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1. Introduction

Since the pioneering work of Mandelbrot and Ness (1968), the fractional Brow-
nian motion (fBm) has become widely popular in a theoretical context as well
as in a practical one for modelling self-similar phenomena. Fractional Brown-
ian motion can be defined as the only centered Gaussian process, denoted by
(B (t))ter, with stationary increments and with variance function v(-), given
by v(t) = C?t|*" for all t € R. The parameter H € (0,1) (resp. C > 0) is
referred to as the Hurst parameter (resp. the scaling coefficient). In particular,
the case H = 1/2 corresponds to the standard Brownian motion. In general, the
fractional Brownian motion is an H-self-similar process, that is for all § > 0,

(Br(0t)),cr 4 5H (Br(t));cr (Where £ means equal in finite-dimensional dis-
tributions) with autocovariance function behaving like O(|k|?#~2) as |k| — +o0.
Thus, the discretized increments of the fractional Brownian motion (called the
fractional Gaussian noise) constitute a short-range dependent process, when
H < 1/2, and a long-range dependent process, when H > 1/2. The index H
characterizes also the path regularity since the fractal dimension of the fractional
Brownian motion is equal to D = 2 — H. General references on self-similar pro-
cesses and long-memory processes are given in Beran (1994) or Doukhan et al.
(2003).

As the Hurst parameter H governs the fractal dimension of the fractional
Brownian motion, its regularity and the long-memory behavior of its increments,
the estimation of H is a very important (and quite difficult) task which has led
to a very vast literature. We refer the interested reader to Coeurjolly (2000a),
to the book of Doukhan et al. (2003) and the references therein and to the ex-
cellent paper of Fiy et al. (2009) which focuses on long-memory processes.
The present paper hightlights one class of these methods, namely the method
based on discrete variations, which has known great developments these last
years. This method originates simultaneously from works of Kent and Wood
(1997) and Istas and Lang (1997) in the context of locally self-similar Gaussian
processes and more deeply in Coeurjolly (2001) in the case of the fractional
Brownian motion. These ideas have then been used/extended in many other
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situations: e.g. Cohen and Istas (2002) for more general local self-similar pro-
cesses, Coeurjolly (2005) for the multifractional Brownian motion, Coeurjolly
(2008) for a more robust estimate, Richard and Biermé (2008) for anisotropic
Gaussian random fields, Istas (2007) in the context of spherical Brownian mo-
tion, Brouste et al. (2007) for more general Gaussian random fields ...

This paper focuses on fBm-type processes by using discrete variations type
procedures. Consider first, By a sample path of a fractional Brownian mo-
tion discretized at times ¢ = 1,...,n and with parameters H,C. Let a be a
vector with real components representing a filter and B¢, the filtered series.
For example, when ¢ = (1,—1) (resp. (1,—2,1)), B} corresponds to the in-
crements (resp. the increments of the increments) of By (this is presented
in Section 2). Moreover, let a™ be the filter a dilated m times (for example
(1,-2,1)% = (1,0,—2,0, 1)), the classical estimation procedure is based on the
following property

Var (B?Im (z)) =m2H x YH,c < log (Var (B?Im (z))) = 2H log(m) +log(vu,c),

where yg ¢ is a constant independent of m. It is now sufficient for different
values of m to estimate the variance by its empirical version and to estimate
H (actually 2H) through a simple log-linear regression. This procedure has
many advantages: it is extremely simple to implement, computationnally fast
(it does not need a large number of dilated filters). In addition, the definition
of the estimate is independent of the scaling coefficient and invariant of the
discretization step. From a theoretical point of view (see e.g. Coeurjolly (2001)),
this estimate is consistent and follows a central limit theorem if p = 1 and
H < 3/4 and for any H if p > 2 where p is the order of the filter (1 for
a = (1,-1) and 2 for a = (1,—2,1),...). This is proved by the fact that the
correlation function of the filtered series decays as |k|*H~2P.

The aim of this paper is to show that, when the data are contaminated by
outliers and/or by an additive noise, it is still possible to adapt the previous
method in order to take into account the possible contaminations and to keep
its principal properties: estimation of H without estimating any other param-
eters, simple and computationnally fast. The Sections 2 and 3 give a survey
on this topic: we show how when replacing the empirical variance by sample
quantiles or trimmed means of the squared series, it is possible to define an
estimate more robust to outliers. This problem has been already considered by
Coeurjolly (2008). We also demonstrate that if the data are composed of a frac-
tional Brownian motion plus a standard Brownian motion or standard Gaussian
variables, it is still possible to define an estimate of H by considering differences
of empirical variances. Finally, we also show that it is possible to combine these
different procedures. We propose consistency results (depending on the model)
proved in appendix. In Section 5, we have conducted a large simulation study
where pure and contaminated sample paths of fractional Brownian motions are
considered. The different estimation procedures and parameters are compared
and discussed. Finally, this paper is accompanied with a R package named dvfBm
available on the R CRAN (http://cran.r-project.org/)
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2. Discrete variations of the fractional Brownian motion
2.1. Some general notation

Let X = (X(1),...,X(n)) be a sample of a stochastic process (with stationary
increments and finite variance) at times ¢ = 1, ..., n. Define a as a filter of length
{ + 1 with order p > 1, that is a vector with ¢ + 1 real components satisfying

14

¢
quaq:Oforjzo,...,p—land quaq;«éo. (1)
q=0 q=0

For instance, we shall consider the following filters:

e Increments 1: a =il = (—1,1),

e Increments 2: a =2 = (1,-2,1),

e Daublets 4: a =d4 = (—0.09150635, —0.15849365, 0.59150635, —0.34150635)
[ ]

We refer the reader to Percival and Walden (2000) or Daubechies (2006) for
details on Daubechies wavelet filters and extensions. We define also the vector
X% as the vector X filtered with a and given for i = ¢+ 1,...,n by

L

X (4):= ZaqX (i—q).

q=0
X is the normalized vector of X¢ defined by
v X (i) X*(i)

= ) T B

due to the stationarity of the increments of X. Let us also denote for a function
g(-) the vector g(X) = (¢(X(1)),...,9(X(n))). Moreover, X, &(p, X) (for some
0<p<1)and < (for some vector 5 = (81, B2) satisfying 0 < f1, B2 < 1/2)
will respectively denote the empirical mean of X, the sample quantile of X and
the f—trimmed mean of X defined by

®) 1 ”f:ﬁz]
X = (Xa)(i) no
n=[nfa] —nfr] _ o= |

where [] denotes the integer part and where (X)), < (X)), < -+ < (X)) 0
are the order statistics of X (1),...,X(n). Finally, in the sequel Z will denote a
random variable following a standard Gaussian distribution.

2.2. Applications to the fractional Brownian motion

Let By be a discretized sample path of a fractional Brownian motion at times
i =1,...,n with Hurst parameter H € (0,1) and with scaling coefficient C' >
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0. Denote by B¢, and ]§‘IH its filtered version and normalized filtered version.
The covariance and correlation functions of B, are given for ¢,j € Z by (see
Coeurjolly (2001))

4
1
E (B} (5)B} (i + j)) = C% x w§; (i) with 7§ (i) = —3 > agarlg —r+i*?
q,r=0

and . (i)
Da (\Ra (; . T\t
B (By0)BE(G+9) = 225

Note that the last expression is clearly independent of C. The interest of filtering
a discretized sample of a fractional Brownian motion is revealed by the fact that
the action of filtering destroys the correlation of the increments. Indeed, it was
proved (see e.g. Coeurjolly (2001)) that p% (i) ~ kg |i|*2 =%, as |i| — +oc.

Let us now explain how one can estimate the parameter H (independently of
C). First, consider the collection of dilated filters (a™),,>1 of a filter a. Recall
that @™ is the filter of length mf+1 with order p and is defined for i =0, ..., m¢
by

alt = .
B 0 otherwise.

m { @i/m  if i/m is an integer @)
As a typical example, if a == o' = (1,-2,1), then a” := (1,0,-2,0,1). It is
shown that

14

” 1 4 1
7O =3 Y aparle— i = =3 3 agardma —mrlPH = m*ng 0)
q,7=0 q,7=0

Now, consider the empirical mean of the squared filtered coefficients denoted by
(B‘}{m)2. Since,

E ((By')?) = C2ryy" (0) = m G2 (0),

one may obtain, by denoting v = yg ¢ := C?7%(0) (which is independent of
m), the following simple linear regression model

log ((B%mf) = 2H log(m) + log(y) + log (%) . (3)

ST
=g

The ordinary least squares estimate associated to the regression model (3) is
then given by:

1" = 2||f||2 (98 (B57)) cs..0 :

where A, = log(m) — m an\{iMl log(m) and 1 < My < M.
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3. Discrete variations of contaminated sample paths of the
fractional Brownian motion

3.1. Robustness to outliers

As noted by Coeurjolly (2008) and Shen et al. (2007), the standard procedure
(which is very close to a wavelet procedure) may be particularly affected by
outliers. The aim of this section is to propose alternative procedures based on
sample quantiles or trimmed means.

3.1.1. Using sample quantiles

Let us denote by (p,c) = (pk,ck)k=1,..x € ((0,1) x RT)X for an integer
1 < K < 4o00. Let us also define the following statistics based on a convex
combination of sample quantiles:

K
p7 c, Ba Z pkv BH (5)
k=1
where ¢,k = 1,..., K are positive real numbers such that Zszl c, = 1. For

example, this corresponds to the sample median when K = 1,p=1/2,¢c =1, to
a mean of quartiles when K = 2,p = (1/4,3/4),c = (1/2,1/2). The estimation
procedure is based on the following remark

£(p.c,(BY)?) = E (BE(1)%) x &(p, c, (BY)?).

