto E=\bigcap_{\alpha\in B}D(\mathfrak{a}_{\alpha})$ .

Note that

(16) $\bigcap_{\alpha\in B}D(\mathfrak{a}_{\alpha})=\{p\in SpecA|B\subset A_{p}\}$ ,

for any intermediate ring $B$ of $QA/A$ .

LEMMA 4. Let $A$ be an integral ring. Then
(i) $\tilde{A}(E)\mapsto\tilde{E}^{1}$ by (15) for any non-empty subsets $E$ of Spec $A$ .
(ii) $\bigcap_{\alpha\in B}D(\mathfrak{a}_{\alpha})\mapsto B^{*}by(15)foranyintermediateringsBofQA/A$ .
(iii) $E=\tilde{E}^{1}\neq\emptyset\Leftrightarrow there$ exists $B$ such that $E=\bigcap_{\alpha\in B}D(\mathfrak{a}_{\alpha})$ .
(iv) $B=B^{*}\Leftrightarrow there$ exists $E$ such that $B=\tilde{A}(E)$ .

The proof is easy.

COROLLARY. The mapping (15) is a bijection between the set ofsubsets $E$ of Spec $A$

such that $ E=\tilde{E}^{1}\neq\emptyset$ and the set of intermediate rings $B$ of $QA/A$ such that $B=B^{*}$ .
LEMMA 5. Let $A$ be an integral ring and $E$ a subset of SpecA. Then
(i) $\overline{A}(E)=\tilde{A}(\tilde{E})$ .
(ii) $\overline{A}(E)=\tilde{A}(E)\Leftrightarrow\tilde{E}^{1}=\tilde{E}$.

PROOF. We may assume that $ E\neq\emptyset$ .
(i) $\overline{A}(E)=\bigcap_{q\in Spec\overline{A}(E)}\overline{A}(E)_{q}=\bigcap_{p\in B}A_{p}=\tilde{A}(\tilde{E})$ by (9).
(ii) If part: By Lemma 4 and (i), we have $\tilde{A}(E)=\tilde{A}(\tilde{E}^{1})=\tilde{A}(\tilde{E})=\overline{A}(E)$ . Only

if part: By (9) and (10), we have $\tilde{E}^{1}=\{p\in SpecA|\tilde{A}(E)\subset A_{p}\}=\{p\in SpecA|\overline{A}(E)\subset$

$A_{p}\}=\tilde{E}$. Q.E.D.

COROLLARY. $(S.3)\Leftrightarrow(T.3)\Leftrightarrow\tilde{E}^{1}=\tilde{E}foranyE\subset SpecA$ .

LEMMA 6. Let $A$ be an integral ring. For a subset $E$ of Spec $A$ , the following five
conditions are equivalent:

(a) $\overline{\mathfrak{a}}(E)=\tilde{\mathfrak{a}}(E)$ for any ideal $\mathfrak{a}$ of $A$ .
$(a^{\prime})\overline{\mathfrak{p}}(E)=\tilde{p}(E)$ for any $p\in SpecA$ .
(b) $b\subset\bigcup_{p},{}_{\in E}P^{\prime}\Rightarrow there$ exists $\mathfrak{p}^{\prime}\in E$ such that $b\subset \mathfrak{p}^{\prime}$ , for any ideal $b$ of $A$ .
$(b^{\prime})E^{*}=\tilde{E}$.
(c) $E^{o}\subset E$.

