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1. Introduction,

The notion of the extended affine root systems was introduced by K. Saito ([1]).
These root systems relate to the simple elliptic singularity, and by definition, they are
extensions of the affine root systems by one dimensional radical. The Weyl groups
of the extended affine root systems and their hyperbolic extension groups have been
also studied in [1], [2], from a geometric point of view. In this paper, in the case of
A{"D, from the view point of representation theory, we study the Weyl group of A{1:V
and its hyperbolic extension group, which we denote by W(A4{"V) and W(4Y),
respectively. From their constructions, we find that W(4{""") ([1]) is isomorphic to the
Weyl group W(sl ,) of the extended affine Lie algebra s, (the extended affine sl(2)). At
first, we fix the generators of W(A4{*")) and decide their relations by considering W(A4{!:1)
as an extension of the finite Weyl group W(4,) by translations of two directions, and
further using this result, we show that W(4{"")) contains the infinite dihedral group
D, as a subgroup and is an extension of the dihedral group Dz Further we present
that W(4¢{"") is non-amenable. The extended affine Lie algebra sl, is defined as follows.
In quantum field theory, the gauge group (the current group) is defined to be the set
of smooth functions from the compact manifold M onto the semi-simple compact Lie
group G with a pointwise product. When M =T"=S"* x . .. x S'i.e. v-dimensional torus,
the corresponding Lie algebra is the gauge algebra P(T, g), where g is the Lie algebra
of G and P(T, g) means the set of functions from 7" into g with finite fourier series.
The central extensions of P(T”, g) are infinite dimensional Lie algebras, and called
quasi-simple Lie algebras ([16]). Especially, when v=1, P(S', g) is usually written as
C[t,t ']®g, where C[t, ¢t~ '] is the ring of Laurent polynomials in ¢, and its central
extension is called affine Lie algebra (Kac-Moody algebra). Then the corresponding Lie
group is called loop group ([20]). Further let M =T?=S"x S!, then the Lie algebra
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B(1?, g), which is a central extension of P(T?, g), has been studied by several authors
([13], [15], [17]). We may consider P(T? g) as §=C[t,t™!,s,s"']®g, where
C[t,t™ 1, s, s~ 1] is the ring of Laurent polynomials in ¢ and s, then the central extension
of § is called the extended affine Lie algebra from the view point of its root system
([14], [18], [19]). The Weyl group W of a Lie algebra g is defined to be the group
generated by the reflections of the root system of g. In the cases of classical (finite) or
affine Lie algebras, as an equivalent definition, W is also the group of those
automorphisms of a Cartan subalgebra of g which are restrictions of conjugations by
elements of G, the Lie group corresponding to g ([9], [10]). According to the definition
of the latter, we examine the Weyl group W(sl,), and as a result, we find that W(glz)
is a central extension of W(A{'?) and identified with the hyperbolic extension W(4{'")
([1]) of W(AY). In the hyperbolic extension W(4{!'"), the double translation part of
W(ALY) is replaced by a discrete Heisenberg ([17]), and the case of W(sl,) is similar.
So, using this fact, we describe the generators of 40 ,) and their relations.

2. The extended affine root system 4¢'! and its Weyl group.

The definition of the extended affine root systems is given as follows ([1]). Let F
be a real vector space of finite rank with a symmetric bilinear form 7: Fx F—R, such
that I is positive semi-definite and the radical;

rad(/):={xeF: I(x, y)=0 for Vye F},

is of rank 2 over R. Then an extended affine root system is defined to be a set ¢ of
non-isotropic elements aeF (i.e. I(ax, a)#0) which satisfy some conditions ([1]).
According to them, in the case of the extended affine root system A", F, I and & are
given as follows;

F=R(s; —£,) ®Ra® R,
I(e;, €))=96;; (i, j=12), I(g;, a)=1I(g;, b)=0 (i=1,2)
I(a, a)=1(b, b)=I(a, b)=0,
P={+(¢;,—¢&)+nb+ma(n,meZl)}.
We choose its basis B= @ such as;
B={ag=¢,—&+b, a;=¢;—¢&,, 0, =€, —¢,+a} .