It may be expected (see Proposition 2) that, as n — +oo, g(p, c, (]A?;?{)Q) con-

verges almost surely to 72 (p, ¢) where {z2(p,c) = Zszl cr€z2 (pr) and where
£22(p) denotes the theoretical quantile of order p of a x?(1) distribution. There-
fore, by using the collection of dilated filters we may write
~ N2
€<p, c, (B‘il ) )

§Z2 (pv C)

log (g(p, c, (B%Im)2)) =2H log(m)+log(yx&z2(p, ¢))+log

=%
(6)
Again, the regression model (6) allows us to define a simple estimator of H as
the ordinary least squares estimator defined by

T

19— oo (o (E(p.e®77))), - (7)

yeeey
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3.1.2. Using trimmed means

Let us replace the convex combination of sample quantiles by S—trimmed means.
By using the notation presented in Section 2.1 and the previous ideas, we have

——(B)
——(B) ~ 2
B = x (By)

Then, we may write the following simple linear regression model

2
——®) — By
log ((B‘ﬁ”)2 ) = 2H log(m) + log(y x Zz(ﬂ)) + log ( (23) (8)
72
=T M
where s
—o(8) 1 / 2
A — dp.
1= Bs— B Js, £z2(p)dp

Since it is again expected that eZ} converges almost surely towards 0 as n —
—+00, we can define the following estimator

N AT —(B)
HT™M — (log ( BY")? )) . 9
orap e\ ®Bx ) L )

.....

3.2. Robustness to an additive noise

This section is aimed at defining alternatives to the standard procedure when
the discretized sample path of the fractional Brownian motion is corrupted by
an additive noise. One may distinguish two types of models:

e the fractional Gaussian noise is contaminated by an additive Gaussian
white noise which means that the fractional Brownian motion is contami-
nated by an additive Brownian motion. The following equation summarizes
this model denoted in the sequel by B0: one assumes observing

X (i) = Bu(i) + o BO(i),

where H # 1/2, ¢ > 0 and where B (i) for i = 1,...,n is a standard
Brownian motion.

e the fractional Brownian motion is contaminated by an additive Gaussian
white noise. The following equation summarizes this model denoted in the
sequel by B1: one assumes observing

X(i) = Bu(i) + o B (i),

where o > 0 and where B (4) fori = 1,...,n are i.i.d. standard Gaussian
variables.
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The aim of this section is to propose an estimator of H that would be indepen-
dent of C' and o, easily and quickly computable. This problem (in particular
for the model B0) has already been undertaken by several authors: Shen et al.
(2007), Baykut et al. (2007) in a wavelet context, and Coeurjolly (2000Db).

3.2.1. Model BO: X (t) = Bp(t) + o BO)(t)

Let us see how the standard procedure is affected by this contamination: since
B is a fractional Brownian motion with Hurst parameter H = 1/2, the vari-
ance of the filtered series of X is

E (X(i)*) = C? 7§(0) + o® w{5(0),

which leads to
E ((X“m)2) =m?Hy 4 m027rf/2(0).

Let us define Y (i) = %, then the estimation procedure is based on the
following idea which is valid as soons as H # 1/2

E ((Ya27n)2 _ (Yam)2> _ ((2m)2H—1 _ mQH—l) v
2m m o

— 5(0) — — 500

50 712(0) ) 71 2(0)

—  p2H-1 (22H—1 _ 1) 5.

Now, let us consider the following regression model:

log (‘W — (Yo" )?

) = (2H — 1) log(m) +log((‘22H_1 - 1‘) v) —l—aﬁO_ST

(10)
with

EﬁO—ST — log <‘ (Yazm)2 B _(Yam)z

m 2 a’VTL 2
/e (-],
which is aimed at converging towards 0. The corresponding ordinary least squares
estimate is denoted by HP° and is defined by

o 1 AT e B —
e N A C (TR

.....

This method will be denoted in the following by BO-ST. Similarly to Sec-
tion 3.1, one may define two new methods denoted by B0-Q and BO-TM when
the sample variance is replaced by either a convex combination of sample quan-
tiles of the squared filtered series or by a S—trimmed mean. The two new esti-
mators are naturally denoted by HB%~® and HBO-TM
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Let us see how the standard procedure is affected by this contamination:

14
E(X°(0)%) = C2a5(0) + 0® Y a,a,B(BYG - B (i+j-1),
q,r=0
4
v+ 0* Z AqQr0g.r

q,7r=0

v+ o?lal?,

with |a|? = 22:0 a2. Since [a™|* = |a[?, this leads to
B ((Xam)z) = m?Hy + 02al?.

Therefore by using the same idea as the previous section, one may obtain the
following regression model

log (}W — (Xe)?

> = 2H log(m) + log((2" — 1)) + 5!=5T (12)
with

m

EBl—ST _ log (‘ (Xazm)Q _ (Xam)Q

m 2 a’VTL 2
/B ((xe) - 7)),
which is aimed at converging towards 0. The corresponding ordinary least squares
estimate is denoted by HZ1=57 and is defined by

geest_ AL () Xa?m)? _ (Xam)?

.....

This method will be denoted in the following by B1-ST. Similarly, one may
define two new methods denoted by B1-Q and B1-TM leading to two other
estimators denoted by HB'~Q and HB-TM

4. Summary and general result

In Sections 2 and 3, we have defined estimators of the self-similarity index based
on different ideas. These estimators are referenced by Equations (4), (7), (9),
(11) and (13). All these estimators exploit the property of self-similarity of the
dilated-filtered initial series. They have several common points: quickly com-
putable, definition of an estimator which is independent of the scaling coeffi-
cient and of o2 (in the case of an additive noise). They all are obtained by
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TABLE 1
Summary of the different Hurst parameter estimation methods based on discrete variations
in the presence of outliers and/or an additive noise. The first column references the name
of the method while the second one defines the regressor vector used in the definition of the
estimator (see (14). The vector X denotes the vector of initial data

Method  (Ugs, ar,)m

ST log ((X")?)

TR )

™ log (W(B))

BO-ST o (| (X077 2m) - (X))

po-q o ([E(pe (x7)7) s2m) <€ (b, (x+7)°) /o))
BOTM  log ( = fam) - W(m/m' )

Bist log ([T - (k7))

BI-Q  log ( 2(p, c, (X“2m)2) - f(p,c, (xam)Q) D

an ordinary least squares procedure and may be summarized by the following
equation:

~ AT

- 2Af

1/2 if ¢ = B0-ST, B0-Q, BO-TM,
0 otherwise.

)

Uty ar, + 0%, with 6° = {

(14)
and where Uy, /. is summarized in Table 1.
The next result, Proposition 1, is proved in Section A.

Proposition 1 The following convergences hold almost surely as n — 400

ST, Q, TM,
BO-ST, B0O-Q, BO-TM,
H® — H withe={ BI-ST, B1-Q, B1-TM  when X =By
BO-ST, BO-Q, BO-TM  when X = By +cB©
B1-ST, B1-Q, B1-TM  when X = By +cB®
(15)

Remark 1 We can expect that each estimate follows a central limit theorem as
soon as the order of the filter is sufficiently large. It has already been proved, if
p > H +1/4 (which is always true as soon as p > 2) and when X = By, that
the estimators HST (see Proposition 4 of Coeurjolly (2001)), HQ and HT™
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(see respectively Theorems 4 and 5 of Coeurjolly (2008)) follow a central limit
theorem. Asymptotic variances are also computed in these two papers. The other
methods BO — e and B1 — e (for ¢ = ST,Q,TM ) under the appropriate model
need more attention and work. This question will be treated in a subsequent

paper.

5. Simulation study and discussion

In order to study the performance of the different estimators H* for e =ST,
Q, TM, B0-ST, B0-Q, BO-TM, B1-ST, B1-Q, B1-TM, we first simulate sample
paths of pure fractional Browninan motions to control the choice of the filters
and their parameters. Secondly, we use three different types of contamination
to test the robustness of the chosen estimators.

In the sequel, we will denote the estimators in three different classes, the
classic one which corresponds to H*® for ¢ =ST, Q, TM, the B0-class which
corresponds to H*® for @ =B0-ST, B0-Q, BO-TM, and finally the Bl-class which
corresponds to H® for ¢ =B1-ST, B1-Q, B1-TM.

In the following, By = (Bgr(1),...,Bu(n)) is a sample path of a fractional
Brownian motion with Hurst parameter H and with scaling coefficient C' fixed
to 1. Let us note that the variance of the increments that is the variance of the
fGn is thus equal to 1 (Var(Bg(i+ 1) — Bg(i)) = 1).

For each simulation, we run 500 replications with time series of length 100,
1000 and 10000. We use specific values for H?, p = 1/2 and ¢ = 1, this corre-
sponds to the sample median. We specify 81 = B2 = 10% for HTM,

5.1. Chozice of filters and their parameters

Using simulations of sample paths of pure fractional Brownian motions, we
test the convergence of the proposed estimators with five different filters and
parameters. The filters i1, i2 and ¢3 correspond to the increments of order 1,2
and 3 respectively. The filters d4, d6 are the Daubechies wavelet filters of order 4
and 6 respectively. For each filter, M; was chosen equal to 1 and M; was chosen
equal to 2 or 5.

The tables 2, 3 and 4 (postponed to Appendix B) present the results of
simulations using the estimators defined in this paper. As previously shown
in Coeurjolly (2008) and by exploring the columns corresponding to a length
of 10000 points in the time series, the three classic estimators H* for & =
ST, Q, TM are asymptotically without bias and converge in mean square for
all the choices of filters, and for all possible values of H. The same conclusions
can be written for the BO-class and Bl-class of estimators.