PROOF. We may assume that $ E\neq\emptyset$ .
$(a)\Rightarrow(b)$ : Take an ideal $b\subset\bigcup_{p’\in E}\mathfrak{p}^{\prime}$ . Then $S_{E}^{-1}b=\bigcap_{p\in E}b_{p}$ by (a). Since $b\cap S_{E}=\emptyset$ ,
we have $S_{E}^{-1}b\subsetneqq s_{E}^{-1}A$ . Therefore there exists $\mathfrak{p}^{\prime}\in E$ such that $b_{p^{\prime}}\subsetneqq A_{p^{\prime}}$ . Then $b\subset p^{\prime}$ .
$(b)\Rightarrow(b^{\prime})$ : Obvious.
$(b^{\prime})\Rightarrow(c)$ : For any $\mathfrak{p}\in E^{o}\subset\tilde{E}=E^{*}$ , there exists $\mathfrak{p}^{\prime}\in E$ such that $p\subset p^{\prime}$ . Then
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$S_{E}^{-1}p\subset S_{E}^{-1}\mathfrak{p}^{\prime}\neq S_{E}^{-1}A$ and so $p=p^{\prime}\in E$ .
$(c)\Rightarrow(a)$ : It is sufficient to prove $\bigcap_{p\in E}\mathfrak{a}_{p}\subset S_{E}^{-1}\mathfrak{a}$ . For any $\alpha\in\bigcap_{p\in E}\mathfrak{a}_{p}$ , we pu
$b=\{b\in A|b\alpha\in \mathfrak{a}\}$ . If we assume that $b\cap S_{E}=\emptyset$ , then $S_{E}^{-1}b\subsetneqq s_{E}^{-1}A$ . Thus there exisl
$p\in E^{o}\subset E$ such that $S_{E}^{-1}b\subset S_{E}^{-1}p$ . Then $b\subset \mathfrak{p}$ . Since $\alpha\in \mathfrak{a}_{p}$ , we can write $\alpha=a/b,$ $a\in($

$b\in A\backslash \mathfrak{p}$ . Then $b\alpha=a\in \mathfrak{a}$ and hence $b\in b\subset p$ . This is a contradiction. Therefore $b\cap S_{E}\neq Q$

If $b\in b\cap S_{E}$ , then $a=b\alpha\in \mathfrak{a}$ . Thus $\alpha=a/b\in S_{E}^{-1}\mathfrak{a}$ .
$(a)\Rightarrow(a^{\prime})$ : Obvious.
$(a^{\prime})\Rightarrow(c)$ : For any $p\in E^{o}$ , we have $S_{E}^{-1}p=\bigcap_{p},{}_{\in E}P_{P’}$ by $(a^{\prime})$ . Since $\mathfrak{p}\in E^{o}\subset\tilde{E},$ $w$

obtain $S_{E}^{-1}p\subsetneqq s_{E}^{-1}A$ . There exists $\mathfrak{p}^{\prime}\in E$ such that $\mathfrak{p}_{p’}\subsetneqq A_{p’}$ . Then $p\subset p^{\prime}$ and henc
$S_{E}^{-1}p\subset S_{E}^{-1}\mathfrak{p}^{\prime}$ . Since $S_{E}^{-1}\mathfrak{p}$ is maximal, we obtain $p=\mathfrak{p}^{\prime}\in E$. Q.E.L

COROLLARY. (S.2) $\Leftrightarrow$ (T.2)
$\Leftrightarrow\overline{\mathfrak{p}}=\tilde{\mathfrak{p}}$ for any $p\in SpecA$

$\Leftrightarrow E^{*}=\tilde{E}$ for any $E\subset SpecA$

$\Leftrightarrow E^{o}\subset E$ for any $E\subset SpecA$ .
REMARK. The above conditions are not equivalent to the following one: $\overline{\mathfrak{m}}=\acute{\tau}$

for any $\mathfrak{m}\in m$-Spec $A$ . See Example 3 in \S 4.

LEMMA 7. Let $A$ be an integral ring satisfying the condition (S.3). Then
(i) $\overline{p}=\tilde{\mathfrak{p}}\Leftrightarrow \mathfrak{p}\not\in\overline{D(\mathfrak{p}}$), for any $p\in SpecA$ .
(ii) $If\mathfrak{a}iSaprinCipaIidealofA$ , then a $=\tilde{\mathfrak{a}}$ .
PROOF. (i) $Notethat\tilde{E}^{1}=\tilde{E}$ for any subsetE of SpecA. Thus

$\overline{p}=\tilde{\mathfrak{p}}\Leftrightarrow ifp\in\tilde{E}$, then $\mathfrak{p}\in E^{*}$ for any $E\subset SpecA$

$\Leftrightarrow if\mathfrak{p}\not\in E^{*}$ , then $p\not\in\tilde{E}$ for any $E\subset SpecA$

$\Leftrightarrow ifE\underline{\cap}V(p)=\emptyset$ , then $p\not\in\tilde{E}$ for any $E\subset SpecA$

$\Leftrightarrow p\not\in D(p)$ .

