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TOPICS ON HOLOMORPHIC CORRESPONDENCES!
KARL STEIN

Correspondences, i.e. set valued mappings, occur in a natural way in
the field of complex function theory. First of all multivalued functions
arise from single valued functions via analytic continuation. Another
phenomenon is that meromorphic functions of more than one variable
can have points of indeterminacy. As an example, consider the mero-
morphic function z,/z; on the space C? of two complex variables z,, z,.
Outside the origin of C2 this defines a mapping into the extended
complex plane C. But for each value in C there is a complex line
through the origin on which z,/zy is constantly equal to that value.
Hence it is natural to assign C as the “value” of z,/z, at the origin.
In this way we obtain a correspondence which even has the additional
property that its graph is an analytic set in C2 X C.

This leads to the notion of holomorphic correspondences. The pur-
pose of the present note is to deal with this concept from several
points of view.

First we discuss some definitions of continuity and other topological
aspects. Next we consider holomorphic correspondences and their ex-
tensions over analytic exceptional sets. Another method of extend-
ing holomorphic correspondences is to apply a reflection principle.
This is described in the last section. We sketch a new proof of a
theorem first shown by Tornehave and discuss applications and gen-
eralizations.

1. Topological aspects.

1.1. Let X,Y, - - be sets. A correspondence from X to Y is a
triple f = (X, G, Y) where G, called the graph of f and denoted
also Gy, is a subset of X X Y. f= (X, G, Y) assigns to any x € X the
subset f(x):= {y €EY:(x,y) €E G} of Y; conversely, if to every
x € X a subset M, of Y is assigned, then there is a unique correspon-
dence f from X to Y such that M, = f(x), one has Gy = {(x,y) € X X
Y:y € M,}. For ACX we set f(A):= U,.eAf(x). f is called
empty if Gr= @ or, equivalently, if {X) = .

Received by the editors May 17, 1971.

AMS 1970 subject classifications. Primary 32-02, 32A30, 32D15, 32D20, 32H99,
30A14, 30A36, 54C60.

1This paper is based on a series of lectures given by the author at the RMMC
Symposium in Santa Fe, New Mexico, July 1970.

Copyright © 1972 Rocky Mountain Mathematics Consortium



444 KARL STEIN

Instead of f= (X, G, Y) we write f: X— Y in the following. A
mapping ¢ : X— Y is looked upon as a special correspondence from
X to Y (we do not distinguish between a set consisting of one element
and the element, hence we identify ¢(x) EY and {p(x)} C Y for
x € X). The projection maps of the graph Grof f: X— Y into X and
Y are denoted by f Gy— X and f Gy— Y, then f(x) = f(f I(x)).

The composition of two correspondences f: X— Y and g: Y — Z
is the correspondence go f: X — Z defined by (gef)(x):=
g(f(x)). We have the rules felx=f Iyef=f he(gef) =
(he g)eof (Ix, Iy denote the identity maps of X, Y). Hence the
classes of sets and correspondences of sets form a category, we denote
it &.

For subsets AC X and BC Y the restriction f| A, B: A— B of
f: X — Y is defined by setting Gpap:= Gy (A X B). We have
foIxA=LBef|A B (Ix*: A> X and L®:B—Y denote the
inclusion maps). If B =Y we write f | A instead of f | A, Y.

f: X — Y is said to be contained in 'f: 'X — 'Yif XC 'X,YC 'Y
and Gy CGy; we then write f C 'f.

The wunion and the intersection of correspondences f;: X — Y
(E I I a set), written U;f; and N, ; f; resp., are defined as the cor-
respondences whose graphs are U; Gy and NG f Tesp.

To every correspondence f:X — 'Y there is’associated the recipro-

cal correspondence f~':Y — X whose graph is G;-1:= {(y,x) €
Y X X:(x,y) € Gg}. One has the rules (f~!)-! =f and (ge f)~!
= f'—l o g~ 1,

The fartesian product [I;f:1LiX; —[1;Y; of correspondences
fi: X;— Y; (j € Q) is defined by assigning to any element {xj},ew
(x e X)) of the cartesian product [[;X; the set [];fi(x) CILY;

= {1, - - -, n} we write

flx ...xf":XIX e X X, Y, X - XY,
Wehave the rule ([[; £) ' =[Lifi "

ReMark. In general, the reciprocal correspondence f~1:Y — X
of f: X — Y is not an inverse of f in & in the categorical sense:
f~lef, fof~1 are generally not the identity maps of X, Y (but if
f: X— Yis asurjective map we have fo f~1 = Iy).

Furthermore, the cartesian product of sets is generally not a direct
product in the category &: If correspondences gq;: Z — X; (j € J)
are given, then there is in general not a unique cmrespondence a:
Z —[[;X; such that gj=pjca for any jE I (pi:[Xi— X
denotes the projection map). For instance, if there is an element

z € Z such that q;,(z) = @ but q,(z) ) # ¢ (ji-jo € ), then an
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a:Z—[];X; with g;=pj°ca cannot exist. Nevertheless, the
category & admits (arbitrary) direct products. The disjoint union
[ 1 sX; together with the projection correspondences

X=X GE )
j
defined by
'px):=x fxEX, and 'px):=F ifxEX

is obviously a direct product of the X; in &@. Hence one has in & also
direct products of morphisms.

1.2. Let X, Y, - - - now denote topological spaces.

A correspondence f: X — Y is said to be weakly c-continuous at
x € X if, given a neighborhood V of f(x), there exists a neighborhood
U of x such that f(U) C V. f is called weakly c-continuous if f is
weakly c-continuous at any x € X.2

PropositioNn 1.2.1. f: X — Y is weakly c-continuous if and only
if f~! is closed (in the sense that the images of closed sets are
closed).