The choice of the filters is crucial in order to minimize the variance of the
estimators. Based on the tables 2, 3 and 4, we decide to choose the filters il,i2
and d4, with M; = 1 and My = 5 for the other simulations.
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For the specific choice of the filters, the variance of the estimators can be
different: there are differences within one class and between the three classes.
Inside the three classes, the estimators based on the standard scheme (H® for
e = ST, BO-ST, B1-ST), have lower variance than the other estimators based
on the quantiles and trimmed means. Between the three classes, the classic
estimators have less variance than the estimators based on model BO and B1.

5.2. Robustness of the estimators to contaminated models

In this section, we explore the robustness of the estimators when the simulations
are not simply pure fractional Browninan motions. We consider here three dif-
ferent models of contamination (some examples of several contaminated sample
paths are given in Appendix B):

e Model AO (additive outliers): the fGn is contaminated by an additive
outlier model (e.g. Beran (1994), p. 130)

X(i+1) = X(i)=U@)(Bu(i +1) — Ba(i)) + o(1 = U(i))Z(i),

where U (i) are independent Bernoulli random variables with parameter
p = 0.01 and where Z(i) are i.i.d. standard Gaussian random variables.
This means that the expectation of the number of contaminated obser-
vations is n x 1%. The parameter o is chosen such that the contami-
nated observation achieves a given Signal Noise Rate (SNR), that is such
that

SNR _ 1010g10 (VGT(BH(Z+1)—BH(Z))>

Var(oU(i))

1
101log, <;) — ¢? =107 9NR/10,

The tables 5, 6, 7 (given in Appendix B) present the results for the esti-
mators using SNR equal to 0, -10 and -20 respectively. We observe that
there are no major differences when the SNR is equal to 0, but when the
SNR is equal to -10 or -20, the bias is reduced for the estimators based
on the quantiles and trimmed means. Especially, the bias of the standard
estimators is increasing when the SNR is decreasing. In contrast, the es-
timators based on the quantiles and trimmed means are less affected (in
terms of bias and variances) by the noise.

On Figure 1, we show the mean squared errors (in short MSE) on a log-
log plot. This clearly illustrates that the estimators based on the quantiles
and trimmed means have the lowest values of mean square error.

Model BO: the fGn is assumed to be contaminated by an additive Gaussian
white noise, that is

X (i+1)—X (i) = By (i+1)—Bg(i)+0BW (i) <= X (i) = By (i)+0B (i),
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where B = B() is a standard Brownian motion and where B() (i) =
BO(i4+1)— B (7). Hence, BM (i) are i.i.d. standard Gaussian variables.
The parameter o is chosen such that the increments of X(-) achieve a
given Signal Noise Rate (SNR) such that

Var(By(i+1) — Bg(i))
101ogyq ( VZT(UB(D @)H )

1
= 10log, <;) s 0? = 10-5NR/,

SNR

The tables 8, 9 (see Appendix B), present the results for the estimators us-
ing SNR equal to 0, 10 respectively. Under a contamination by model B0,
the bias is increasing for all the estimators. When looking at the MSE, fig-
ure 2, only the MSE of the estimators H® for ¢ = BO-ST, B0-Q, BO-TM)
seems to converge to 0. For the other class of estimators, the MSE does
not seem to converge to 0. We always remark that the estimator H BO=ST
is better than HP9~TM which is better than HB0~%.

e Model B1: the sample path of a fBm is assumed to be contaminated by
an additive Gaussian white noise, that is

X (i) = By (i) + cBW(3)

— X(i+1)—X(@)=By(i+1) — Bg(i) + o(BY (i + 1) — BY(4)).

where B (i) are i.i.d. standard Gaussian random variables. Again, the
parameter o is chosen such that the increments of X (-) achieve a given
Signal Noise Rate (SNR) such that

VCLT‘(BH(i + 1) - BH(’L))
SNR = 101
810 (Var(a(B(l)(i +1) - BO())
1 10—SNR/10
= 1010g10 (F) — 0'2 = f

The tables 10, 11 (see Appendix B), present the results for the estimators
using SNR equal to 0, 10 respectively. Under a contamination by model
B1, the bias is increasing for all the estimators. When looking at the MSE,
figure 3, only the MSE of the estimators H® for ¢ = B1-ST, B1-Q, B1-TM)
seems to converge to 0. For the other class of estimators, the MSE does
not seem to converge to 0. We always remark that the estimator H B1=5T
is better than HZ'~TM which is better than HB1~%.

5.3. General discussion and recommendations

In this paper, we review different estimation procedures of Hurst parameter,
H of fractional Brownian motions, using dicrete variations of time series. Our
aim was to provide estimators that were quickly computable and independent on
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other parameter such as the scaling coefficient or parameters related to the con-
tamination. This is done in this paper by strongly exploiting the self-similarity
property of dilated discrete variations of the fractional Brownian motion. We
then describe several methods of estimation of H:

1. the standard procedure based on the log-linearity of the variogram of di-
lated time series (ST).

2. robust alternatives to outliers using sample quantiles (Q) or trimmed
means (TM).

3. robust alternatives to additive Gaussian white noise or to additive Brow-
nian motion (methods B0 and B1).

4. robust alternatives to outliers and additive noise by combining these meth-
ods.

We also study, from a practical point of view, the robustness of the methods
using three different models of contamination:

1. a model of additive outliers (AO).
2. a model of additive Gaussian white noise to the fBm (BO0).
3. a model of additive Gaussian white noise to the fGn (B1).

Table 1 summarizes these different procedures. All these procedures are imple-
mented in the R package dvfbm. This package provides the code to estimate the
Hurst parameters described in the paper. It also provides the code to proceed
to the contamination of the fractional Brownian motions.

Concerning the different internal parameters of the different methods, we
recommend to use the methods based on quantiles with p = 1/2 and ¢ = 1, the
one based on trimmed means with 81 = 82 = 10% for fITM, the general filter
a = d4 corresponding to the wavelet Daubechies filter with two zero moments
and M =5 or 10 for the number of dilated filters.

In practice, for real data, we recommend to first observe the data for the pres-
ence of outliers. In this case, the use of estimations based on trimmed means
(TM) (which seems to have slight better properties than the one based on quan-
tiles (Q)) should be considered.

Concerning robustness to additive noise (models B0 or B1), we have shown
that the appropriate procedures work well for n > 10000. We also recommend
to use the standard method if we observe that the differences |H57 — HB0=5T
and |HST — HB1=5T| are close to zero.

We plan in a future work to propose a procedure for choosing the best ap-
propriate model of additive noise. We also plan to develop bootstrap methods
in order to evaluate the variance of the estimators for real data.

As it is done in Coeurjolly (2008) for the methods @ and T'M, we can expect
that all these methods are appropriate for estimating the Hurst exponent of
locally self-similar Gaussian process. Another research perspective could be to
extend such methods to a non-Gaussian setting. The work of Chan and Wood
(2004) may provide a thorough basis.
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Fic 1. Summary of Tables 5, 6 and 7 via plots of empirical MSE in terms of n (for
n = 100, 1000, 10000 in log-log scales) for the AO model for the nine methods for SNR =
0,—10, =20 and with the optimal filter aopt = il for H = 0.2 and aopt = d4 for H = 0.8, with
M; =1 and Ma = 5.
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Fic 2. Summary of Tables 10 and 11 wvia plots of empirical MSE in terms of n (for n =
100, 1000, 10000 in log-log scales) for the model BO for the nine methods, for SNR = 10,0
and with the optimal filter aopt = i1 for H = 0.2 and aopt = d4 for H = 0.8 with My =1
and Mo = 5.

Appendix A: Consistency of the different procedures

First of all, we leave the reader to verify that for all the methods presented in
Sections 2 and 3, the variables €3, have been defined in such a way that:

N AT

H® - H= W (E:n)m:Ml,m,Mz

Now, let us present some general result.

Proposition 2 Under the previous notation, let X denote either By, By +
oBO) or By +0BW, then for any filter a of order p > 1 and for any H € (0,1),
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Fic 3. Summary of Tables 8 and 9 via plots of empirical MSE in terms of n (for n =
100, 1000, 10000 in log-log scales) for the model B1 for the nine methods, for SNR = 10,0
and with the optimal filter aopt = i1 for H = 0.2 and aopt = d4 for H = 0.8 with My =1
and Mo = 5.

we have the following almost sure convergences as n — 400

(X" — B(X'(1)) (16)
E(pe (X)) — B(XY(1)) x&x(pe) a7
x?” o EB(xe1)2) x 227 (18)

Proof.

e Model X = By: the proof of (16) can be found in Coeurjolly (2001) (Propo-
sition 1) while the proofs of (17) and (18) can be found in Coeurjolly (2008)
(Theorem 4 and 5).
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e Model X = By + oB©: for such a model the covariance function of X
is given by

E (X(7)X (i +j)) = C*xwiy (i) + o”xaf (i) ~ [i[*7 72, as |i] = +oo,

since 7y (), which is nothing else than the covariance function of a fil-
tered Brownian motion, vanishes for |i| > ¢. By following the proof of
Proposition 1 of Coeurjolly (2001), we have to prove that for any filter
and any H € (0,1),

E ((X*)%) =o(1),

as n — +o00. The result (16) is then ensured by Theorem 6.2 of Doob
(1953) (p. 492).