(ii) Let $\mathfrak{a}=aA$ . We may assume $a\neq 0$ . It is sufficient to prove $\bigcap_{p\in E}\mathfrak{a}_{p}\subset S_{E}^{-1}\mathfrak{a}$ for an
non-empty subset $E$ of Spec $A$ . For any $\alpha\in\bigcap_{p\in E}\mathfrak{a}_{p}$ , we obtain $\alpha/a\in\bigcap_{p\in E}A_{p}=S_{E}^{-1}A$

Thus $\alpha\in S_{E}^{-1}\mathfrak{a}$ . Q.E.E

LEMMA 8. For an integral ring $A$ , we obtain

(S. $1$ ) $\Rightarrow(S.2)\Rightarrow(S.3)$

$\Uparrow$
$\Downarrow$

$\Downarrow$

$PID\Rightarrow(T.1)\Rightarrow(T.2)\Rightarrow(T.3)$

The proof is obvious from (3), Lemma 2 and Corollaries of Lemmas 5 and 6.

Next we consider several integral rings which are not integrally closed.

EXAMPLE 1. Let $A=Z[\sqrt{m}]$ . If $m=-3,5$ , then $A$ satisfies the condition (T. $1^{\backslash }$

Moreover if $m$ is a square free integer such that $m\equiv 1$ (mod8) and $Z[(1+\sqrt{m})/2]$ is
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PID, then $A$ satisfies the condition (T.1).

In fact, since any prime ideal of $A$ is the radical of a principal ideal and any closed
subset of Spec $A$ is either Spec $A$ itself or a finite set, $A$ satisfies the condition (T. 1).

EXAMPLE 2’. Let $A=C[X, Y]/(Y^{2}-X^{3})$ . If we put $\mathfrak{m}_{a}=(X-a^{2}, Y-a^{3})$ for $a\in C$ ,

then m-Spec $A=\{\mathfrak{m}_{a}|a\in C\}$ and $\mathfrak{m}_{0}$ is the unique singular point of Spec $A$ . Moreover,

(i) Ifa subsetE of SpecA does not contain $\mathfrak{m}_{0},$
$the\overline{A}(E)=\tilde{A}(E)$ .

(ii) If we put $U=SpecA\backslash \{\mathfrak{m}_{a}\}$ , then $\overline{A}(U)=\tilde{A}(U)\Leftrightarrow a=0$ .
Thus $A$ does not satisfy the condition (S.3).

EXAMPLE 2”. Let $A=C[X, Y]/(Y^{2}-X^{3}-X^{2})$ . If we put $\mathfrak{m}_{a}=(X-a^{2}+1,$ $Y-$

a $+a$) for $a\in C$ , then m-Spec $A=\{\mathfrak{m}_{a}|a\in C\}$ and $\mathfrak{m}_{-1}=\mathfrak{m}_{1}$ is the unique singular point
of Spec $A$ . Moreover,

(i) $IfasubsetEofSpecAdoesnotcontainm_{-1}=\mathfrak{m}_{1},$ $then\overline{A}(E)=\tilde{A}(E)$ .
(ii) If we put $U=SpecA\backslash \{\mathfrak{m}_{a}\}$ , where $a\neq\pm 1$ , then $\overline{A}(U)=\tilde{A}(U)\Leftrightarrow(a+1)/(a-1)$

is a root of unity.
Thus $A$ does not satisfy the condition (S.3)

3. Here we collect some properties of Pr\"ufer rings and Krull rings.
First we recall the definition of Pr\"ufer rings. An integral ring $A$ is said to be Prufer

if $A_{p}$ is a valuation ring for any $\mathfrak{p}\in SpecA$ . Let $A$ be a Pr\"ufer ring. Then

(16) $\bigcap_{\alpha\in B}D(\mathfrak{a}_{\alpha})=\{\mathfrak{p}\in SpecA|B\subset A_{p}\}=\{p\in SpecA|\mathfrak{p}B\subsetneqq B\}$

$=$ { $\mathfrak{p}\in SpecA|^{\exists}q\in SpecB$ such that $\mathfrak{p}=A\cap q$ } $\cong SpecB$ ,

for any intermediate ring $B$ of $QA/A$ (see [1], (26.1)).