We note that each root f€® can be written;

ﬁ: Znaa’

aeB

where the n, are integers, but unlike the cases of finite or affine root systems, not
necessarily of the same sign. In this basis, we have a direct sum decomposition of the
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vector space F;
F=R(e; —&,) DRa®Rb=Ra, ®Ra, PRa, .

The reflection w, corresponding to the root « is an element of O(J): = {ge GL(F) | I(x, y)=
I(g(x), g(¥))} given by w,(u):=u—I(u,a")x, (VueF), where o :=2a/I(x, x)e F. The
group generated by w, for all « € @ is called the extended affine Weyl group and denoted
by W(4{""). We set w;:=w, (0<i<?2), then we have the following.

LemMa 2.1. W(A®Y) is generated by w,, w, and w,.

Proor. For ae®, w, acts trivially on a and b, so the action of w, on F is decided
by the action on &, —¢,. We set «, : =g, —&,, then we see that

W, +nb+mal®1)= —0; —2nb—2ma , W_ay+nb+ma®1)=—04 +2nb+2ma.
On the other hand, w,(a;)= —a;, wo(et,)= —a, +2b, w,(a;)= —a, +2a, so we see that
(Wiwo)"(ag) =0y +2nb, (Wywe)(a;)=0t; +2na for n>1.

From these actions, we find that w,, w,w, and w,w,, so w,, w, and w, are generators
of W(AMY). O

The elements w, and w, are generators of the affine Weyl group of 4, ([3], [4],
[81), and the relations of the generators of the affine Weyl groups are well known ([5],
[8]), furthermore each affine Weyl group is the semi-direct extension of finite Weyl
group by translations. In the case 4,, we set T:=w,w,, then

Te,=¢;+b, Te,=¢,—b.
The relations of wy and w, are given by;
wi=wi=1.
Rewriting this, we can describe the relations of w, and T:

LEMMA 2.2. The elements w, and T are generators of the affine Weyl group of A4,,
and their relations are

W12=1, TWITW1=1.
In the case of 4"V, further we set R:=w,w,, then
R81=81+a, R82=82_a.

To examine the relations of w; (0 <i<?2), firstly we regard w,, T and R as the generators
of the Weyl group W(A4{"'"), and examine the relations of them, after that we rewrite
these relations by the elements w; (0<i<?2). It is clear the R satisfies the same relations
as 7, and that 7 and R commute, i.e.

.RWIRWI=1, TR=RT.
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Next we must consider about the relations containing all of 7, R and w,. But the
relation Tw,Tw,=1 (resp. Rw,Rw,;=1) is rewritten as Tw,=w, T~ ' (resp. Rw,=
w;R™Y), so all commutation relations between each two elements have been already
given. Therefore we can obtain all relations of w,;, T and R from only these three
relations. Now the relation TR = RT is rewritten as follows;

TR=RT < (WOWIWZ)Z = 1 5
so we have the following;

PROPOSITION 2.3. The relations of the extended affine Weyl group W(ALV) are
given as follows;

wi=1(0<i<2), (Wow w,)>=1.

PrROOF. We have only to check that it is possible to obtain all relations Rw; Rw, =1,
Tw,Tw,=1, and TR= RT from the above relations, and it is easy. [J

In the above arguments, we have chosen the basis of 4{"'!) such as {a,, a;, a,}.
But the Dynkin diagram of A{"'" is given by the following ([1]);

o o

oo

(e )] a

where a, and a, are the previous ones and ad =o,+a, af =a, +a. The reflections with
respect to af and af are expressed as follows;

wd:=wu=w,TR, wi=wa=w,R71.

By simple calculations, we see that wd?=w§?=1, and using these relations, TR= RT is
rewritten as wowdw,wf=1. So we have the following;

ProPoSITION 2.4. The relations of wo, wy, w§ and w¥ are given as follows;
wi=wi=w=w=wwiw,wi=1.

