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expect that a discussion of data analytic strategies is
helped by the precision obtained by casting strategies
in terms of computational frameworks.

We would like to thank the authors for a stimulating
paper and hope that this is not the end but the
beginning of a discussion.
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Comment

Frank Critchley

It is a pleasure to welcome this paper by Weihs and
Schmidli with its emphasis on the practical benefits
which derive from combining classical dimensionality
reduction methods with recent advances in interac-
tive, dynamic graphics in a single integrated comput-
ing environment. At the same time, however pressing
the practical need, asking for “a fairly general single
routine strategy” (Section 1.1) for multivariate ex-
ploratory analysis seems, to me at least, to be asking
for the moon. A more realistic objective might be to
establish a framework of methods through which the
user is guided by an expert system. We elaborate a
little on this possibility below.

With one exception, my comments are of two types:
possible extensions and remarks on the example. The
exception is a detail which we dispose of first. In the
context of resampling and Procrustes transformation
(Section 3.7), the authors suggest that “it may be
worth looking for analytic expressions derived from
data disturbances analogously to Sibson (1979).” At
least for PCA-COV and PCA-COR, some relevant
formulae are given in Sections 3.6.2 and 6.3 of Critch-
ley (1985). Note that the covariance matrix used there
has divisor n. Trivial modifications apply when the
divisor is (n — 1). The formulae given are essentially
expansions in inverse powers of (n — 1). In practice,
these expansions are usually truncated to obtain ap-
proximations. In this case, greater accuracy can be
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achieved by renormalization of the eigenvalues to sum
to the easily computed perturbed trace and of the
eigenvectors to have unit length. Exact orthogonali-
zation is also possible.

@

POSSIBLE EXTENSIONS

The following remarks are partly taken from the
unpublished conference paper by Critchley (1987) on
graphical data analysis. They relate principally to the
dimensionality reduction methods employed.

1. In that paper I suggested that healthy progress
requires constructive interaction between five ingre-
dients: (a) important practical problems, (b) sufficient
computing power, (c) a sound mathematical/statisti-
cal basis, (d) a good framework of methods, and (e)
international cooperation. The present paper is an
excellent example of the first three ingredients, while
hopefully its publication in this format in this journal

‘will encourage the last of these!

2. It is within the fourth ingredient that there is
perhaps the greatest scope for fruitful extensions. The
authors offer in Table 1 a classification of multivariate
techniques in terms of two “dimensions”: the prein-
formation required and the aspects of the data that
are optimally represented. This framework of methods
can be fruitfully extended by adding new methods (as
the authors remark in Section 6) and also, we note
here, by adding new “dimensions” to the classification
of methods.

3. The methods currently considered can be char-
acterized as corresponding to one of several possibili-
ties on each of a (nonexhaustive) number of additional
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dimensions. For the most part this is the first-named
possibility in each of the following lists. Used in con-
cert these dimensions provide a rather rich framework
of methods: ‘

(a) Continuous, discrete, mixed data.

(b) Primal (n X n), dual (p X p), or both (n X p).

(c) Spatial, discrete, and hybrid representations.

(d) Single, replicated, and structured data set(s).

(e) Two-way, three-way, and multiway data.

(f) Second, third, fourth and higher degree in the
configuration coordinates.

(g) Inner-products, distances, and squared dis-
tances as the selected features of data and/or
representation.

(h) (Generalized) least squares or any other mea-
sure of the accuracy of the representation of the
data.

(i) Objects or variables compared two-, three-, or
more at a time.

(j) Two, three, or more groups of variables consid-
ered (in a canonical analysis context).

(k) Euclidean, hyperbolic, or other geometries.

(1) Raw, standardized, filtered, or derived data.

4. In particular, in the same lettering as (3) above,
we offer the following remarks or references:

(b) “Both” methods include not only the biplot
which the authors mention, but also the consid-
erable literature on correspondence analysis.
See, for example, Greenacre (1984) and Lebart,
Morineau and Warwick (1984).

(c) “Discrete” representations include, for exam-
ple, those based on graphs (in the mathematical
sense). The dendrograms of hierarchical cluster
analysis are a leading case of this. Hybrid rep-
resentations try to combine such discrete struc-
tures with the continuous structure of
(typically) Euclidean space.

(e) Coppi and Bolasco (1989) offer a recent over-
view of multiway data analysis.

(f) This important dimension distinguishes essen-
tially all classical (second degree) methods from
several interesting newcomers. The lead exam-
ple of these latter is perhaps the version of

' projection pursuit in which the criterion of “in-
terestingness” selected is that combination of
third and fourth moments which, in a certain
sense, optimally detects departures from mul-
tivariate normality. At the same time, it is
worth making the obvious remark that higher
degree methods are intrinsically less robust
than lower degree ones.