LEMMA 9. For an integrally closed integral ring $A$ , the following two conditions
are equivalent:

(a) $A$ is a Prufer ring.
(b) For any intermediate ring $B$ of $QA/A$ , there exists a subset $E$ of Spec $A$ such

that $B=\tilde{A}(E)$ .

For a proof, see [1], (26.2).

THEOREM 4. For an integral ring $A$ , the following three conditions are equivalent:
(a) $A$ is a Prufer ring which satisfies the condition (S.3).
$(a^{\prime})$ $A$ is a Prufer ring which satisfies the condition (T.1’).

(b) For any intermediate ring $B$ of $QA/A$ , there exists a subset $E$ of Spec $A$ such
that $B=\overline{A}(E)$ .

The proof is easy from Lemma 9 and [1], (27.5).
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COROLLARY. Suppose that $A$ is a Prufer ring such that Spec $A$ is a noetheria
topological space. Then the conditions (S.1), (S.2), (S.3), (T.1), (T.2) and (T.3) are $a/$

equivalent.

Next we recall the definition of Krull rings. An integral ring $A$ is said to be $Kru/$

if there exists a subset $W$ of $Zar(QA|A)$ such that

(17) $IfR\in W$, thenR isadiscrete valuation ring.

(18) For any $\alpha\in QA$ , the set $\{R\in W|\alpha\not\in R\}$ is finite.

(19) $A=\bigcap_{R\in W}R$ .

Here we denote by $Zar(QA|A)$ the set of valuation rings of $QA$ which contain A. $Il$

this case we say that $W$ defines $A$ . If $A$ is a Krull ring, then $W_{0}=\{A_{p}|p\in SpecA$

dim $A_{p}=1$ } is the smallest subset ofZar$(QA|A)$ which defines $A$ (see [4], Theorem 12.3).

LEMMA 10. Let $A$ be a Krull ring and $E$ a non-empty subset of SpecA. Then $\overline{A}(E$

is also a Krull ring. Moreover,
(i) If $W$ defines $A$ , then $W\cap\Phi_{A}^{-1}(\tilde{E})$ defines $\overline{A}(E)$ . Here $\Phi_{A}$ is the mapping fron

$Zar(QA|A)$ to SpecA defined by $\Phi_{A}(R)=A\cap m(R)$ for any $R\in Zar(QA|A)$ .
(ii) $\Phi_{A}^{-1}(\mathfrak{P}\cap\tilde{E})$ is the smallest subset of $Zar(QA|A)$ which defines $\overline{A}(E),$ $wher($

$\mathfrak{P}=$ { $\mathfrak{p}\in SpecA|$ dim $A_{p}=1$ }.
PROOF. (i) It is clear that $W\cap\Phi_{A}^{-1}(\tilde{E})$ satisfies (17) and (18). By [4], Theoren

12.1
$(ii)iseasyfrom(i)and\mathfrak{P}\cap\tilde{E}=\{p’\in Spec\overline{A}(E)and\Phi_{A}^{-1}(\tilde{E})=Zar(QA|\overline{A}(E)),weobtain\overline{A}(E)=\bigcap_{|ht\mathfrak{p}’=1\overline{)}^{\{B)}}R\in W\cap\Phi^{1}R$

.
Q.E.D

LEMMA 11. Let $A$ be a Krull ring and $E$ a non-empty subset of SpecA. Then $\tilde{A}(E$

is also a Krull ring. Moreover if Wdefines $A$ , then all the sets $W\cap\Phi_{A}^{-1}(E^{*}),$ $W\cap\Phi_{A}^{-1}(\tilde{E}^{1}$

and $W\cap Zar(QA|\tilde{A}(E))$ define $\tilde{A}(E)$ .