Proor. (a) Let f be weakly c-continuous, assume that f~! is not
closed. Choose a closed set N C Y such that f~1(N) is not closed,
then there ex1sts a point x Ef (N) N (X — f~(N)). From
x € X — f~Y(N) it follows f(x) C Y — N; hence Y — N is a neighbor-
hood of f(x) Smce fis weakly c-continuous at x, there is a neighbor-
hood U ofx such that f(U) C Y — N. Hence UC X — f~I(N), but
this contradicts x € f~1(N). (b) Assume that f~!is closed. Choose
some point x € X and an open neighborhood V of f(x). Then
f(X—=V) is closed and x & f~Y(X — V). Therefore U:= X —
f~YX — V) is a neighborhood of x such that f(U) C V. Hence f
is weakly c-continuous at x.

ProposiTion 122, Let f: X — Y, g:Y — Z be weakly c-continu-
ous. Theng- f: X — Zisweakly c-continuous.

Proor. Let N be a closed set in Z. Then (ge° f)~}(N)=
(fleg H(N)=f"'"g '(N)) is closed in X, hence (geof)~! is
closed.

2There are many versions of the concept of continuity for correspondences in
the literature and these notions are denoted very differently. Compare e.g. [4],
[8], [10], [13], [16], [25], [26], [30]. Instead of weakly c-continuous the
notation upper semicontinuous (u.s.c.) is often used, other notations are upper
continuous, continuous.
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The cartesian product of two weakly c-continuous correspondences
need not be weakly c-continuous. This is shown by the following
example: Choose X:= {0} (O ER), Y:= [0,1)CR; let f: X—Y
be the correspondence such that f(0) =Y. Then f~!:Y— X is
closed, but (fX Iy)"'=f"!X L:YX Y—>XXY is not closed:
ThesetD: = {(y,y") EY X Y= [0,1) X [0,1):y + y' = 1} is closed
in Y XY, but (f~! X Iy)(D) = {0} X (0,1) is not closed in {0} X
[0,1). Hence f is weakly c-continuous and f X Iy is not.

With regard to this example we define (in analogy with Bourbaki’s
definition of proper maps, cf. [6] ):

The correspondence f: X — Y is called c-continuous if the cor-
respondence f X Iy: XX W —Y X W is weakly c-continuous,
for every topological space W.3

A c-continuous correspondence f is particularly weakly c-continuous
(viz. choose in the definition above W as a topological space consist-
ing of one point). A continuous map is obviously a c-continuous cor-
respondence.

Proposition 123. Let f: X —Y, g:Y — Z be c-continuous.
Theng-° f: X — Zis c-continuous.

Proor. We have

(g f) X Iw= (g X Iw)° (f X Iw)

for any topological space W, hence (gef) X Iy is weakly c-
continuous by Proposition 1.2.2.

ProposiTioN 1.24. Let f: X — Y, f': X' — Y’ be c-continuous.
Thenf X f': X X X' — Y X Y' is c-continuous.

Proor. We have
fXSfr=X1IL)e (Ix X f'),

hence f X f’ is c-continuous by Proposition 1.2.3.

Propositions 1.2.3 and 1.2.4 imply that the classes of topological
spaces and of c-continuous correspondences form a category which
contains the category ¥ of topological spaces and continuous map-
pings and which has the property that finite cartesian products of
morphisms (in the sense defined above) are again morphisms. We
denote this category by &, It can be easily shown that . even
admits arbitrary cartesian products.

3Such correspondences (equivalently defined) are called semi-continue supér-
ieurement in [4]. In [22] the notation continuous was used. Compare also
[31], [23], [24].
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_ Propostrion  1.2.5. f: X — Y is c-continuous if and only if
f1: X — Gy is c-continuous.

ProoF. Assume first that f-1is c-continuous. One has f=fofL
Now f: Gs— Y is a c-continuous correspondence since it is a con-
tinuous mapping, hence f is c-continuous because of Proposition 1.2.3.

Assume now that f is c-continuous. We have to show that
( f—l X Iz)"1= f X Iz is closed for any topological space Z. Let
N be a closed set in Gy X Z, then there is a closed subset NC X X Y
X Z such that N N (Gy X Z) = N. Hence N = (L;3/yx7) (V) (LG5
Gy X Z— X X Y X Z denotes the inclusion map) and (f X Iz)(N)
= (LS5 (FX I)~)~1(W). )

Thus it is enough to show that (IS Ee (fX Iz)~1)~1 is closed
or, equivalently, that I5/)55° (f X Iz)~! is weakly c-continuous.
One has the identity

IGIXZo (fX Iz)™ = (P X 2X f X Iz)° Axxz
where Px**Z:X X Z— X denotes the projection map and Axxz:
XX Z— XX ZX X X Z the diagonal map. Now Px**Z and f X I,
by Proposition 1.2.4, are c-continuous; hence Px XXz X f X I is c-
continuous by Proposition 1.2.4; thus it is weakly c-continuous. Since
Axxz is also weakly c-continuous it follows (Proposition 1.2.2) that
(PxX*2X fX Iz) e Axx z is weakly c-continuous. ,

The condition “f~1:X — Gy is a c-continuous correspondence”
means that f: Gr— X is a proper map. Recall that a continuous map
¢:Z— Z' is proper if and only if ¢ is closed and ¢~!(z') is quasi-
compact for any z' € Z'. Furthermore, if ¢ is proper then ¢ ~(K')
is quasicompact for any quasicompact set K' C Z'. We conclude

ProposiTioN 1.2.6. A weakly c-continuous correspondence f: X —
Y is c-continuous if and only if f(x) is quasicompact for any x € X.

Proor. Let f be c-continuous, then f: Gy— X is a proper map and
f ~Y(x) is quasicompact for any x € X. Since f(x) is homeomorphic
tof ~!(x), it is quasicompact. Assume now that f(x) is quasicompact
for any x € X, then f~!(x) is quasicompact. Let WD f~1(x) be
open in G We can cover f~!(x) by a finite number of sets of the
form (U; X V;) N Gy with U;j open in X, V; open in Y, x € U; and
(U; X V;)) N Gy C W. Put V:=U,;V,, then f(x) C V. Since f is
weakly c-continuous at x, there is a neighbor'hood U’ of x such that
AfUNCV. PutU:=(N;U)NU’, then f~(U)C W. Thus f-!
is weakly c-continuous in x and, since x € X is arbitrary, it is weakly
c-continuous. Therefore f : Gy— X is a proper map which means that
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f‘l:X—° Y is c-continuous. Hence, by Proposition 1.2.5, f is
c-continuous.