Now, since X% is a Gaussian sequence with correlation function decreas-
ing hyperbolically, Theorem 2 of Coeurjolly (2008) (resp. Theorem 3 (with
g(-) = (-)?) ensures that a Bahadur representation (resp. an uniform Ba-

—~ ~\2
hadur representation) holds for the sample quantile £ ( , (X“) ) for some

—~ ~ 2
p € (0,1) (resp. sup, <<, § (p, (X“) > for 0 < po < p1 < 1. Then, fol-

lowing the proofs of Theorems 4 and 5 of Coeurjolly (2008) (devoted to
the case X = By, we can obtain the results (17) and (18)).

e Model X = By + oBW: the proof is quite similar to the previous one.
The covariance function of X® is given by

4
E (X()X(i +4)) = C* x 1y (i) + 0° x Y agardyri~ i,

q,7=0

since the second term vanishes when [i| > /.

|

Now, let us prove Proposition 1.
Proof. The cases H*® for o = ST, Q, TM when X = By have already been
obtained in Coeurjolly (2001) and Coeurjolly (2008). Since a pure fractional
Brownian is a fractional Brownian motion contaminated by an additive noise
(B or (BMW) with o = 0, we just have to consider the two last cases of (15).

e Model X = By 4 oB(©): for any filter a of order p > 1, for any H € 0, 1)
and any m > 1 we have, from Proposition 2, as n — 400

N e - X)Xy

2m m
B()) k()
a5y _
2m m
_ m2H—1 (22H—1 _ 1) 7.
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Therefore, as n — 400
BO—ST L 2m\ 2 my2
(UMl,MZ)m = log (‘(Ya ) —(Ya™)

a.s )

L5 (2H —1)log(m) + log (|22771 — 1] v)

and so -
A Umlsz 1 4s ATA 1
— 2 4+ - S (2H-1)—— + - =H,
2| Al 2 21A* 2

since for 1 = (1,...,1)", AT1 = 0. The estimators HB9~Q and HBO-TM
follow the same ideas. Consider the first one for example, we have from
Proposition 2

E(pe (x)) € (pe (7))
= g(p,c, (X“2m)2/(2m)> - E(p,cn (X“m)z/m)
(pe ™)) ey

a.s,

— (m2H_1 (22H_1 — 1) 7) Ez2(p, ).

Therefore, as n — 400

BO—
(UMOLJSIQ)m = 10g(

oo (7)) o (7)) )

== (2H —1)log(m) + log (]22H*1 — 1]7 X §Z2(p,c))

and so
ATU G,
2[|A 12
Model X = By + oBM®): the proof is omitted since it follows exactly the
same ideas as the previous model.

ATA 1

—>(2H_1)W+§:H

N~

+

Appendix B: Details of the simulation results

In this section, we give, for a better reading of the results, the details of the
different simulation results that have been discussed in Section 5 and that have
been summarized through Figures 1, 2 and 3.
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and H = 0.8 (right) and length n = 100.

TABLE 2

4. Ezample of (pure) fractional Brownian motions with Hurst parameters H = 0.2 (left)

m = 500 replications of a (pure) fractional Brownian motion for n = 100,1000, 10000 and
H = 0.2,0.8 for different filters and different values of M2 for the methods ST, Q and TM

n =
mean

100
sd

H=0.2
n = 1000
mean sd

n = 10000
mean sd

n =
mean

100
sd

H =0.8
n = 1000
mean sd

n = 10000
mean sd

ST(iL,2)
ST(i2,2)
ST(d4,2)
ST(i3,2)
ST(d6,2)
ST(i1,5)
ST(i2,5)
ST(d4,5)
ST(i3,5)
ST(d6,5)
Q(i1,2)
Q(i2,2)
Q(d4,2)
Q(i3,2)
Q(d6,2)
Q(i1,5)
Q(i2.5)
Q(d4,5)
Q(i3.5)
Q(d6,5)
TM(i1,2)
TM(i2,2)
TM(d4,2)
TM(i3,2)
TM(d6,2)
TM(i1,5)
TM(i2,5)
TM(d4,5)
TM(i3,5)
TM(d6,5)

0.195
0.189
0.195
0.184
0.195
0.201
0.202
0.201
0.201
0.202
0.187
0.181
0.197
0.160
0.182
0.204
0.208
0.208
0.212
0.210
0.191
0.181
0.185
0.173
0.182
0.234
0.234
0.242
0.241
0.248

0.095
0.155
0.120
0.195
0.132
0.059
0.078
0.072
0.090
0.079
0.213
0.238
0.218
0.287
0.229
0.099
0.111
0.111
0.122
0.115
0.116
0.174
0.141
0.217
0.152
0.065
0.085
0.079
0.096
0.087

0.199 0.029
0.199 0.048
0.199 0.036
0.200 0.059
0.198 0.039
0.199 0.019
0.199 0.025
0.199 0.023
0.199 0.028
0.199 0.024
0.201 0.064
0.204 0.075
0.205 0.068
0.200 0.088
0.202 0.070
0.201 0.031
0.201 0.037
0.201 0.034
0.201 0.039
0.201 0.037
0.199 0.037
0.199 0.053
0.199 0.042
0.200 0.065
0.199 0.046
0.202 0.022
0.202 0.028
0.202 0.025
0.202 0.031
0.203 0.027

0.200 0.009
0.201 0.015
0.201 0.011
0.201 0.018
0.201 0.013
0.200 0.006
0.200 0.008
0.200 0.007
0.200 0.009
0.200 0.007
0.202 0.021
0.201 0.023
0.200 0.021
0.200 0.028
0.201 0.021
0.200 0.010
0.200 0.011
0.200 0.010
0.200 0.012
0.200 0.011
0.201 0.011
0.201 0.017
0.200 0.013
0.201 0.020
0.201 0.014
0.200 0.007
0.200 0.008
0.200 0.008
0.201 0.009
0.200 0.008

0.779
0.789
0.786
0.796
0.788
0.774
0.784
0.783
0.787
0.783
0.809
0.802
0.799
0.813
0.821
0.805
0.801
0.799
0.804
0.802
0.791
0.794
0.791
0.796
0.786
0.820
0.824
0.834
0.833
0.836

0.062
0.127
0.109
0.173
0.139
0.072
0.103
0.106
0.119
0.122
0.151
0.221
0.210
0.266
0.229
0.122
0.141
0.149
0.159
0.160
0.073
0.142
0.123
0.193
0.156
0.080
0.111
0.114
0.129
0.130

0.796 0.024
0.799 0.037
0.799 0.033
0.799 0.053
0.800 0.040
0.795 0.028
0.799 0.031
0.799 0.031
0.800 0.037
0.799 0.035
0.800 0.050
0.799 0.065
0.798 0.062
0.795 0.079
0.799 0.072
0.801 0.044
0.801 0.041
0.800 0.041
0.801 0.047
0.800 0.045
0.799 0.029
0.799 0.044
0.799 0.038
0.797 0.059
0.799 0.047
0.802 0.032
0.802 0.034
0.803 0.033
0.803 0.039
0.803 0.037

0.800 0.010
0.799 0.012
0.800 0.011
0.799 0.017
0.799 0.013
0.800 0.012
0.800 0.010
0.800 0.010
0.800 0.011
0.800 0.011
0.801 0.017
0.800 0.021
0.799 0.020
0.798 0.026
0.801 0.023
0.801 0.016
0.799 0.014
0.800 0.014
0.800 0.015
0.800 0.015
0.800 0.011
0.799 0.014
0.799 0.013
0.799 0.019
0.800 0.015
0.801 0.013
0.800 0.011
0.800 0.011
0.800 0.012
0.800 0.012
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Fic 5. Ezample of a (pure) fractional Brownian
(left) and H = 0.8 (right) and length n = 1000.

TABLE 3

motions with Hurst parameters H = 0.2

m = 500 replications of a (pure) fractional Brownian motion for n = 100,1000, 10000 and
H = 0.2,0.8 for different filters and different values of M2 for the methods B0-ST, B0O-Q
and BO-TM

H=0.2

H =0.8

n = 100

n = 1000

n = 10000

mean

sd

mean

sd

mean

sd

n =
mean

100
sd

n = 1000

n = 10000

mean

sd

mean

sd

BO-ST(i1,2)
BO-ST(i2,2)
B0-ST(d4,2)
BO-ST(i3,2)
BO-ST(d6,2)
BO-ST(i1,5)
BO-ST(i2,5)
BO-ST(d4,5)
BO-ST(i3,5)
BO-ST(d6,5)
B0-Q(i1,2)
B0-Q(i2,2)
B0-Q(d4,2)
B0-Q(i3,2)
B0-Q(d6,2)
B0-Q(i1,5)
B0-Q(i2,5)
B0-Q(d4,5)
B0-Q(i3,5)
B0-Q(d6,5)
BO-TM(i1,2)
BO-TM(i2,2)
B0-TM(d4,2)
BO-TM(i3,2)
BO-TM(d6,2)
BO-TM(i1,5)
BO-TM(i2,5)
BO-TM(d4,5)
BO-TM(i3,5)
BO-TM(d6,5)

0.163
0.114
0.146
0.137
0.154
0.186
0.187
0.171
0.207
0.194
0.116
0.081
0.134
0.051
0.097
0.193
0.217
0.223
0.251
0.225
0.142
0.077
0.088
0.038
-0.005
0.163
0.173
0.164
0.211
0.175

0.396
0.986
0.636
1.092
0.750
0.216
0.390
0.317
0.401
0.367
1.073
1.089
1.169
1.264
1.046
0.409
0.410
0.433
0.405
0.419
0.584
1.041
0.772
1.194
0.893
0.282
0.385
0.368
0.381
0.405

0.199
0.200
0.196
0.203
0.195
0.197
0.194
0.196
0.191
0.195
0.205
0.211
0.219
0.196
0.203
0.199
0.199
0.201
0.194
0.196
0.199
0.201
0.198
0.204
0.193
0.195
0.192
0.196
0.191
0.195

0.109
0.197
0.140
0.259
0.154
0.051
0.083
0.068
0.103
0.076
0.271
0.343
0.283
0.432
0.294
0.102
0.137
0.119
0.161
0.129
0.142
0.223
0.162
0.288
0.180
0.064
0.096
0.079
0.117
0.088