PROOF. Since $W\cap\Phi_{A}^{-1}(E^{*})\subset W\cap\Phi_{A}^{-1}(\tilde{E}^{1})\subset W\cap Zar(QA|\tilde{A}(E))\subset W$, these sets
satisfy (17) and (18). By the similar method to the proof of Lemma 10, we obtain
$\tilde{A}(E)=\bigcap_{R\in W\cap\Phi_{A}^{-1}\langle E^{*})}R$ . Q.E.D

THEOREM 5. Suppose that $A$ is a Krull ring. Ifwe put $\mathfrak{P}=$ { $p\in$ Spec $A|$ dim $A_{p}=1$ }
then

$\overline{A}(E)=\tilde{A}(E)$ $\Leftrightarrow$ $\mathfrak{P}\cap\tilde{E}\subset E^{*}$

for any subset $E$ of Spec $A$ .
The proof is easy from Lemmas 10 and 11.

COROLLARY. For a Krull ring $A$ , we obtain
$(S.3)\Leftrightarrow \mathfrak{P}\cap\tilde{U}\subset U$for any open subsets $U$ of Spec $A$

$\Leftrightarrow \mathfrak{P}\cap\tilde{E}\subset E^{*}for$ any subsets $E$ of Spec $A$ .
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4. Here we prove Theorems 1, 2, 3 and their corollaries.
First we shall prove Theorem 1.

LEMMA 12. If $A$ is a valuation ring, then $A$ satisfies the condition (S.3).

PROOF. Since any finitely generated ideal of $A$ is principal, $A$ satisfies (T. 1’). From
Theorem 4, the proof is complete. Q.E.D.

LEMMA 13. Let $A$ be a valuation ring and $\mathfrak{p}\in Spec$ A. Then

$\overline{p}=\tilde{p}$ $\Leftrightarrow$

$\bigcup_{p^{\prime}\subsetneqq P}p^{\prime}\subsetneqq P$

$\Leftrightarrow$ $D(\mathfrak{p})$ has the maximal element, $ lfD(\mathfrak{p})\neq\emptyset$ .

The proof is easy from Lemma 7.

LEMMA 14. For a valuation ring $A$ , the conditions (S.1), (T.1), (S.2) and (T.2)
are equivalent to each other. Moreover, each condition is also equivalent to the condition
that SpecA is a noetherian topological space.

PROOF. From (13) and Lemma 12, we obtain that $SpecA$ is a noetherian
topological $space\Rightarrow(T.1)$ . By Lemma 8, we have that (T. $1$ ) $\Rightarrow(T.2)\Leftrightarrow(S.2)$ . Thereofre,
it is sufficient to prove that $(S.2)\Rightarrow SpecA$ is a noetherian topological space.” We
assume that Spec $A$ is not noetherian. Then there exists a chain of open subsets of Spec $A$

such that

$ U_{0\subsetneqq\subsetneqq\subsetneqq}U_{1}U_{2}\cdots$

Since any non-empty closed subsets of Spec $A$ are irreducible, we obtain a sequence of
Spec $A$ such that

$\mathfrak{p}_{0}\subsetneqq P_{1}\subsetneqq P_{2}\subsetneqq$

If we put $\mathfrak{p}_{\infty}=\bigcup_{i=0}^{\infty}\mathfrak{p}_{i}$ , then $\mathfrak{p}_{\infty}\in SpecA$ and $\overline{p}_{\infty}\neq\tilde{p}_{\infty}$ . Q.E.D.

Then the proof of Theorem 1 is complete from Lemmas 12 and 14.