A correspondence f: X — Y is called c-continuous at x € X if f
is weakly c-continuous at x and f(x) is quasicompact (cf. [31]).
Proposition 1.2.6 implies '

PropositioNn 1.2.7. f: X — Y is c-continuous if and only if f is
c-continuous at any x € X.

ReMark. The c-continuity of f: X — Y at x € X can also be
characterized by the following property: Let (x;);e;and (y;);e; (J a
directed set) be nets in X and Y resp. such that (x;);  yconverges to x
and y; € f(x;) for every j € J; then (y;); e yhas a point of accumulation
on f(x).

ProposiTioN 1.28. Let f: X — Y be c-continuous. Then f(K)
is quasicompact for any quasicompact set K C X.

Proor. Given a covering of f(K) by open sets Vj; then, for each
x € K, there are finitely many V; which cover f(x) since f(x) is
quasicompact. Let V, be the union of those V;. fis particularly weakly
c-continuous at x, hence there is a neighborhood U, of x such that
f~(Ux) C V. N_ow finitely many U,, say U, , - - -, U,, cover K, hence
V, U - UV, D f(K), therefore finitely many V; cover f(K).

PropositioN 1.2.9. If f: X — Y is c-continuous and Y is a Hausdorff
space, Gyis closed in X X Y.

Proor. Let (x,y) be a point of X X Y — Gy, then y & f(x). Since
Y is Hausdorff and f(x) compact, there is a neighborhood V of f(x)
and a neighborhood W of y such that VN W = @ Furthermore,
there is a neighborhood U of x such that f(U) C V, then f(U) N W
= . Hence U X (f(U) N W)= (U X f(U)) N (U X W)= @ which
particularly means that the neighborhood U X W of (x,y) does
not meet Gr. Hence Gyis closed in X X Y.

Remark. If Y is not Hausdorff, the assertion of Proposition 1.2.9 is
false in general, even if f is a mapping. (Example: The graph of the
identical map Ix : X— X is closed in X X X if and only if X is Haus-
dorft.)

1.3. Bourbaki’s definition of proper maps is extended to correspon-
dences as follows: A c-continuous correspondence f: X— Y is called
proper if the cartesian product f X Iy : X X W — Y X W of f with
the identical map Iw of any topological space W is closed.

ProposiTioN 1.3.1. f: X— Y is proper is and only if f and f!
are c-continuous.
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This follows directly from the definitions.

Proposition 132, Let f: X —Y, g:Y—Z, f :X'—Y' be
proper correspondences. Then geof:X — Z and fX f' : XX X'
— Y X Y’ are proper correspondences.

Proor. Since the correspondences gof, (gef)~l1=f-le g~}
fXSf, (fXf')"l=f"1X f' -1 are c-continuous (Propositions 1.2.3
and 1.2.4), Proposition 1.3.1 implies that g~ fand f X f’ are c-continu-
ous.

1.4. We finish this section with some remarks about another notion
of continuity for correspondences.

A correspondence f:X — Y is said to be o-continuous if f~!:
Y — X is open (in the sense that the images of open sets are open).*

An o-continuous correspondence need not be c-continuous or weakly
c-continuous, and vice versa. As examples can serve the reciprocals
of mappings which are open but not closed, or of mappings which are
proper or closed but not open. Consider also the following example
(which generalizes the example given in the introduction): Denote by
f:Cr+l — P, (P, the complex projective space of complex dimen-
sion n; n= 1) the correspondence such that f|(C"*! —{0}) is the
canonical map f:C"*!—{0}— P, and f(0)=P,; then f is c-
continuous but not o-continuous.

The composition ge f: X — Z of two o-continuous correspon-
dences f:X—Y and g:Y—Z is obviously o-continuous;
furthermore, the cartesian product of two o-continuous correspon-
dences is always o-continuous. Hence the classes of topological spaces
and of o-continuous correspondences form a category, denoted
&, which contains & and which has the property that finite cartesian
products of morphisms are morphisms.

2. Holomorphic correspondences. Extension theorems.

2.1. Let X,Y, - now denote reduced complex spaces (for the
definition and related concepts compare for instance [14]). Complex
spaces are always assumed Hausdorff.

A correspondence f: X — Y is said to be a-holomorphic if its graph
Gy is an analytic subset of X X Y. f is called c-a-holomorphic (0-a-
holomorphic resp.) if f is a-holomorphic and ¢-continuous (o-continu-
ous resp.).> In that which follows we will be concerned with a-

40ther notations in the literature are lower semicontinuous (Ls.c.), lower con-
tinuous, skew continuous.

SInstead of a-holomorphic, c-a-holomorphic the notations weakly holomorphic,
holomorphic were used in [23]. Compare also [22], [24], [31].
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holomorphic and c-a-holomorphic correspondences.
We have the following statements.

ProposiTion 2.1.1. Let f: X — Y be a-holomorphic. Then (i) f~!
is a-holomorphic. (ii) For locally analytic sets AC X and B C Y, the
restriction f | A, B is a-holomorphic. (iii) f(x), f~!(y) are analytic
setsin Y, X resp. foranyx E X,y € Y.

Proor. (i) G;-1 is analytic in ¥ X X, since it is the image of Gy
with respect to the biholomorphic map X X Y— Y X X which changes
the order of the spaces X, Y. (ii) We have Gy 5= Gy (A X B),
hence Ggsp is analytic in A X B. (iii) We have f~!(x) = G;N
({x} X Y), hence f ~(x) is contained in {x} X Y as an analytic subset.
Now {x} X Y is biholomorphically mapped onto Y by the projection
map py: X X Y=Y, and f~Y(x) is mapped onto f(x) by py. Thus
f(x) is an analytic subset of Y. The analogous statement holds for
fy) C X because of (i).