0.202
0.203
0.203
0.203
0.203
0.200
0.201
0.200
0.201
0.200
0.205
0.202
0.202
0.199
0.203
0.202
0.199
0.199
0.200
0.201
0.203
0.201
0.201
0.201
0.202
0.200
0.201
0.200
0.201
0.200

0.034
0.061
0.044
0.079
0.049
0.016
0.026
0.021
0.031
0.023
0.088
0.098
0.087
0.123
0.087
0.030
0.037
0.033
0.043
0.034
0.044
0.069
0.052
0.088
0.057
0.019
0.029
0.024
0.034
0.026

0.725
0.750
0.733
0.717
0.689
0.690
0.763
0.733
0.797
0.781
0.774
0.863
0.798
0.790
0.717
0.810
0.863
0.851
0.906
0.899
0.723
0.714
0.783
0.786
0.825
0.724
0.809
0.777
0.850
0.853

0.291
0.802
0.671
1.033
0.903
0.275
0.417
0.422
0.443
0.428
0.894
1.041
1.009
1.177
1.078
0.395
0.469
0.499
0.487
0.482
0.359
0.821
0.819
1.036
0.888
0.324
0.423
0.474
0.464
0.458

0.791
0.798
0.795
0.800
0.792
0.786
0.786
0.788
0.773
0.781
0.804
0.803
0.803
0.814
0.797
0.794
0.780
0.777
0.771
0.768
0.794
0.798
0.798
0.811
0.802
0.794
0.789
0.788
0.772
0.783

0.052
0.163
0.126
0.257
0.176
0.060
0.125
0.122
0.173
0.158
0.184
0.303
0.286
0.390
0.349
0.128
0.193
0.206
0.239
0.249
0.072
0.189
0.160
0.283
0.203
0.074
0.141
0.141
0.203
0.170

0.799
0.801
0.801
0.800
0.801
0.799
0.801
0.800
0.801
0.800
0.800
0.795
0.802
0.804
0.793
0.803
0.801
0.801
0.802
0.799
0.801
0.800
0.801
0.800
0.799
0.801
0.801
0.800
0.801
0.800

0.021
0.049
0.040
0.074
0.056
0.023
0.035
0.033
0.045
0.041
0.059
0.088
0.082
0.113
0.097
0.041
0.050
0.051
0.059
0.056
0.026
0.057
0.049
0.082
0.065
0.028
0.040
0.038
0.049
0.045
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Fic 6. Example of (pure) fractional Brownian motions with Hurst parameters H = 0.2 (left)
and H = 0.8 (right) and length n = 10000.

TABLE 4
m = 500 replications of a (pure) fractional Brownian motion for n = 100, 1000, 10000 and
H = 0.2,0.8 for different filters and different values of M2 for the methods B1-ST, B1-Q

and B1-TM

n =
mean

100
sd

H=0.2
n = 1000

n = 10000

mean

sd

mean

sd

mean

100
sd

H =0.8
n = 1000

n = 10000

mean

sd

mean

sd

BI1-ST(i1,2)
B1-ST(i2,2)
B1-ST(d4,2)
B1-ST(i3,2)
B1-ST(d6,2)
B1-ST(i1,5)
B1-ST(i2,5)
B1-ST(d4,5)
B1-ST(i3,5)
B1-ST(d6,5)
B1-Q(il,2)
B1-Q(i2,2)
B1-Q(d4,2)
B1-Q(i3,2)
B1-Q(d6,2)
B1-Q(il,5)
B1-Q(i2,5)
B1-Q(d4,5)
B1-Q(i3,5)
B1-Q(d6,5)
B1-TM(i1,2)
B1-TM(i2,2)
B1-TM(d4,2)
B1-TM(i3,2)
B1-TM(d6,2)
B1-TM(i1,5)
B1-TM(i2,5)
B1-TM(d4,5)
B1-TM(i3,5)
B1-TM(d6,5)

0.248
0.230
0.202
0.241
0.204
0.144
0.192
0.163
0.221
0.196
0.249
0.311
0.314
0.362
0.364
0.231
0.233
0.259
0.243
0.307
0.238
0.231
0.276
0.297
0.362
0.179
0.232
0.218
0.222
0.239

0.794
1.118
1.004
1.221
1.045
0.402
0.444
0.450
0.440
0.472
1.170
1.237
1.194
1.257
1.131
0.437
0.480
0.466
0.484
0.463
0.918
1.264
1.105
1.193
1.091
0.390
0.455
0.466
0.460
0.495

0.198
0.196
0.202
0.185
0.204
0.199
0.199
0.199
0.194
0.198
0.199
0.175
0.167
0.201
0.199
0.191
0.188
0.189
0.191
0.188
0.196
0.191
0.199
0.177
0.209
0.200
0.197
0.197
0.189
0.196

0.173
0.318
0.223
0.451
0.244
0.086
0.139
0.113
0.183
0.127
0.451
0.644
0.492
0.758
0.534
0.190
0.235
0.200
0.289
0.233
0.224
0.370
0.259
0.571
0.284
0.104
0.165
0.129
0.229
0.148

0.197
0.196
0.195
0.196
0.195
0.199
0.197
0.198
0.195
0.198
0.194
0.197
0.196
0.201
0.196
0.196
0.198
0.200
0.197
0.198
0.195
0.199
0.199
0.199
0.198
0.199
0.197
0.198
0.196
0.198

0.052
0.092
0.066
0.120
0.073
0.028
0.042
0.035
0.050
0.038
0.133
0.150
0.133
0.189
0.132
0.048
0.059
0.052
0.067
0.053
0.066
0.104
0.078
0.134
0.085
0.032
0.046
0.040
0.055
0.042

0.765
0.772
0.772
0.763
0.766
0.740
0.753
0.743
0.721
0.702
0.801
0.786
0.783
0.767
0.754
0.768
0.783
0.779
0.784
0.770
0.776
0.767
0.793
0.788
0.808
0.769
0.783
0.770
0.752
0.755

0.110
0.252
0.229
0.375
0.310
0.155
0.239
0.249
0.321
0.351
0.297
0.466
0.440
0.648
0.506
0.277
0.307
0.342
0.363
0.389
0.139
0.286
0.267
0.407
0.343
0.167
0.249
0.269
0.331
0.349

0.794
0.800
0.799
0.802
0.798
0.792
0.796
0.797
0.794
0.796
0.803
0.804
0.803
0.808
0.801
0.802
0.798
0.797
0.798
0.797
0.798
0.800
0.800
0.807
0.803
0.798
0.799
0.798
0.796
0.798

0.035
0.075
0.062
0.110
0.082
0.041
0.060
0.061
0.071
0.070
0.085
0.127
0.121
0.155
0.138
0.070
0.081
0.087
0.091
0.092
0.043
0.085
0.074
0.119
0.093
0.048
0.065
0.068
0.077
0.076

0.800
0.800
0.800
0.800
0.800
0.799
0.801
0.800
0.801
0.801
0.800
0.798
0.801
0.801
0.797
0.802
0.801
0.801
0.802
0.800
0.801
0.800
0.800
0.800
0.800
0.801
0.801
0.800
0.801
0.800

0.015
0.023
0.020
0.033
0.026
0.018
0.018
0.018
0.022
0.021
0.029
0.038
0.037
0.049
0.043
0.026
0.025
0.026
0.028
0.028
0.017
0.026
0.023
0.036
0.030
0.020
0.020
0.020
0.024
0.023
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Fic 7. Ezamples of contaminated fractional Brownian motions (model AO with a SNR =0)
with Hurst parameters H = 0.2 (left) and H = 0.8 (right) and length n = 1000.

TABLE 5
m = 500 replications of a contaminated fractional Brownian motion (model AO with a
SNR=0) for n =100,1000, 10000 and H = 0.2,0.8 for different filters and different values

of M2

n =
mean

100
sd

H=0.2
n = 1000

n = 10000

mean

sd

mean

sd

n =
mean

100
sd

H =0.8
n = 1000

n = 10000

mean

sd

mean

sd

ST(i1,5)
ST(i2,5)
ST(d4,5)
Q(i1,5)
Q(i2.,5)
Q(d4,5)
TM(il,5)
TM(i2,5)
TM(d4,5)
BO-ST(i1,5)
BO0-ST(i2,5)
BO-ST(d4,5)
B0-Q(i1,5)
B0-Q(i2,5)
B0-Q(d4,5)
BO-TM(i1,5)
BO-TM(i2,5)
BO-TM(d4,5)
B1-ST(i1,5)
B1-ST(i2,5)
B1-ST(d4,5)
B1-Q(il,5)
B1-Q(i2,5)
B1-Q(d4,5)
B1-TM(i1,5)
B1-TM(i2,5)
B1-TM(d4,5)

0.201
0.200
0.200
0.209
0.205
0.211
0.235
0.232
0.240
0.174
0.175
0.160
0.196
0.194
0.209
0.143
0.164
0.147
0.172
0.196
0.196
0.237
0.255
0.281
0.212
0.254
0.243

0.063
0.081
0.077
0.102
0.119
0.110
0.069
0.086
0.081
0.216
0.369
0.305
0.403
0.412
0.440
0.282
0.364
0.321
0.358
0.470
0.434
0.452
0.495
0.467
0.386
0.456
0.444

0.202
0.201
0.201
0.203
0.200
0.201
0.205
0.203
0.204
0.197
0.195
0.196
0.197
0.190
0.190
0.196
0.193
0.195
0.205
0.198
0.201
0.202
0.192
0.216
0.206
0.200
0.204

0.019
0.025
0.023
0.031
0.037
0.035
0.022
0.028
0.025
0.054
0.085
0.071
0.104
0.137
0.116
0.065
0.095
0.080
0.090
0.144
0.124
0.184
0.256
0.214
0.106
0.164
0.133