ProoF. It is clear from the fact that we can obtain all relations of w,, T, and R
from the above relations. []

3. An extension of dihedral group D, and infinite dihedral group D .

The infinite dihedral group D, ([6], [7], [8]) is the multiplicative group generated
by the matrices 4, B, where ‘

(o ) o=l L)
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This group is also defined by the following generator and relations;
{A,B; A*=B*=1),

and isomorphic to the affine Weyl group of 4,. The extended affine Weyl group W(4{'V)
contains this group as a subgroup, so we imbed A4, B into the 3 x 3 matrix as follows;

1 0 O 1 1 0
A’=(0 -1 o), B’=(0 -1 0).
0 0 1 0 0 1

1 0 0\
C'=| 0 -1 0)
0O 1 1
ProrosiTioN 3.1.

1 0 O 1 1 0 1 0 0
gp{ 0 —1 0), (0 —1 0>, (0 —1 0) =~ W(ALY).
0 0 1 0 0 1 0O 1 1

Proor. It suffices to show that gp{w,, w,, w,} = gp{4’, B', C'}. By considering
the action on the basis a; (0<i<2), w; (0 <i<?2) are expressed as

-1 2 =2 1 0 O 1 0 O
wo=< 0 1 0 ), w1=<2 —1 2>, w2=< 0O 1 O )
0O 0 1 0 0 1 -2 2 -1
Using the matrix
a 0 0
X=\ —2a 2a —2a |, a#0,
0 0 a

XwoX '=A", Xw, X =B, Xw,X '=C. o

And further add

for symmetry. Then we have;

we see that

From the previous arguments, it turns out that the Weyl group W(4{Y) is
isomorphic to :

{a,b,c;a*=b*=c =(abc)*=1) = {a,b,c,d;a’=b>=c?>=d?*=abcd=1) .
Now the dihedral group D,, of order 4, is defined by ([7], [8])
{a,b;a?=b>=(ab)*=1)> = {a,b,c;a’=b*=c?=abc=1),
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therefore we can also see that the extended affine Weyl group W(4{!') is an extension
of the dihedral group D,. Further both D and D, are amenable, but we present the
following;

PROPOSITION 3.2. The extended affine Weyl group W(A'Y)) is non-amenable.

ProOOF. In the group <a, b,c,d;a’=b>=c%>=d?=abcd=1), we can see that ac
and bd are generators of the free group F, which is non-amenable. Because W(4{!'")
has the subgroup F, which is non-amenable, W(A4{!'?) is also non-amenable. []

4. Definition of the extended affine Lie algebra §I,,.

Let gl, denote the Lie algebra of all n x n matrices with complex entries acting on
C" and let C[t,t™ !, s, s~ '] denote the ring of Laurent polynomials. We define the two
loop algebra g, as gl (C[t,t~ !, s,s~']) i.e. as the complex Lie algebra of n x n matrices
with Laurent polynomials as entries. An element of gl, has the form

a(t, s)= kz;‘ t's'a,,  (ap,€qly),
where k, [ run over a finite subset of Z. The central extension of gl, is defined as follows
([171, [18]). We set
5[’,,:=§I,, ®CcCc,.
For X(m,n)=t"s"® X, Y(k, l)=t*s'® Y, the two-cocycle a is defined by
o X(m, n), Y(k, 1))=(m+n)d,,+1.00n+1.0tr(XY), 4.1)

where tr denotes the trace in gi,. For general elements a(t, s), b(z, s)egl, the formula
(4.1) can be written as follows:

a(a(t, s), b(t, s)) =Resotr(s ™ 4aLs) p(¢, 5))+ Resotr(r ~ 1 42 p(¢, 5)) ,

where Res, is the coefficient of (sz)~*.
The commutation relations of the Lie algebra gl are given by:

La(t, 5), c]1=[a(t, 5), c;1=[c, c2]=0,
[a(t, s), b(t, s)] = a(t, s)b(t, s)— b(t, s)a(t, s)
+Resytr(s ~ 1 4as) p(t, 5))c + Resotr(t ~ 1 424:3L p(t, s))c, . 4.2)
For the elements X(m, n)=t"s"® X, Y(k,)=t*s'® Y, (4.2) is written as follows:
[X(m,n), Yk, D)]=[X, Y]Im+k,n+1)+mb 4 .00n+1,0tt(XY)c+nd, 41 00,410 t1(XY)c, .
The bilinear form on gl, defined by
(X | Y)=tr(XY), 4.3)
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is symmetric, non-degenerate and invariant. Now g, is the Lie algebra of the group
GL, and (- | -) has the property of being invariant under the adjoint action Ad of this

group:
(Ad(A)X) | Ad(AY))=(4XA™" | AYA™Y)=(X | Y) 4.9)
for all Ae GL,. We can define a bilinear form on gl,, in analogy with (4.3):
(X(m, n) | Yk, 1))=0y+4,00+1,0tH(XY) .
This definition extends by linearity to general elements a(t, s), b(t, s) of 51,, as follows:
(a(z, s) | b(t, 5) =Resq(ts)~ 'tr(a(t, s)b(t, s)) .

It is easily checked that (- | -) is a symmetric, invariant, non-degenerate, bilinear
form on gl,. It also has the property, which is analogous to (4.4), of being invariant
under the adjoint action Ad of the group GL,, where

GL,=GL,C[t,t™,s,s™1]),

is the group of all invertible » x n matrices over C[t,t™ !, s, s~ '], and the adjoint action
of GL, on gl are defined by

AdA(L, s)a(t, s): = A(t, s)a(t, s)A(t,s)" 1, AdA@, s)c:=c, AdA(L s)c,:=c,,

for a(t, syegl, and A(t, s)e GL,.

The form (- | +) can be extended to gl, by defining (c | gl,)=(c, | gl)=(c| o=
(c2 | ¢2)=(c| ¢;)=0. This definition preserves all the previous properties, except that
it is degenerate. It is convenient from several points of view to enlarge gl, by adding
two generators d and d,: we set

gl,:=gl,®Cd ®Cd,,
where the commutation relations with 4 and d, are:
[d, c]=Ld, c,]1=1d,, c]1=[d>, c,]=[d,d,]=0,
[d, a(t, s)] =t-2aLs) | [d,, a(t, s)] =s-4Ls) | (4.5)
The Lie algebra gl, is called the extended affine Lie algebra associated to g,

LemMA 4.1. The extended affine Lie algebra gl = 51,, PCcPDCc,dCdapCd,
carries a non-degenerate, symmetric, invariant bilinear form (- | +) defined by;

(a(t, s) | bz, s)) =Reso(ts) ™ tr(a(t, s)b(t, s)) for a(t, s), b(t, s)e §I,,,
@|9=(, | c)=1,

(| alt, 9)=(c; | alt, N=(c | )=(c | e)=(c; | e2)=0,

d | alt,s)=d, | at,s))=(d | d)=(d | d;)=(d, | d,)=0.

PrROOF. It is clear from the definition. [
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REMAl’g(. In the above statement, invariant means ([x, y] | z)=(x | [y, z]), not the
action of GL,.
From (4.5), we define adjoint action of &,, on gl,®Cd® Cd, by
Ad(A(t, s))alt, s)): = A(t, s)a(t, s)A(t, s)™ ',
Ad(A(t, s))(d): =d—t44L2 471t ),
Ad(A(L, 5))dy): =dy —s44L3 471, 5) ,

for a(t, s)egl,, A(t,s)eGL,.
Further from the commutation relations of gl,, we define the adjoint action of GL
on gl, as follows:

Ad(AE, s))c)=c,  Ad(A(L, s))cr)=c¢; ,

Ad(A(t, s))(x(t, 5)= AX(t, )A™ ' + M(A, x)c+ A,(A, X)c, ,
Ad(A(L, )d)=d —t % A~ + p(A)c + py(A)c,
Ad(A(t, )dy)=d, — s A7 +W(A)c+v,(A)e,

where x(t, s)egl, and A(4, x), 1,(4, x), w(A4), u,(A4), v(4), v,(4)eC.