The set f~!(y) C X is called the fibre of fovery € Y.

Proposition 2.1.2. Let f: X — Y be c-a-holomorphic and A’ an
analytic subset of Y. Then f~1(A’") is an analytic subset of X.

Proor. We have f~!(A’) f(f I(A")). f A') is analytic in
Gy since f Gy— Y is an holomorphlc mapping. f Gs— X is a proper
holomorphic mapping by Proposition 1.2.5. Hence Remmert’s
mapping theorem [17] (see also [14] implies that f f (x)) is
analytic in X.

ProposiTion 2.13. Let f: X —Y, g: Y —Z, f':X'—Y' be
c-a-holomorphic correspondences. Then geo f:X — Z and fX f':
X X X' — Y X Y’ are c-a-holomorphic.

Proor. ge° fand f X f' are c-continuous by Propositions 1.2.3 and
1.2.4. Therefore, we have to show that the graphs are analytic sets.
(1) g°f C0n51der the fibre product H:= Gy Xy G, = {({0) €
G X Gg: f(€) = g(m)}, denote by ¢,: H— Gy and ¢,: H— G, the
projection maps. <p1 is a proper map since g is proper, hence f° ¢, :

H— X is proper. This implies, as it can be checked easily, that

®:=((foo)X (Eops))e Ay: X—>XXZ

is a proper map. One has ®(H) = G,.;. The analyticity of G, [ fol-
lows now from Remmert’s mapping theorem.

(2) fX f'. We have Gyx;= a(GfX Gf) where a:(X X Y)X
(X' X Y')> (XX X')X (YX Y') denotes the biholomorphic map
such that of(x, y), (x',y')) = (x,x",y,y’). Hence Gyx is analytic in
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(X X X') X (Y X Y')since Gy X Gpisanalyticin (X X Y) X (X' X Y').

An a-holomorphic correspondence f: X — Y is called reducible
resp. irreducible if Gy is reducible resp. irreducible. If f is reducible
and Gy= U;G@ is the decomposition of Gy into irreducikle com-
ponents, the a-holomorphic correspondences f; given by Gf:= GV
are called the irreducible components of f, we have f= U,f. Note
that the f; are c-a-holomorphic if f is ¢-a-holomorphic.

The dimension of an a-holomorphic correspondence f: X — Y,
written dim f, is by definition the complex dimension dim Gy of Gy.
If Gy is pure k-dimensional, f is called pure k-dimensional. Assume
that f is not empty, consider a fibre §,:= f~!(y) which is not
empty, let §, = ij {S’y(jv) be the decomposition of &, into irreducible
components. We define

fmd f: = ny]in dim & ,U
Uy
where y runs over all points of Y such that §,# @. If f is empty
we set fmd f= —1. fmd fis called the fibre-minimal dimension of f.

A c-a-holomorphic correspondence f from X to Y is called a mero-
morphic mapping, written f: X — Y, if the following holds:

(i) Let X be irreducible. Then f is irreducible, and there is an
open set U# @ in X such that f|U is a map (in the usual sense).

(ii) Let X be reducible and X = ;X" the decomposition of X
into irreducible components. Then there are c-a-holomorphic cor-
respondences fj: X — Y such that (1) f;| X is a meromorphic
mapping, (2) f; | X — X is empty and (3) f= U,f;.

Every holomorphic map X—Y is obviously a meromorphic
mapping. Note that a meromorphic mapping is generally not a
mapping in the strong sense. (Example: The correspondence f: C"*!
—o P, defined in 1.4.)

A point x € X is called a singularity of the meromorphic mapping
f:X—=Y if x does not have an open neighborhood U such that f | U
is a holomorphic map. The set S(f) of singularities of f is always
a nowhere dense analytic set in X [22]; fis a holomorphic map if and
only if S(f) = @.

2.2. We consider the following situation: Let A be a nonempty
nowhere dense analytic set in X and f: X — A — Y a c-a-holomorphic
correspondence. We ask for conditions under which there exists a
c-a-holomorphic correspondence f: X — Y such thatf= f| X — A,

One can always define a topological extension f: X — Y of f in
the following way: The.graph Gy of f is a subset of (X — A) X Y;
form the closure Gy of Gyin X X Y, let f: X — Y be the correspon-
dence such that Gy= Gy It is obvious that, if there is at all a
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correspondence f-as desired, f is c-a-holomorphic and contained in
any such f. Hence the question is whether f is c-a-holomorphic. The
following statement gives a sufficient condition:

Tueorem 2.2.1. Let f: X— A— Y be a c-a-holomorphic cor-
respondence such that fmd f> dim A. Then f: X — Y is c-a-holo-
morphic. If f is particularly a meromorphic mapping then f.

If f: X— A—Y is a holomorphic map with fmd f> dim A, then
f:X—Y is, by Theorem 22.1, indeed a meromorphic mapping.
However, f need not be a holomorphic map as it is shown by the
example of the canonical mapping f:C"*! — {0}— P, considered
above. But we have

THEOREM 2.2.2. Let X be, in addition to the earlier assumptions, an
irreducible complex manifold, A an irreducible analytic set in X and
f: X — A— Y a holomorphic map. Then

(1) Iffmd f> dim A + 1, f is a holomorphic map.

2) If fmd f= dim A + 1, then f is either a holomorphic map or
f ts a meromorphic mapping and f(a) = f(X) for every a € A.

As to the proofs of Theorems 2.2.1 and 2.2.2 we refer to [24]. In
the proofs essential use is made of the generalization of Thullen’s
extension theorem for analytic sets ([27], [18] ), of Remmert’s mapping
theorem [17] and its extension by Kuhlmann [12] and Whitney [29],
and of a theorem of Grauert and Remmert on modifications of complex
manifolds ([9], [11]).