0.203
0.202
0.202
0.202
0.202
0.202
0.203
0.202
0.202
0.200
0.201
0.200
0.200
0.200
0.201
0.200
0.200
0.200
0.206
0.204
0.205
0.205
0.205
0.203
0.205
0.204
0.205

0.006
0.008
0.007
0.010
0.011
0.011
0.007
0.009
0.008
0.016
0.025
0.021
0.030
0.037
0.034
0.019
0.028
0.024
0.027
0.041
0.034
0.045
0.057
0.052
0.030
0.045
0.038

0.771
0.786
0.787
0.792
0.802
0.808
0.816
0.825
0.836
0.677
0.757
0.727
0.803
0.878
0.848
0.720
0.796
0.772
0.746
0.762
0.746
0.767
0.775
0.754
0.770
0.783
0.762

0.072
0.098
0.099
0.123
0.134
0.142
0.079
0.104
0.106
0.319
0.434
0.412
0.409
0.475
0.496
0.347
0.448
0.437
0.143
0.230
0.252
0.255
0.341
0.358
0.160
0.249
0.287

0.793
0.796
0.796
0.798
0.799
0.799
0.799
0.800
0.801
0.784
0.790
0.790
0.794
0.788
0.785
0.788
0.793
0.790
0.789
0.796
0.796
0.799
0.799
0.798
0.793
0.798
0.797

0.027
0.031
0.031
0.042
0.043
0.044
0.030
0.033
0.033
0.058
0.119
0.113
0.121
0.188
0.182
0.070
0.131
0.127
0.040
0.058
0.057
0.068
0.081
0.082
0.047
0.063
0.063

0.798
0.798
0.798
0.800
0.799
0.799
0.799
0.799
0.799
0.797
0.799
0.798
0.799
0.799
0.799
0.798
0.799
0.799
0.798
0.799
0.798
0.800
0.800
0.800
0.799
0.799
0.799

0.012
0.010
0.010
0.017
0.013
0.014
0.014
0.010
0.011
0.023
0.035
0.033
0.041
0.049
0.049
0.027
0.037
0.036
0.017
0.018
0.018
0.026
0.025
0.025
0.020
0.019
0.019
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Fic 8. Ezample of contaminated fractional Brownian motions (model AO with a SNR = —10)

with Hurst parameters H = 0.2 (left) and H = 0.8 (right) and length n = 1000.

TABLE 6

m = 500 replications of a contaminated fractional Brownian motion (model AO with a
SNR = —10) for n =100, 1000, 10000 and H = 0.2,0.8 for different filters and different

values of M2

n =
mean

100
sd

H =0.2
n = 1000
mean sd

n = 10000
mean sd

n =
mean

100
sd

H =10.8
n = 1000
mean sd

n =
mean

10000
sd

ST(i1,5)
ST(i2,5)
ST(d4,5)
Q(i1,5)
Q(i2.,5)
Q(d4,5)
TM(il,5)
TM(i2,5)
TM(d4,5)
BO-ST(i1,5)
BO0-ST(i2,5)
BO-ST(d4,5)
B0-Q(i1,5)
B0-Q(i2,5)
B0-Q(d4,5)
BO-TM(i1,5)
BO-TM(i2,5)
BO-TM(d4,5)
B1-ST(i1,5)
B1-ST(i2,5)
B1-ST(d4,5)
B1-Q(il,5)
B1-Q(i2,5)
B1-Q(d4,5)
B1-TM(i1,5)
B1-TM(i2,5)
B1-TM(d4,5)

0.237
0.228
0.232
0.218
0.222
0.227
0.259
0.263
0.275
0.153
0.201
0.199
0.172
0.215
0.202
0.103
0.185
0.185
0.255
0.258
0.207
0.296
0.335
0.322
0.308
0.305
0.273

0.076
0.089
0.087
0.102
0.117
0.114
0.074
0.096
0.094
0.290
0.394
0.348
0.410
0.432
0.439
0.334
0.394
0.353
0.335
0.424
0.429
0.443
0.454
0.435
0.389
0.434
0.443

0.224 0.025
0.219 0.028
0.220 0.026
0.211 0.031
0.212 0.037
0.213 0.035
0.215 0.023
0.217 0.028
0.218 0.027
0.201 0.059
0.199 0.093
0.198 0.079
0.197 0.105
0.195 0.131
0.192 0.122
0.194 0.065
0.195 0.098
0.193 0.083
0.253 0.086
0.237 0.136
0.244 0.110
0.228 0.154
0.225 0.215
0.233 0.184
0.238 0.095
0.236 0.150
0.242 0.120

0.223 0.008
0.218 0.009
0.219 0.008
0.208 0.009
0.211 0.011
0.211 0.010
0.210 0.007
0.212 0.009
0.213 0.008
0.201 0.018
0.202 0.028
0.202 0.023
0.196 0.031
0.198 0.039
0.197 0.035
0.195 0.020
0.198 0.030
0.197 0.025
0.258 0.027
0.244 0.040
0.247 0.034
0.229 0.045
0.233 0.055
0.237 0.051
0.237 0.030
0.238 0.044
0.241 0.037

0.747
0.756
0.757
0.785
0.812
0.806
0.811
0.831
0.837
0.678
0.759
0.718
0.784
0.857
0.824
0.708
0.786
0.732
0.720
0.725
0.718
0.761
0.759
0.760
0.751
0.758
0.755

0.081
0.109
0.110
0.131
0.136
0.148
0.084
0.109
0.115
0.298
0.435
0.430
0.415
0.453
0.470
0.323
0.447
0.462
0.168
0.259
0.255
0.252
0.341
0.346
0.176
0.272
0.268

0.786 0.031
0.783 0.033
0.784 0.033
0.798 0.043
0.805 0.040
0.804 0.042
0.802 0.033
0.807 0.032
0.806 0.033
0.782 0.065
0.791 0.123
0.788 0.118
0.792 0.129
0.782 0.181
0.774 0.181
0.785 0.077
0.783 0.132
0.781 0.129
0.785 0.045
0.790 0.059
0.789 0.059
0.798 0.071
0.801 0.079
0.796 0.080
0.793 0.050
0.798 0.062
0.796 0.063

0.790
0.781
0.783
0.803
0.804
0.803
0.802
0.803
0.802
0.798
0.801
0.801
0.797
0.794
0.794
0.795
0.791
0.791
0.794
0.791
0.792
0.800
0.799
0.799
0.798
0.797
0.797

0.013
0.011
0.010
0.016
0.013
0.013
0.013
0.011
0.010
0.024
0.037
0.036
0.039
0.051
0.053
0.028
0.038
0.039
0.018
0.018
0.019
0.025
0.025
0.026
0.020
0.019
0.020
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Fic 9. Ezample of contaminated fractional Brownian motions (model AO with a SNR = —20)
with Hurst parameters H = 0.2 (left) and H = 0.8 (right) and length n = 1000.

TABLE 7
m = 500 replications of a contaminated fractional Brownian motion (model AO with a
SNR = —20) for n =100, 1000, 10000 and H = 0.2,0.8 for different filters and different

values of M2

n = 100

mean

sd

H=0.2
n = 1000

mean

sd

n = 10000

mean

sd

n = 100

mean

sd

H =0.8
n = 1000

mean

sd

mean

n = 10000

sd

ST(i1,5)
ST(i2,5)
ST(d4,5)
Q(i1,5)
Q(i2.,5)
Q(d4,5)
TM(il,5)
TM(i2,5)
TM(d4,5)
BO-ST(i1,5)
BO0-ST(i2,5)
BO-ST(d4,5)
B0-Q(i1,5)
B0-Q(i2,5)
B0-Q(d4,5)
BO-TM(i1,5)
BO-TM(i2,5)
BO-TM(d4,5)
B1-ST(i1,5)
B1-ST(i2,5)
B1-ST(d4,5)
B1-Q(il,5)
B1-Q(i2,5)
B1-Q(d4,5)
B1-TM(i1,5)
B1-TM(i2,5)
B1-TM(d4,5)

0.332
0.318
0.315
0.231
0.252
0.268
0.288
0.392
0.418
0.262
0.349
0.399
0.176
0.260
0.354
0.239
0.469
0.481
0.348
0.322
0.308
0.317
0.398
0.455
0.530
0.627
0.577

0.122
0.130
0.144
0.108
0.121
0.126
0.090
0.178
0.196
0.425
0.460
0.491
0.421
0.456
0.466
0.375
0.550
0.573
0.314
0.408
0.390
0.445
0.486
0.477
0.451
0.584
0.572

0.314
0.297
0.301
0.213
0.221
0.227
0.221
0.234
0.240
0.187
0.174
0.173
0.182
0.159
0.155
0.175
0.129
0.119
0.379
0.361
0.364
0.255
0.293
0.304
0.276
0.326
0.341

0.055
0.054
0.054
0.029
0.036
0.036
0.022
0.030
0.030
0.125
0.194
0.183
0.105
0.166
0.171
0.073
0.167
0.160
0.098
0.123
0.124
0.150
0.215
0.158
0.097
0.141
0.127

0.332
0.311
0.316
0.213
0.223
0.227
0.218
0.231
0.237
0.199
0.198
0.199
0.191
0.180
0.175
0.181
0.161
0.153
0.410
0.391
0.396
0.254
0.289
0.305
0.278
0.327
0.343

0.019
0.019
0.019
0.010
0.011
0.011
0.007
0.009
0.009
0.038
0.058
0.051
0.032
0.041
0.038
0.021
0.036
0.033
0.024
0.035
0.032
0.042
0.049
0.043
0.028
0.040
0.036

0.680
0.663
0.665
0.805
0.850
0.849
0.843
0.922
0.922
0.698
0.770
0.745
0.786
0.874
0.822
0.759
0.841
0.757
0.668
0.627
0.613
0.774
0.806
0.769
0.793
0.830
0.787