To decide the coefficients (A4, x), 1,(4, x) u(A), puy(A4), v(4) and v,(A), we demand
the GL -invariants of the form (- | +) on gI,,, and the following cocycle condition:
Ad(A(t, s)) - Ad(B(t, s))=Ad(A(t, s)B(t, s)). Then we have

n

0=(x | d)=(Ad(4)x) | Ad(4)d))
=(AxA '+ Ac+ A0, | d—t 4 A7 +pe+psey),

from this A=Resytr(s ! 4% x4~ 1).
Similarly from 0=(x | d,)=(Ad(A)x) | Ad(A)d,)), we get A, =Resotr(t ™! 44 x4~ 1),
Further from 0=(d | d)=(Ad(4)d) | Ad(A)d)), 0=(d, | d;) =(Ad(A)d) | Ad(A)(dz))
and 0=(d|dy)= (Ad(A)(d) | Ad(A)d,)), we get u(A)= —-1 Resotr(s ™ 11(44 47 1)), vo(4) =
1 Resotr(r~1s(44 A~ 1)?), and

px(A)+v(A)= —Resptr(9d 4~ 144 4-1) (4.6)

Further from the cocycle condition, we get
p2(A)+ po(B) — py(AB)=Resotr (45-4F B~ '471), 4.7)
wA)+v(B)—v(AB)=Resotr (4242 B 1471, 4.8)

Further we see that (4.6), (4.7), (4.8) < (4.6), (4.7). Now we can describe the adjoint
action of GL on gI
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PrROPOSITION 4.2. In the above notations, we have:
Ad(A(L, s))c)=c, Ad(A(t, s))cy)=c, ,
Ad(A(t, s))(x(t, s)= Ax(t, s)A ™' + Resptr(s "1 44 x4~ e+ Resotr(t ™1 44 x4~ Ve, ,
Ad(A(t, s)d)=d—t4E 471 — L Resotr(s (4L A7 Y2 e+ puy(A)e,
Ad(A(L, ))(dy)=d, — s A~ —L Resptr(t ™ 1s(42 47 1Y), +v(A)c,
where p,(A) and v(A) obey the above conditions (4.6) and (4.7).

REMARK. We can check that these actions define an automorphism of the Lie
algebra gl,,.

5. [Extended affine Lie algebra s, and its Weyl group.

The restriction of the bilinear form (4.3) on gl, to its subalgebra sl, remains
non-degenerate and we have the associated extended affine Lie algebra sl,. Especially
in the case of sl,, we examine its Weyl group. The Cartan subalgebra f of sl, is spanned

by h, ¢, c¢,, d and d,, where h=<(1) 0] ), ie.

h=Ch@®Cc@®Cc,®Cdd Cd, .

The bilinear form (- | ) on sl , is non-degenerate when restricted to b, and we see from
Lemma 4.1;

{(h | h)=2, (C | d)=((32 | d2)=1 ,
and all other pairs vanish .

We shall identify § with h* via this form. We define the Weyl group W(ﬁ,z) of
SL,:=SL,(C[t,t™ 1, s, s~ 1) as follows. Let H={<g (-)1) aeC*} and ]\7:{(3 (31),
a a

< 0_1 ;) a,a leC[t,t™ s, s"l]} be the subgroups of SL,, and we set W(SL,): =
—da

N/H. Then we easily see the following.