We apply Theorem 2.2.2 to the case where dim A= dim X — 2
and Y = C, hence f is in this case a holomorphic function. If f is
constant, then f is of course again a holomorphic function. If f is
not constant, we have fmd f= dim X — 1 = dim A + 1. Hence, by
Theorem 2.2.2, f is then either a holomorphic function or f is a
meromorphic function with f(a) = f(X) for every a € A. But f(a)
is a nonempty connected and compact analytic subset of C and conse-
guently a set consisting of exactly one point; this implies f(a) #
F(X) since f ) contains more than one point for a nonconstant f.
Therefore f is always a holomorphic function. This statement is known
as the “second Riemann theorem on removable singularities.”

3. Tornehave’s theorem. Generalizations.

3.1. We consider here another type of extension theorem for cor-
respondences different from that dealt with in §2. The first theorem
of this kind (stated below as Theorem 3.1.1) is due to H. Tornehave.

Let D:= {z € C: [2| < 1} be the unit disk and D its closure in
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C. Let f: D — D be a correspondence, denote by Gy the closure of
its graph Gyin D X D. It is easy to show that f is c-continuous if and
only if (Gr— G) N (D X D)= @ (this implies particularly that Gy
is closed in D X D). Hence f is proper if and only if (Gf— Gy) N
(DX DUDXD)= @ or, in other words, if and only if 9G;=
Gy — Gyis empty or contained in dD X 4D.

We associate to f:D— D a correspondence Tf:C — C (C
the extended complex plane) in the following way: Denote b
ap : C— C the reflection map defined by y ap(z) =1/z, let f:D—D
be the correspondence such that Gy= G Then we define Tf(z)
:= f(z) if zED and sz)—aD(f(aD(z if x€C—D. Ob-
viously, Tf:C — C is proper and one has ape Tf= Tfe ap.
Moreover, if f is c-continuous, then [P f= Tf | D. If f is proper,
then Tf(8D) C aD.

One has now

Tueorem 3.1.1. Let f: D — D be a proper c-a-holomorphic cor-
respondence. Assume that f is pure l-dimensional. Then Tf:
C — C is c-a-holomorphic and pure 1-dimensional. If f is irreducible
then so is Tf.

Remark. Every analytic set in C X C is algebraic by Chow’s
theorem [7], therefore every a-holomorphic correspondence ¢ :
C — C is algebraic in the classical sense. Hence Theorem 3.1.1
states that the correspondence f: D — D can be continued to an
algebraic correspondence Tf:C — C (in the sense that IgPef
= Tf| D) by means of a generalized Schwarz reflection principle.

A proof of the theorem above (in an equivalent version) was given
by H. Tornehave [28]. Furthermore, a proof is due to B. Shiffman
[20]. (Actually, B. Shiffman proved a more general theorem on the
continuation of analytic curves which implies Tornehave’s theorem.
See also [21].)

We will sketch here another proof:

The assumption on f implies that f(z) is a nonempty compact
analytic subset of D for every z € D, hence f(z) is particularly a
finite set. Let c,(f) be the cardinal of f(z), set c(f):=
supzep Cz(f). . Then ¢(f) is also finite (c¢(f) is the mapping
degree of sz Gs— D); furthermore, the set 8B(f):= {z€D:
c:(f) < c(f)} is discrete in D. We claim that $B(f) is
finite. If this is shown, we get the assertion of Theorem 3.1 as follows:

Let 29 be a point of dD. We can choose an open neighborhood
U of 29 in C such that UM D is simply connected, ap(U) = U and,
since B is assumed finite, such that UM B = @. Then there are
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meromorphic functions f;:UND —»C, j=1, ---, c(f), with
the property that f(z) = ij i(z) for every z € UM D. The proper-
ness of f implies that |f(z)| tends towards 1 if z €U M D tends
towards dD. Therefore, we can apply the Schwarz reflection principle
for f;; it provides that there is a meromorphic continuation f;: U— C
of f; for each j. We have then Tf(z)= U]f;(z) for every z € U
It follows that the graph Grs of Ty is analytic in a neighborhood of
dD X dD. On the other hand, Gry is certainly analytic in C X C
— 8D X dD. Hence Gry is an analytic subset of C X C which
means that Tf is a-holomorphic and thus c-a-holomorphic. It is
obvious that Grs is pure 1-dimensional. Furthermore, if f is irre-
ducible, then there is a unique irreducible component G© of Gry
which contains Gy Then Gy =G M (D X D), this implies that any
irreducible component of Gry is contained in (C — D) X (C — D).
But a 1-dimensional analytic subset of C X C cannot be contained in
(C — D) X (C — D), hence Gry = G©; thus Tf is irreducible.

So it remains to prove that 8(f) is finite.

We set

8) = 3 (elf) = ef)

Note that exactly the points of 8(f) provide nonzero contributions
to the sum, hence it is enough to show that 8(f) is finite. In fact
one has

PropositioN 3.1.2. Let f: D — D be proper, c-a-holomorphic and
pure 1-dimensional. Then

8(f) = (c(f) = 1) - e(f7h).

Proor. We can assume c¢(f)>1, for if ¢(f)=1 the cor-
respondence f is a holomorphic mapping and the assertion is obvious
in this case.

Every point w € f(z), z € D, has a multiplicity mg{w) which is, by
definition, the order of the holomorphic function [P o f:Gy—> C
at{:= (z,w) € Gy (the order of I;P°f at { is defined by using
local parametric representations of the irreducible components of
Gy at {). We can write f(z) = {w,, ", Wy} where every w € f(z)
is counted according to its multiplicity. Now we associate to f the
correspondence 2 :D — D X D defined by f®(z)= {(w,,w,)}
(€ D) with 1=)\pu=c(f) and A # u (since c(f)>1, there
are always those (w,,w,)). f® can also be described as follows:
Consider the proper c-a-holomorphic and pure 1-dimensional corre-
spondence  F:= (fX f)e Ap:D—DXD (Ap:D—>DXD
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denotes the diagonal map). F contains the correspondence F':=
Ap°f:D — D X D. On the other hand, F has irreducible com-
ponents F; which are not contained in F' since ¢(f) > 1. Then
f® is the union of those F;. This shows that f? is again proper,
c-a-holomorphic and pure 1-dimensional.