0.114
0.140
0.147
0.125
0.139
0.143
0.083
0.145
0.150
0.342
0.498
0.486
0.417
0.491
0.507
0.314
0.467
0.476
0.180
0.326
0.343
0.253
0.325
0.369
0.179
0.321
0.311

0.731
0.693
0.699
0.808
0.817
0.818
0.813
0.825
0.825
0.790
0.794
0.794
0.803
0.821
0.805
0.806
0.823
0.808
0.756
0.732
0.736
0.809
0.824
0.819
0.809
0.825
0.817

0.049
0.059
0.059
0.046
0.044
0.045
0.035
0.035
0.036
0.068
0.192
0.166
0.132
0.163
0.176
0.079
0.121
0.119
0.051
0.073
0.072
0.075
0.078
0.082
0.052
0.064
0.064

0.729
0.684
0.690
0.809
0.816
0.816
0.811
0.821
0.820
0.799
0.800
0.801
0.817
0.825
0.818
0.814
0.824
0.813
0.759
0.728
0.733
0.814
0.821
0.817
0.812
0.823
0.817

0.018
0.019
0.019
0.016
0.013
0.014
0.013
0.010
0.011
0.024
0.052
0.046
0.039
0.049
0.049
0.025
0.037
0.037
0.020
0.023
0.022
0.025
0.026
0.026
0.018
0.020
0.021
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Fic 10. Ezample of a contaminated fractional Brownian motion (model B0 with a SNR = 10)
with Hurst parameters H = 0.2 (left) and H = 0.8 (right) and length n = 1000.

TABLE 8
m = 500 replications of a contaminated fractional Brownian motion (model BO with a
SNR =10) for n =100, 1000, 10000 and H = 0.2,0.8 for different filters and different

values of M2

n =
mean

100
sd

H =0.2
n = 1000
mean sd

n = 10000

mean

sd

n = 100

mean

sd

H =0.8
n = 1000

mean

sd

n = 10000

mean

sd

ST(i1,5)
ST(i2,5)
ST(d4,5)
Q(i1,5)
Q(i2.5)
Q(d4,5)
TM(i1,5)
TM(i2,5)
TM(d4,5)
BO-ST(il,5)
BO0-ST(i2,5)
BO0-ST(d4,5)
BO0-Q(i1,5)
B0-Q(i2,5)
B0-Q(d4,5)
BO-TM(il,5)
BO-TM(i2,5)
BO-TM(d4,5)
B1-ST(il,5)
B1-ST(i2,5)
B1-ST(d4,5)
B1-Q(i1,5)
B1-Q(i2,5)
B1-Q(d4,5)
B1-TM(il,5)
B1-TM(i2,5)
B1-TM(d4,5)

0.235
0.226
0.229
0.241
0.227
0.229
0.269
0.258
0.269
0.155
0.200
0.174
0.224
0.213
0.229
0.134
0.182
0.152
0.256
0.242
0.225
0.287
0.301
0.325
0.271
0.283
0.279

0.060
0.080
0.076
0.099
0.118
0.110
0.067
0.086
0.082
0.275
0.377
0.332
0.404
0.432
0.425
0.330
0.414
0.401
0.334
0.444
0.435
0.439
0.473
0.461
0.373
0.481
0.453

0.243 0.019
0.232 0.023
0.235 0.022
0.242 0.032
0.234 0.036
0.235 0.035
0.245 0.021
0.235 0.026
0.238 0.025
0.193 0.061
0.187 0.100
0.191 0.082
0.188 0.139
0.188 0.166
0.189 0.152
0.193 0.076
0.189 0.113
0.191 0.095
0.305 0.070
0.285 0.119
0.289 0.097
0.302 0.142
0.280 0.183
0.284 0.168
0.301 0.085
0.282 0.134
0.287 0.108

0.242
0.233
0.235
0.242
0.233
0.235
0.242
0.233
0.235
0.200
0.201
0.201
0.202
0.201
0.202
0.201
0.201
0.201
0.300
0.281
0.285
0.297
0.279
0.283
0.299
0.280
0.284

0.006
0.008
0.007
0.009
0.011
0.010
0.007
0.009
0.008
0.020
0.031
0.027
0.035
0.044
0.039
0.024
0.034
0.030
0.022
0.034
0.030
0.038
0.049
0.043
0.025
0.037
0.033

0.751
0.752
0.753
0.773
0.765
0.771
0.796
0.789
0.800
0.682
0.784
0.755
0.805
0.884
0.853
0.728
0.829
0.802
0.732
0.735
0.720
0.760
0.765
0.745
0.757
0.760
0.742

0.082
0.102
0.105
0.131
0.133
0.142
0.089
0.107
0.110
0.315
0.416
0.438
0.420
0.460
0.536
0.316
0.437
0.452
0.152
0.264
0.278
0.247
0.352
0.362
0.167
0.265
0.298

0.778
0.767
0.770
0.782
0.766
0.769
0.783
0.770
0.773
0.782
0.787
0.790
0.796
0.785
0.786
0.791
0.787
0.789
0.781
0.780
0.782
0.793
0.782
0.785
0.787
0.781
0.783

0.029
0.031
0.030
0.044
0.043
0.043
0.033
0.034
0.034
0.064
0.133
0.125
0.139
0.198
0.205
0.075
0.147
0.141
0.044
0.060
0.060
0.072
0.080
0.082
0.050
0.065
0.064

0.782
0.766
0.769
0.783
0.766
0.769
0.783
0.766
0.769
0.798
0.801
0.801
0.799
0.803
0.805
0.799
0.803
0.803
0.790
0.783
0.784
0.791
0.784
0.786
0.791
0.784
0.785

0.012
0.009
0.009
0.015
0.013
0.013
0.012
0.010
0.011
0.023
0.036
0.034
0.041
0.052
0.051
0.026
0.039
0.038
0.017
0.018
0.018
0.025
0.025
0.025
0.019
0.019
0.019
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Fic 11. Ezample of a contaminated fractional Brownian motion (model BO with a SNR =0)
with Hurst parameters H = 0.2 (left) and H = 0.8 (right) and length n = 1000.

TABLE 9
m = 500 replications of a contaminated fractional Brownian motion (model BO with a
SNR=0) for n =100,1000, 10000 and H = 0.2,0.8 for different filters and different values
of M2

n = 100

mean

sd

H =0.2
n = 1000
mean sd

n = 10000

mean

sd | mean

n = 100

sd

mean

H =0.8
n = 1000

sd | mean

n = 10000

sd

ST(i1,5)
ST(i2,5)
ST(d4,5)
Q(i1,5)
Q(i2.5)
Q(d4,5)
TM(i1,5)
TM(i2,5)
TM(d4,5)
BO-ST(il,5)
BO0-ST(i2,5)
BO0-ST(d4,5)
BO0-Q(i1,5)
B0-Q(i2,5)
B0-Q(d4,5)
BO-TM(il,5)
BO-TM(i2,5)
BO-TM(d4,5)
B1-ST(il,5)
B1-ST(i2,5)
B1-ST(d4,5)
B1-Q(i1,5)
B1-Q(i2,5)
B1-Q(d4,5)
B1-TM(il,5)
B1-TM(i2,5)
B1-TM(d4,5)

0.378
0.358
0.365
0.387
0.361
0.366
0.413
0.391
0.407
0.319
0.365
0.401
0.405
0.429
0.443
0.345
0.373
0.422
0.412
0.402
0.388
0.434
0.469
0.459
0.428
0.442
0.411

0.072
0.094
0.091
0.109
0.128
0.127
0.080
0.102
0.097
0.423
0.451
0.456
0.463
0.457
0.462
0.437
0.469
0.435
0.212
0.358
0.340
0.386
0.457
0.443
0.244
0.388
0.379

0.385 0.020
0.365 0.027
0.370 0.026
0.385 0.033
0.366 0.036
0.371 0.037
0.388 0.023
0.368 0.029
0.374 0.029
0.161 0.233
0.159 0.288
0.143 0.332
0.194 0.356
0.204 0.361
0.192 0.368
0.142 0.288
0.150 0.328
0.142 0.348
0.444 0.051
0.429 0.089
0.431 0.079
0.445 0.091
0.431 0.128
0.437 0.116
0.445 0.062
0.430 0.099
0.432 0.089

0.385
0.363
0.369
0.385
0.363
0.369
0.385
0.363
0.369
0.191
0.185
0.187
0.178
0.172
0.172
0.190
0.182
0.183
0.450
0.437
0.441
0.451
0.439
0.442
0.450
0.438
0.442

0.007
0.009
0.009
0.011
0.012
0.012
0.007
0.010
0.009
0.062
0.093
0.083
0.128
0.140
0.140
0.077
0.098
0.092
0.017
0.028
0.024
0.029
0.036
0.033
0.020
0.029
0.026

0.683
0.634
0.639
0.699
0.636
0.653
0.723
0.668
0.682
0.727
0.794
0.809
0.845
0.841
0.857
0.811
0.821
0.881
0.692
0.633
0.645
0.725
0.670
0.682
0.721
0.663
0.667

0.080
0.101
0.097
0.132
0.138
0.139
0.090
0.108
0.105
0.378
0.505
0.477
0.479
0.513
0.518
0.377
0.515
0.539
0.167
0.284
0.258
0.287
0.350
0.337
0.182
0.274
0.282

0.684
0.636
0.643
0.686
0.636
0.644
0.689
0.639
0.646
0.779
0.787
0.780
0.795
0.809
0.810
0.789
0.799
0.789
0.721
0.685
0.691
0.730
0.691
0.699
0.727
0.689
0.694

0.028
0.030
0.029
0.044
0.041
0.042
0.032
0.032
0.032
0.082
0.236
0.207
0.209
0.393
0.379
0.101
0.286
0.236
0.046
0.061
0.059
0.075
0.090
0.087
0.053
0.068
0.066

0.684
0.633
0.640
0.685
0.632
0.639
0.685
0.633
0.640
0.796
0.799
0.800
0.798
0.799
0.799
0.798
0.799
0.800
0.727
0.684
0.691
0.729
0.683
0.690
0.728
0.684
0.691

0.011
0.010
0.009
0.015
0.013
0.013
0.012
0.011
0.011
0.026
0.063
0.056
0.051
0.093
0.086
0.032
0.070
0.063
0.017
0.020
0.018
0.025
0.027
0.026
0.019
0.021
0.021
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Fic 12. Ezample of a contaminated fractional Brownian motion (model B1 with a SNR = 10)
with Hurst parameters H = 0.2 (left) and H = 0.8 (right) and length n = 1000.