LemMmaA 5.1. W(ﬁ,z) is generated by the conjugations by ( 0 1>, (t 0 ) and

-1 0 0 ¢!
s 0
(o5)

We define W(sl,) by the action of W(ﬁ,z) on b, and we denote that r, is conjugation
by ( 01 (1)), and ¢, and s, (k€ Z) are conjugations by the k-th powers of ((t) t? . ) and
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((s) (_)1 ), respectively. Since the adjoint action of 5’12 on f can be determined from
S

Proposition 4.2, we can compute the actions of the elements r,, ¢, and s, on f as
follows:

rdf)=—h, rfo)=c, rlc;)=c;, rld)=d, rJfd))=d,,
th)y=h+2kc, t(c)=c, tlc)=c,,
t{d)y=d—kh—k*c+wec,, t(d)=d,—uc,
sih)=h+2kc,, sc)=c, slc))=c,,
sid)y=d—v,c,, s(d))=d,—kh—k*c,+v,c,
where y, and v, satisfy the conditions;
W=+ and vi+v,=v,, (k,leZ), 4.9)

which are obtained by (4.7) and (4.8).
Let v: f)—b* be a map defined by the bilinear form ( | ), and we put

vih):=a, wc):=68, v(cy):=0,, vd):=A,, v(d,):=A4,.
With this map, identifying f with §*, we write the actions of r,, #, and s, on h* as follows:
PROPOSITION 5.2. In the above notations, we have:
rd@)=—a, r(8)=0, rld)=0;, rfdo)=A¢, rdA)=4,,
t)=a+2kd, t(0)=05, t(d,)=9,,
t(Aog)=Ag—ka—k?*5+wd,, t(A)=A,—wd,
so)=a+2kd,, s(0)=0, s(;5)=96,,
SdA)=Ag—Vd,, s(A)=A,—ka—k25,+v,6,
where w, and v, satisfy (4.9).
From this proposition, we see that:
COROLLARY 5.3. (1) 2, t="lusms Sn " Sm=Snsm> (1) Ly =Fol _po Spta=TFoS_ -

From the pairing on f), we get that on h*:

{(a I a)=23 (5 | A0)=15 (52 | A2)=1 ’
and all of other pairs vanish .

We introduce the element y" (ne Z) ([19]), which is defined by
P (A)=A+nd, - () —nd - 4,(4), for Aebh*,
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where 0(4)=(6 | A), 6,(4)=(J, | 4). Using this, we obtain

PROPOSITION 5.4. The commutation relation of t, and s,, is given by

2nm

LSm =7 """ Sty (n,meZ).
ProOOF. It is easily checked by direct calculations. []

We define the reflection w; for e ® as the element in GL(h), then we see that
W(sl,) is the group generated by w, for all Be @, and we have the following.

LemMMa 5.5.
Watns+msy=7V" SmlaWa 5 W_stnstmsy="" WaSmln -
PrOOF. 1t is easily checked by direct calculations. [
REMARK. We can identify W(sl,) with W(4{""") through the reflection wy (see [1]).
From the above lemma, we have the following.
LemMA 5.6.

2 _ 2 _ —_
_wik =1 s WOW(’;WIW]’."—'}) H

we=wi=wg
where wi=w,, Wo=Ww__, ;=wit;, wf=w =5,w,, and wF=w =yw,s,¢
1 « Wo a+d 11, Wy a+o, =S1W1, 0 —at+o+s, — YWiS1ly.
Proor. It is easily checked by direct calculations. [
From the above arguments, we see that:

PROPOSITION 5.7. (i) The Weyl group W(sl,) is generated by the four elements v,
Iy, S1, Wy
(ii) The relations of W(sl,) are given by:

2
PS1=51Y '))t1=tl'}), YW1 =Wy7Y, W1=1,
11S1=y2S1t1, t1W1t1W1=1, SIW1S1W1=1.

Proor. From Lemma 5.5 and Lemma 5.6, (i) is clear. So we prove (ii). When
we restrict the action of W(sl,) on a, 6 and &,, we see that t;,=7"!, s,=R™! and
W(sl))|re@roors, = W(ALV). The relations of w,, T and R are:

W%=1, TWITW1=1 N RWIRW!.:I . TR=RT. (5.1)
We see that wy, ¢, and s, satisfy the following relations in (5.1):
w12==1, t1W111w1=1, S1w1S1W1=1.