We use now the fact that a point z € D belongs to 8(f) (hence
contributes to 8(f)) if and only if f®(z) meets the diagonal D*
of DX D. Let s(Gs», D X D*) be the intersection number (in the
sence of algebraic topology) of G;@ and D X D* in D X (D X D)
where Gs®, D X D* and D X (D X D) are taken with their natural
oreintations. We claim that §(f) = S(Gfu) D X D*). To show this
we note that a point (z, w,w) € D X D* is on Gy if and only if
w € f(z) and mp(w)>1. Let (z,w,w) be such a point. One
checks easily that Gy has at least mg(w) — 1 irreducible com-
ponents at (z, w,w). Hence the contribution to s(Gy@, D X D¥*) at
(z,w, w) is at least mp(w) — 1, since the intersection number of
analytic sets of complementary dimension which intersect in iso-
lated points is always positive. It follows that the contribution to
s(Gy@, D X D*) provided by the point z is at least c(f) — c,(f),
therefore 8(f) = s(G;®, D X D¥*).

Furthermore, we claim s(G;®,D X D*) = (c(f)— 1) " e(f~ 1)
Denote L,:= {(w,w')EDXD:w=t w’, t EC}, then L, = D*.
Since f®?) is proper, there is a nelghborhood U of DX 9D in
C X C such that f@D)N U= @; this implies that Gro N
(D X L) is compact for any t with |t| < 1. Hence the intersection
number s,:= (G, D X L) is finite for those t; moreover, it follows
that s, is constant for [¢| < 1. Now s, is the number of points (z,0, w")
€ Gs@ counted with multiplicities according to their order with
respect to the holomorphic function I¢Pe prie f®:Gse— C
(pr1: D X D— D denotes the projection map of D X D onto the
first factor), therefore sy equals the mappmg degree of p; ° f@ which
is (c(f)— 1) e(f"). Thus s,=(c(f)—1) c(f) if [t|<L
Furthermore, one has s(Gy», D X D*)= s, = Supy<,s;, hence
s(Gyw, D X D*) = (c¢(f) — 1) - e(f1).

It follows &(f) = (c(f) — 1) - ¢(f~!) as asserted which completes
also the proof of Theorem 3.1.1.

Remark. The assertion of Proposition 3.1.2 remains valid if f is
a proper c-a-holomorphic and pure 1-dimensional correspondence
from an arbitrary noncompact connected Riemann surface R to D
(c(f), c(f~') and &(f) are then defined analogously). More-
over, one has a generalization to the following situation: Let
f: R — C be a c-holomorphic and pure 1-dimensional correspondence
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from the noncompact Riemann surface R to C. Assume that f is
“proper mod dD” which means thatf~!' | Dand f~!|C — D are c-
continuous (hence c-a-holomorphic), or equivalently that f(z) tends
towards dD if z&€ R tends towards 9dR. Define c9(f!):=
c(f~1| D), c@(f1):= c(f'|C — D). Then

8(f) = (c(f) = 1) - (e®(f1) + c(f~ 1))

this can be obtained in an analogous manner.

Furthermore, one can show by a similar method:

Let B be a domain in € such that 3B contains an open arc € of
0D. Let f:B— C be a c-a-holomorphic and pure 1-dimensional
correspondence. Assume that f is “proper mod 4D in €” which means
that f(z) tends towards oD if z € B tends towards a point of €.
Then every point of € has a neighborhood U in C such that
8(f| BN U) is finite.

3.2. We discuss some applications of the results of the preceding
section.

(1) If X is a complex space (compare e.g. [14]) with finite Betti
numbers p;(X) (j = 0,1, - - *), we denote by

e(X)= Y (— 1)ip(X)

J

its Euler characteristic.

Consider a proper c-a-holomorphic and pure 1-dimensional corre-
spondence f: D — D as in Theorem 3.1.1 and Proposition 3.1.2.
One has the Hurwitz formula

e(Gy) = c(f) - e(D) — 8(f).
Now e(D) = 1, hence Proposition 3.1.2 implies
e(Gy) = c(f) — (e(f) = 1) - e(f 7).

Assume now f to be irreducible, then po(Gs) =1 and pi(Gs) =0
for j = 2; it follows e(Gs) = 1 — p,(Gy) and

PUGH = —c(f) + (c(f) = 1) ~e(f) +1
= (c(f) = 1) - (e(f~) = 1)

If (Gs v) is a normalization of Gy (compare [14]), then p,(Gy) =
p1(Gy), hence

*) pi(Gr) = (e(f) = 1) - (e(f~) — ).

Gy is a Riemann surface such that there exists a compact bordered
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Riemann surface (cf. [2]) whose interior is Gj; we call a Riemann
surface with this property a Riemann surface of type F. It can be
shown that every Riemann surface of type F can occur as a normalized
graph Gy of a proper c-a-holomorphic irreducible correspondence
f:D— D. But if ¢(f) and c¢(f~!) are prescribed, the possible
Gy are restricted by relation (*). For instance, if ¢(f)= c(f )
= 2, one has p;(Gys) = 1, hence G is in this case biholomorphically
equivalent to the unit disk or to an annulus.

(2) Consider two proper c-a-holomorphic pure 1-dimensional cor-
respondences f;: R— D (j = 1,2) of a noncompact Riemann sur-
face R to the unit disk. We claim fj, f, are algebraically dependent in
the following sense: There exists a complex polynomial p # 0 of
two variables such that for every & € R all points of f,(§) X fo(€) are
zeros of p.

As to the proof we consider the correspondence

focfi~':D— D

which is again proper, c-a-holomorphic and pure 1-dimensional.
Hence, by Tomehave’s theorem, f,° f,~! is a restriction of a c-a-
holomorphic pure 1-dimensional correspondence Tf:C — C whose
graph is an algebraic set, by Chow’s theorem. This implies the asser-
tion.