EXAMPLE 3. Let $k$ be a field and $K$ the quotient field of a polynomial ring over
$k$ of countable indeterminates. Then there exists $A\in Zar(K|k)$ such that

$Zar(K|A)=\{R_{0}, R_{1}, R_{2}, \cdots, B, A\}$ ,

where $K=R_{O}\not\equiv R_{1}\supset R_{2}\supset\cdots,$$B=\neq\neq\bigcap_{i=0}^{\infty}R_{i},$ $B\not\equiv A$ . In this case, $\overline{m(A)}=m(A)\sim$ but $A$ does
not satisfy the condition (S.2).

Next we shall prove Theorem 2.

LEMMA 15. Let $A$ be a Dedekind domain. Then
(i) the conditions (S.1), (T.1), (S.2), (T.2), (S.3) and (T.3) are all equivalent.
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(ii) (T. 1) is equivalent to the condition that the ideal class group of $A$ is a torsion
group.

PROOF. (i) is obvious from the corollary to Theorem 4.
(ii) is easy from Lemma 2.

Therefore the proof of Theorem 2 is over. The proof of Corollary (i) to Theorem
2 is easy from Theorem 2 and the fact that the ideal class group of the ring of integers
of an algebraic number field offinite degree is finite. Moreover, Corollary (ii) to Theorem
2 is induced from Theorem 2, the fact that any coordinate ring of a non-singular affine
rational curve over $C$ is a PID and the following lemma:

LEMMA 16. Let $V$ be an open set of a complete algebraic curve $X$ over $C$ and
$A=\mathcal{O}_{X}(V)$ . If $V$ is non-singular and $\emptyset\neq V\subsetneqq x$, then

(i) $A$ is a Dedekind domain and $V\cong SpecA$ .
(ii) The ideal class group $ofA$ is isomorphic to $Z\oplus(R/Z)^{2g}/M$, where $M$ is afinitely

generated submodule of $Z\oplus(R/Z)^{2g}$ and $g$ is the genus of $X$.
Finally we shall prove Theorem 3.

LEMMA 17. If $A$ is a $UFD$ , then $A$ satisfies the condition (S.3).

PROOF. Since any prime ideal of height one is principal, we obtain $\mathfrak{P}\cap\tilde{E}\subset E^{*}$

for any $E\subset SpecA$ . From the corollary of Theorem 5, the proof is complete. Q.E.D.

LEMMA 18. Let $A$ be a UFD and $\mathfrak{p}\in Spec$ A. Then $\overline{\mathfrak{p}}=\tilde{p}\Leftrightarrow\dim A_{p}\leqq 1\Leftrightarrow \mathfrak{p}$ is a
principal ideal.

PROOF. We shall prove in the following three steps:
(i) dim $A_{p}\leqq 1\Rightarrow p$ is principal: This step is clear.
(ii) $\mathfrak{p}$ is $principal\Rightarrow\overline{p}=\tilde{p}$ : This is verified from Lemmas 7 and 17.
(iii) $\overline{p}=\tilde{\mathfrak{p}}\Rightarrow\dim A_{p}\leqq 1$ : If we assume that $\dim A_{p}\geqq 2$ , then$\underline{\mathfrak{P}}\subset D(p)$ . Since

$S_{\mathfrak{P}}=A^{x}$ , we also have $S_{D\langle p)}=A^{x}$ and hence $\overline{D(\mathfrak{p}}$) $=SpecA$ . Thus $\mathfrak{p}\in D(p)$ . By Lemma
7, we obtain $\overline{\mathfrak{p}}\neq\tilde{\mathfrak{p}}$ . Q.E.D.

LEMMA 19. For a UFD $A$ , the conditions (S. 1), (T. 1), (S.2) and (T.2) are equivalent
to each other. Moreover, each condition is also equivalent to the condition that $A$ is a $PID$ .

PROOF. $FromLemma8$ , it is sufficient to prove that (S.2) implies PID. Take any
$\mathfrak{p}\in SpecA$ . Then $\overline{p}=\tilde{p}$ by assumption. From Lemma 18, we have dim $A_{p}\leqq 1$ and that
$\mathfrak{p}$ is principal. ThusA is noetherian and dimA $\leqq 1$ . ThereforeA isaPID. Q.E.D.

Then the proof of Theorem 3 is complete from Lemmas 17 and 19.
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