Further it is easily checked that the element y commutes with all of w,, #; and s,. We
have seen that W(sl,) =~ W(4*'V) before, so using the result [1], we see that W(sl,) is
the central extension of W(A{!'!’) and the double translation part is replaced by a central
extension, therefore we get (ii). [
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REMARK. The element y is a central element in W(sl,), and corresponds to a
1-cocycle in [11] and the Coxeter element in [1].

COROLLARY 5.8. The hyperbolic extension group W(A''V) is generated by the
reflections wy, w, w§ and w¥ and their relations are given by:

2

wi=wi=wi=w¥’=1, and

wowdw w=ww wwo=w wfwow=wiwowiw, .

ProOF. 1t is easily checked by Lemma 5.6 and Proposition 5.7. []

References

[1] K. Sarro, Extended affine root systems I, Publ. RIMS Kyoto Univ. 21 (1985), 75-179.

[2] K. Sarro, Extended affine root systems II, Publ. RIMS Kyoto Univ. 26 (1990), 15-78.

[3] N. BourBaki, Groupes et Algébres de Lie, Hermann (1968); Masson (1981), ch. 4-6.

[4] I. G. MAcDONALD, Affine root systems and Dedekind’s #-functions, Invent. Math. 15 (1972), 91-143.

[5] N.IwaHorI and H. MaTsuMoTo, On some Bruhat decomposition and the structure of the Hecke rings
of p-adic Chevalley groups, Inst. Hautes Etudes Sci. Publ. Math. 25 (1965), 5-48.

[6] IaN D. MACDONALD, The Theory of Groups, Oxford Univ. Press (1968).

[7] H.S. M. Coxeter and W. O. J. MOSER, Generators and Relations for Discrete Groups, Fourth ed.,
Springer (1980).

[ 81 J. E. HUMPHREYS, Reflection Groups and Coxeter Groups, Cambridge Univ. Press (1990).

[9] V. G. Kac, Infinite Dimensional Lie Algebras, Cambridge Univ. Press (1985).

[10] V.G.Kacand A. K. RAINA, Bombay Lectures on Highest Weight Representations of Infinite Dimensional
Lie Algebras, Adv. Ser. in Math. Phys. 2 (1987).

[11] J. N. BernsTEIN and O. V. ScHWARzZMAN, Chevalley’s theorem for complex crystallographic Coxeter
groups, Funct. Anal. Appl. 12 (1978), 79-80.

[12] E. LoOUENGA, Invariant theory for generalized root systems, Invent. Math. 61 (1980), 1-32.

[13] I. BaRrs, Vertex operators in mathematics and physics, MSRI Publ. 3 (1983) (Lepowsky et al., eds.), p. 373.

[14] M. WakmmoTo, Extended affine Lie algebras and a certain series of Hermitian representations, preprint
(1985).

[15] L. FrappaT, E. RaGoucy, P. SOrRBA and F. THULLIER, Generalized Kac-Moody algebras and the
differential group of a closed surface, Nuclear Phys. B 334 (1990), 250-264.

[16] R. H. KroHN and B. ToOrRREsANI, Classification and construction of quasisimple Lie algebras, J. Funct.
Anal. 89 (1990), 106-136.

[17] R.V.Mooby, S. E. Rao and T. YOKONUMA, Toroidal Lie algebras and vertex representations, Geom.
Dedicata 35 (1990), 283-307.

[18] J. Morita and Y. YosHn, Universal central extensions of Chevalley algebras over Laurent
polynomial rings and GIM Lie algebras, Proc. Japan Acad. Ser. A Math. Sci. 61 (1985), 179-181.

[19] H. Yamapa, Extended affine Lie algebras and their vertex representations, Publ. Res. Inst.
Math. Sci. 25 (1989), 587-603.

[20] A. PressLEy and G. SEGAL, Loop Groups, Oxford Univ. Press (1986).

Present Address:
DEPARTMENT OF MATHEMATICS, SCHOOL OF SCIENCE AND ENGINEERING, WASEDA UNIVERSITY,
OHKUBO, SHINJUKU-KU, TOKYO, 169-8555.