(3) We' introduce first some notations with respect to Riemann
surfaces.

Let P be a relatively compact domain in a Riemann surface R.
We call P a distinguished polyhedral domain in R if there is a non-
constant meromorphic function ¢ : R— C such that P coincides with
a connected component of the set {§ € R: |p(§)| < 1}; ¢ is called a
defining function of P. By a theorem of Bishop [5] every noncompact
Riemann surface can be exhausted by distinguished polyhedral do-
mains whose defining functions are holomorphic.

Obviously, a distinguished polyhedral domain in a Riemann surface
is a Riemann surface of type F (see (1) above). Conversely, let Ry
be a Riemann surface of type F and Ro* a bordered Riemann surface
whose interior is Ry. Ro* has a double Ry (cf. [2]); then Ro* is the
closure Ry of Ry in Ry. We call Ry also a double of Ry; note that
Ry is uniquely determi_ned up to biholomorphic equivalence if Ro
is given. Particularly, C is a double of D. By a theorem of Ahlfors
[1] there is always a meromorphic function ¢ : Ry— C such that
Ry= {§E Ry : |p(é)| < 1}; hence R, is a distinguished polyhedral
domain in R, Furthermore, there exists a unique bijective involu-
tory and antiholomorphic mapping ag, : Ry— such that
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ar,(Rg) = Ry —Ro and ag, (&) = & for every & € 0R, = Ro — R,.
One has ap° ¢ = ¢ ag, for any meromorphic function ¢ : Ry—>
Cwith Ry= {£E Ry: |<p )| < 1} (as in 3.1, ap :C — C is the map
defined by ap(z) = 1/z).

Consider now two Riemann surfaces R;, R, of type F with doubles
Ry, R, and closures R, Ry in Ry, R, respectively. Let f:R, —
R be a correspondence. As in 3.1 we associate to f a correspondence
Tf: R, — Ry: Denote by Gy the closure of Gy in R, X Ry, let
f R, — R, be the correspondence such that Gj= Gf, define
Tf(¢) := f(f for £E€R, and Tf(é) := ag,(flag(§)) for
= Rl — R;. Then Tf° ar, = ag, ° Tf; moreover, if f is c-
continuous, then I;f2e f= Tf|R,. We have the following gen-
eralization of Theorem 3.1.1:

Tueorem 3.2.1. Let R,, R, be Riemann surfaces of type F with
doubles Ry, Ry; let f: R, — Ry be a proper c-a-holomorphic cor-
respondence. Assume that f is pure l-dimensional. Then Tf:R,
— Ry is c-a-holomorphic and pure 1-dimensional. If f is irreducible
then so is Tf.

Proor. Take meromorphic functions ¢;: R,—) C (j=1, 2) such
that R; = {fERj lei(€)] < 1}; denote by @;': B— D the maps
such that ¢;|R = IzP° ¢;". The ¢’ are proper holomorphic
maps. It follows that the correspondence

fi=ea'ofop"1:D—D

is proper, c-a-holomorphic and pure Il-dimensional. Hence by
Theorem 3.1.1, f can be continued to the c-a-holomorphic and pure
1-dimensional correspondence Tf:C —C. Define now 'G:=
(@1 X @2)~ 1(GTf) then 'G is a pure 1-dimensional analytic subset of
R; X Ry, which contains Gy furthermore one has 'G M d(R; X Ry)
C 0R; X dR;. Hence Gy can be analytically extended across
d0R; X dR;. The map ¢; X ¢2: R} X Rp— CXC is locally bi-
holomorphic in every point of dR; X dR,. It follows that the exten-
sion of Gy across dR; X dRy is obtained by reflection with respect
to OR; X dRy (i.e. by applying the map ag, X ag, ‘R, X R,

— R, X Ry), since the extension of Gy across 4D X 8D is ob-
tained by reflection with respect to dD X dD. On the other hand,
one has, by the definition of Tf, GrsN (R, — Ry) X (R, — Ry))

= (o, X aR)(Gf) furthermore (ag, X ag,)(Gy) is an analytic subset
of (1311 — R,) X (R, — Ry). Therefore Grys is an analytic subset of
R, X R, which is obviously pure l-dimensional, hence Tf has
the asserted properties. If f is irreducible, the irreducibility of Tf
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can be shown similarly as in the proof of Theorem 3.1.1.
There is still another application of Tornehave’s theorem to the
extension of correspondences between special Riemann surfaces.

ProposiTion 3.2.2. Let P; be distinguished polyhedral domains in
the Riemann surfaces R; (j = 1,2) resp.; let f: P, — Py be proper
irreducible c-a-holomorphic correspondences of dimension 1. Then
there is an irreducible a-holomorphic correspondence 'f: Ry — R,
of dimension 1 such that f C 'f. 'f is uniquely determined.

Proor. We proceed similarly as in the proof of Theorem 3.2.1:
Let ¢;: Rj— C be defining functions of P; resp., then ¢ (P;) C D
and there are proper holomorphic maps ¢;’:P;— D such that
¢; | P;= IgP° ¢;'. The correspondence

f(;= ¢2’°f°¢1’_liD_°D

iatisﬁ_es the assumptions of Theorem 3.1.1; hence the extension Tf :
C —C is c-a-holomorphic and pure 1-dimensional. It follows that
'G:= (¢ X ¢3)"!(Grp) is a pure l-dimensional analytic subset of
R, X Ry which contains Gy Since Gy is irreducible, there is also
an irreducible component 'Go of 'G with Gy C 'Gy. Thus the cor-
respondence 'f: R; — Ry defined by Gy:= 'G has the asserted
property. If "f: R; — Ry is any correspondence with this property,
then ’G() C Glf N G'rf, hence Gvf = vf and f_ ”f

Remark. In general I R, Pao f does not coincide with 'f| P, even if
fis a biholomorphic mapping; this is shown by simple examples.