TABLE 10
m = 500 replications of a contaminated fractional Brownian motion (model B1 with a
SNR =10) for n =100, 1000, 10000 and H = 0.2,0.8 for different filters and different

values of M2

n =
mean

100
sd

H =0.2
n = 1000
mean sd

n = 10000

mean

sd

n = 100

mean

sd

H =0.8
n = 1000

mean

sd

mean

n = 10000

sd

ST(i1,5)
ST(i2,5)
ST(d4,5)
Q(i1,5)
Q(i2.5)
Q(d4,5)
TM(i1,5)
TM(i2,5)
TM(d4,5)
BO-ST(il,5)
BO0-ST(i2,5)
BO0-ST(d4,5)
BO0-Q(i1,5)
B0-Q(i2,5)
B0-Q(d4,5)
BO-TM(il,5)
BO-TM(i2,5)
BO-TM(d4,5)
B1-ST(il,5)
B1-ST(i2,5)
B1-ST(d4,5)
B1-Q(i1,5)
B1-Q(i2,5)
B1-Q(d4,5)
B1-TM(il,5)
B1-TM(i2,5)
B1-TM(d4,5)

0.178
0.180
0.178
0.180
0.183
0.182
0.212
0.210
0.218
0.169
0.184
0.164
0.180
0.211
0.199
0.149
0.172
0.152
0.121
0.160
0.127
0.183
0.187
0.195
0.177
0.179
0.169

0.059
0.076
0.071
0.103
0.111
0.106
0.067
0.084
0.078
0.193
0.337
0.323
0.397
0.407
0.386
0.247
0.352
0.325
0.394
0.430
0.449
0.442
0.439
0.474
0.391
0.437
0.452

0.186 0.019
0.184 0.024
0.185 0.022
0.185 0.031
0.185 0.037
0.185 0.035
0.188 0.022
0.187 0.027
0.188 0.025
0.180 0.049
0.175 0.078
0.177 0.065
0.179 0.101
0.174 0.133
0.173 0.114
0.178 0.060
0.175 0.089
0.176 0.074
0.194 0.092
0.193 0.149
0.194 0.121
0.199 0.207
0.197 0.267
0.205 0.223
0.196 0.109
0.188 0.180
0.193 0.139

0.186
0.185
0.186
0.186
0.185
0.185
0.187
0.185
0.186
0.181
0.179
0.180
0.180
0.178
0.178
0.180
0.178
0.179
0.198
0.199
0.199
0.201
0.202
0.202
0.200
0.201
0.200

0.006
0.008
0.007
0.009
0.011
0.010
0.007
0.008
0.008
0.015
0.023
0.019
0.029
0.035
0.030
0.018
0.026
0.022
0.027
0.041
0.034
0.050
0.062
0.053
0.033
0.045
0.039

0.749
0.711
0.722
0.778
0.720
0.732
0.796
0.746
0.768
0.730
0.893
0.837
0.820
0.912
0.917
0.770
0.938
0.909
0.745
0.752
0.740
0.770
0.776
0.784
0.767
0.785
0.776

0.076
0.100
0.102
0.129
0.143
0.147
0.083
0.109
0.111
0.276
0.463
0.463
0.434
0.505
0.509
0.304
0.460
0.488
0.153
0.249
0.249
0.263
0.335
0.339
0.181
0.270
0.258

0.767
0.720
0.733
0.772
0.723
0.735
0.773
0.724
0.738
0.814
0.899
0.873
0.813
0.912
0.881
0.822
0.902
0.874
0.790
0.796
0.795
0.794
0.800
0.799
0.795
0.798
0.797

0.032
0.031
0.031
0.049
0.043
0.041
0.036
0.034
0.034
0.062
0.138
0.121
0.136
0.233
0.220
0.073
0.162
0.140
0.045
0.059
0.055
0.073
0.079
0.081
0.051
0.063
0.061

0.772
0.723
0.736
0.773
0.723
0.736
0.773
0.723
0.737
0.827
0.903
0.879
0.828
0.904
0.881
0.828
0.903
0.880
0.798
0.800
0.800
0.800
0.800
0.800
0.799
0.800
0.800

0.013
0.010
0.010
0.017
0.014
0.013
0.014
0.011
0.011
0.021
0.041
0.038
0.041
0.059
0.059
0.026
0.044
0.043
0.018
0.018
0.018
0.026
0.025
0.027
0.020
0.020
0.021
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Fic 13. Ezample of a contaminated fractional Brownian motion (model B1 with a SNR =0)
with Hurst parameters H = 0.2 (left) and H = 0.8 (right) and length n = 1000.

TABLE 11
m = 500 replications of a contaminated fractional Brownian motion (model B1 with a
SNR=0) for n =100,1000, 10000 and H = 0.2,0.8 for different filters and different values
of M2

mean

n = 100

sd

H=0.2
n = 1000

mean

sd

n = 10000 n = 100

mean

H =0.8
n = 1000

sd | mean sd | mean sd

n = 10000

mean

sd

ST(i1,5) | 0.112
ST(i2,5)| 0.105
ST(d4,5)|0.108
Q(i1,5)]0.113
Q(i2,5)| 0.112
Q(d4,5)|0.111
TM(i1,5) | 0.146
TM(i2,5) | 0.137
TM(d4,5) | 0.149
B0-ST(i1,5)| 0.080
B0-ST(i2,5) | 0.059
B0-ST(d4,5) | 0.064
B0-Q(i1,5) | 0.068
B0-Q(i2,5) | 0.080
B0-Q(d4,5) | 0.081
BO-TM(i1,5) | 0.066
BO-TM(i2,5) | 0.048
BO-TM(d4,5) | 0.052
B1-ST(i1,5) | 0.191
B1-ST(i2,5) | 0.191
B1-ST(d4,5) | 0.215
B1-Q(i1,5) | 0.194
B1-Q(i2,5) | 0.176
B1-Q(d4,5)| 0.177
B1-TM(il,5) 0.235
B1-TM(i2,5)| 0.215
B1-TM(d4,5) | 0.215

0.053
0.067
0.062
0.097
0.106
0.102
0.061
0.074
0.068
0.139
0.260
0.219
0.328
0.363
0.339
0.179
0.306
0.238
0.418
0.463
0.471
0.482
0.458
0.410
0.448
0.462
0.453

0.116
0.111
0.113
0.115
0.112
0.112
0.119
0.114
0.116
0.099
0.094
0.096
0.096
0.093
0.094
0.098
0.092
0.095
0.196
0.201
0.194
0.213
0.187
0.203
0.199
0.207
0.195

0.018
0.023
0.021
0.029
0.033
0.031
0.020
0.025
0.023
0.042
0.062
0.051
0.077
0.095
0.082
0.049
0.069
0.058
0.153
0.283
0.219
0.341
0.378
0.349
0.195
0.303
0.241

0.116
0.110
0.112
0.116
0.111
0.112
0.116
0.111
0.113
0.097
0.092
0.093
0.096
0.092
0.093
0.097
0.092
0.093
0.200
0.199
0.199
0.205
0.202
0.204
0.201
0.200
0.200

0.005|0.575 0.096|0.603 0.041
0.007|0.422 0.093|0.424 0.031
0.006 | 0.456 0.096 | 0.462 0.031
0.009|0.601 0.143|0.609 0.059
0.011]0.426 0.123]0.423 0.041
0.010]0.463 0.132]0.463 0.041
0.006 | 0.619 0.106 | 0.609 0.047
0.008|0.453 0.097|0.426 0.033
0.007{0.496 0.102|0.466 0.033
0.013|0.996 0.487|1.413 0.336
0.019]0.535 0.452|0.572 0.231
0.016|0.643 0.483|0.711 0.173
0.025|0.884 0.504|1.271 0.344
0.029(0.612 0.510|0.527 0.327
0.026 | 0.703 0.518|0.669 0.311
0.015{0.967 0.533|1.399 0.368
0.021|0.578 0.476|0.568 0.237
0.018|0.677 0.490|0.706 0.194
0.040(0.736 0.146|0.793 0.044
0.062|0.778 0.329|0.805 0.071
0.050 | 0.747 0.304|0.801 0.063
0.078|0.805 0.279|0.805 0.076
0.099]0.822 0.420|0.810 0.111
0.086 | 0.826 0.448|0.805 0.099
0.0480.769 0.172|0.799 0.054
0.071|0.826 0.352|0.806 0.080
0.058]0.786 0.339|0.801 0.071

0.607
0.424
0.462
0.607
0.424
0.462
0.607
0.424
0.462
1.728
0.714
0.728
1.588
0.670
0.736
1.698
0.702
0.731
0.800
0.800
0.800
0.803
0.802
0.801
0.801
0.801
0.801

0.017
0.009
0.009
0.021
0.012
0.013
0.019
0.010
0.010
0.327
0.098
0.046
0.347
0.113
0.093
0.340
0.103
0.057
0.017
0.022
0.019
0.026
0.032
0.029
0.020
0.024
0.021
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