(g) (Squared) distance methods embrace that wide
field known as multidimensional scaling. There
is a natural duality between an inner-product

based method and its corresponding squared-
distance method. The algebra of this duality is
partially explored in Critchley (1988).

(h) An appropriate measure to use depends on the
context which is defined (at least in part) by
the framework currently under discussion. For
example, least-squares is often appropriate for
spatial representations but not always (essen-
tially for reasons of nonconvexity) for discrete
representations such as dendrograms. Here al-
ternative criteria, such as subdominance, have
been developed. In other words, the menu of
appropriate measures depends amongst other
things on the coordinates of the other “dimen-
sions” of the method.

() Van der Burg (1988) offers a recent review of
and original contributions to (among other
things) nonlinear canonical correlation analysis
with two or more groups of variables.

(k) Non-Euclidean geometries applied to statistics
have both a long history and form a research
area of much current activity. See for example
the work on differential geometry reported in
Amari (1985), Amari, Barndorff-Nielsen, Kass,
Lauritzen and Rao (1987), Barndorff-Nielsen
(1988) and Dodson (1987). In our view, the
advent of powerful graphics workstations, with
their facilities for displaying, manipulating and
updating curves and surfaces, will prove to be a
decisive factor in the implementation of prac-
tical procedures based on recent primarily the-
oretical advances in this domain.

() We use “filtering” to cover any preprocessing
of the data of which standardization is just one
possibility. Model-based filters are described in,
for example, Van der Heijden, de Falguerolles
and De Leeuw (1989). The term “derived data”
covers not only correlations but also any mea-
sure of association or dissimilarity.

5. Transformation of data is discussed by the au-

.thors. Transformation of the representation is also

possible of course. The optimal transformation meth-
odology of Gifi referred to by the authors is developed
in a distance context in Meulman (1986). Monotone
spline transformations are reviewed in Ramsay (1988).

In summary, there appears to be scope for intelli-
gent, structured elaboration of the framework of meth-
ods offered. The user could potentially be guided
through this framework of methods by an expert sys-
tem which presents a sequence of menus. The user’s
responses then determine a set of appropriate, sensible
analyses. Within this set it may well be a good strategy
to select several methods which are “orthogonal” in
those dimensions for which there is not a unique
response. For example, a second degree, distance-
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based, multidimensional scaling method may be se-
lected along with a higher degree, inner-product based,
projection pursuit method. If the same qualitative
features are present in such “orthogonal” analyses,
the user can be more sure that the corresponding
effects are real ones and not just an artifact of a
particular method employed.

Finally, I wonder to what extent the OMEGA sys-
tem could fruitfully be developed along the general
lines very briefly sketched in my published discussion
of Van der Heijden, de Falguerolles and De Leeuw
(1989, page 275). The thrust of those remarks was in
favor of a general constructive interplay between two
broad approaches to data analysis: the exploratory,
graphical approach and the confirmatory, modeling
approach. Could OMEGA benefit from blending with
the second of these? Some particular possibilities that
come to mind are: brushing points that are influential
for particular aspects of the analysis; examining the
robustness of the methods proposed; borrowing ideas
from the model choice literature in the present method
choice context; and filtering to remove uninteresting
model effects to see more clearly what remains (the
thrust of the original paper).

REMARKS ON THE EXAMPLE

The following remarks concern “color strength: un-
expected nonpredictability” (Section 5.2):

To what extent is the reduction from 29 to 5 vari-
ables in the PCA-COV analysis a reflection of domi-
nant variation of these variables compared to the rest?
Recalling the discussion in Section 3.1, it would be
helpful to know to what extent the results go through
in a PCA-COR analysis.

The (3, 5) and (4, 5) scatterplots in Figures 6 and 7
seem to reveal an outlier with low STRVI and
STRREM values for its STRTRA figure.

Comment

N. I, Fisher

I am grateful for the opportunity to comment on
this interesting piece of work. I regret that the rude

N. I. Fisher is Program Leader, Applied and Industrial
Statistics, in the CSIRO Division of Mathematics and
Statistics. His mailing address is CSIRO DMS, PO Box
218, Lindfield NSW 2070, Australia.

The authors note two oddly placed batches in Figure
8: numbers 84 and 93. Could it be that these are ill-
fitting points in the dominant PCA plane (perhaps
with high loadings on a particular minor component)?
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interjection of the Australian holiday season has pre-
vented me from giving the paper the attention it
deserves, so I shall confine my remarks to a couple of
specific aspects relating to graphical testing and esti-
mation.

The authors are confronted by a common problem:
the sheer volume of data sets being presented to the
in-house statisticians means that the treatment of all
but a very small number of sets must necessarily be