3.3. We give two extensions of Tornehave’s theorem to higher
dimensions.

Let D":= {z=(z), " ",2,) EC": |3|]<1 (v=1,---,n)} be
the unit polycylinder in C* (n = 1). We write also D" = D, X
X D,where D,:= {3, €C: |3| <1}

(1) Tueorem 3.3.1. Let f:D"— D" (n=1) be a proper c-a-
holomorphic correspondence. Assume that f is pure n-dimensional.
Then there is a unique pure n-dimensional c-a-holomorphic corre-
spondence 'f:C" — C™ such that I—n of= le" and that 'f(z)
is finite for every z € D, If f is zrreduczble then so is 'f.

REMARk. f(z) is finite for every z € D" since f(z) is a compact
analytic subset of D".

Proor or THeoreMm 3.3.1. By a theorem of H. Rischel [19] fis a
cartesian product of proper c-a-holomorphic correspondences between
unit disks; more precisely: There are proper c-a-holomorphic and pure
1-dimensional correspondences f,: D, — D, and a biholomorphic
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mapping b:D"— D" given by a permutation of the coordinates
Z1, * * *, %, such that

f=boe(fiX "+ Xf):DX -+ X Dy— Dy X +* X D,

Each correspondence f, admits a continuation, according to Theorem
3.1.1, to the proper c-a-holomorphic and pure 1l-dimensional corre-
spondence Tf,: C — C. Define

'fi= "be (THi X -+ X Tf,):Cr— C»

where 'b:C" — C" denotes the holomorphic extension of b Then
'f is c-a-holomorphic and pure n-dimensional, one has I.7 o f =
'f| D" and 'f(z) is finite for every z € C™.

It follows that every irreducible component G% of G_f is contained
in a (unique) n-dimensional irreducible analytic subset G Jof C* X C™.
Let G be the union of those G® and f: C» — Cn the correspondence
such that Gf= G, then f is contained in 'f. Furthermore, let "f:
Cr — Crbe any c-a- holomorphic pure n-dimensional correspondence
such that I_,”"e f="f| D" and that "f(z) is finite for every z € C";
then we hive also f C"f. Consider any irreducible component "G
of Gy Since ”f I(z) is finite for z € C", Remmert’s mapping theorem
implies "f("G) =C", hence "GN (D"X C") # @. One even has
"GN (D" X D) # @ because of [znP" o f="f| D" therefore "G
contains at least one G%. It follows ‘that "G = G and " fCf. Hence
f ="fand f = 'f which shows that 'f is uniquely determined. More-
over, if fis irreducible, then f = fis also irreducible.

(2) Consider a pure n-dimensional c-a-holomorphic correspondence
f:D"— D (n=1). If n>1, f cannot be proper, since every fibre
of f is a pure n-dimensional analytic set in D" which approaches the
boundary of D". But f can satisfy a weaker hypothesis which coincides
for n =1 with the properness of f: Denote B(D"):= dD; X - - X
dD, (B(Dm) is Bergman’s distinguished boundary of D"). Then f is
called proper in B(D") if, for every compact set K in D, there is a
neighborhood Uk of B(D") in D" such that f~(K) N\ Ux = @; an
equivalent condition is that f(z) tends towards dD 1f z € D" tends
towards B(D") (compare 3.1). One has

Tueorem 3.3.2. Let f: D — D be an irreducible n-dimensional
c-a-holomorphic correspondence. Assume that f is proper in B(D").
Then there is a unique irreducible c-a-holomorphic correspondence
'f: Cn — C such that Ig> f = 'f| D" 'f is n-dimensional.

We sketch the main steps of the proof
(a) Denote E:= D*UB(D") U (C — D)». A correspondence
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f':E — C is defined in the following way: We set f '(z) := f(z) for
z€ED" and f'(z):=ap°felap X -*"Xap)(z) for z€
(C — D). Furthermore, if z(V) € B(D") is given, let L, be the
complex line in C through 2z and the origin 0 € C", denote by

L,v the closure of L in C L, is a complex subspace of C* and
blholomorphlcally equivalent to C such that R.w:= LN D"
corresponds to D; particularly, L. is a double of R_q,. Consider the
correspondence f ., := f|R.w: R:w — D which is proper, c-a-
holomorphic and pure 1- dimensional. One has the continuation
Tf:m :L:(n — C of f:(l). Define now f (Z 1) = Tf m (”) Then
f' is c-continuous, moreover, Gy D" and GsN(C— D)» are
analytic sets in D" and (C — D)" resp. (b) One shows (by means of
Cauchy’s integral formula): There is a neighborhood

U=1{z= (231, " 2) EC":1— €< [a|<1+e(0<e<1)}

of B(D") and a pure n-dimensional c¢-a-holomorphic correspondence
f":U.— C such that f' |[ENU, = f"lEﬂU Define f*: EU U,
— C by f*3z):= "f(z) for zEE and f*(z): —f”(z) for z €U,
then f* is c-a-holomorphic and pure n-dimensional. (c) f* can be
extended to a pure n-dimensional c-a-holomorphic correspondence
f**:Cn — C such that I,”° f= f** | D~; this is shown by applying
statements on envelopes of meromorphy. f** has an irreducible com-
ponent 'f:C — C which contains f, then I.Pof= 'f|D" and
dim 'f=n. Any irreducible c-a-holomorphic correspondence "f:
C" — C such that I;P> f="f| D" coincides with 'f because there
exists at most one 1rreduc1ble analytic subset ” G of C* X € such that
Gy="GN (D" X D"

Remark. Theorem 3.3.2 extends also a result of A. Pfister [15]:
Assume that f: D"— D is a holomorphic map and that f is proper in
B(D"). Then Theorem 3.3.2 implies that there is a continuation of f
to a meromorphic function 'f: C"— C which is, by a theorem of
Hurwitz-Weierstrass (cf. [3]), a rational function. 'f has the form

(my, -+ mp) a o, i) .
’ = (i " in) = (0, ---,0) dptnie ®p 7T TRy
f(zb :zn) - ! " ) !
(my, -+, my,) — .

. 1 L3
(i i) = 0, - 0) Emi=in - -omy =i, B 17,
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