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OBSTRUCTIONS TO EMBEDDING AND ISOTOPY 
IN THE METASTABLE RANGE 

LAWRENCE L. LARMORE 

1. Introduction. 
1.1. Preliminary definitions and summary. Throughout this paper, 

"manifold" means difFerentiable manifold (closed or open) without 
boundary, with a countable base. "DifFerentiable" means infinitely dif-
ferentiable, and "embedding" means difFerentiable embedding. 

Suppose V and M are manifolds of dimension k and n, respectively, 
V compact, and / : V —> M is a difFerentiable map. An embedding 
homotopy of / (abbreviated e-homotopy) shall be defined to be a 
homotopy of difFerentiable maps, fi: V —» M, For 0 S i = l , such 
that f0 = f and fi is an embedding. We say that ^-homotopies 
{fott}

 a n d {fut} a r e isotopie if there exists a 2-parameter homotopy 
oF difFerentiable maps fi t : V —» M, For 0 â r, t è 1, such that fi 0 = f 
and fTj is an embedding For all T. Let [ft] denote the isotopy class 
oF {ft}, and let [ V C M]f denote the set oF all isotopy classes oF e-
homotopies off. 

It is not difficult to show that if / is an embedding, [ V C M]f 
naturally has the structure of an Abelian group with identity [f] 
(where {/} is the constant homotopy), provided 2n > 3(k + 1 ) . 
However, this construction is not within the scope of the present paper; 
we refer the reader to J. C. Becker [1] for the case when M is a 
Euclidean space. [ V C Rn]f becomes £( V, n), the so-called embedding 
group. 

We consider three problems in this paper. The first is existence of 
an ^-homotopy of/, i.e., whether [ V C M] fis nonempty; the second is 
enumeration of [V C. M]ß more precisely, whether two given e-
homotopies are isotopie. The third question deals with the function 
A : [ V C M ] / - > [ V C M ] , where [ V C M] is the set of isotopy classes 
of embeddings of V into M, and where, for any ^-homotopy {ft} of f, 
A [ft] = [ / J , the isotopy class containing fx. As we see in §3.5, 
there is an action of 7ri(M

v
>f) on [ V C M]f whose orbits corre­

spond to the image of A, where Mv is the space of difFerentiable 
functions V -» M with the compact-open topology. In §3.8, we discuss 

Received by the editors December 19, 1970. 
AMS (MOS) subject classifications (1970). Primary 57O40, 57G35; Secondary 

57B30. 
Copyright © 1973 Rocky Mountain Mathematics Consortium 

355 



356 L. L. LARMORE 

that action in the special case that k ^ 2, V = Sk, the fc-sphere, n = 
2k + 1, and fis inessential. 

We translate the problem of existence and isotopy of ß-homotopies 
o f / into a lifting problem, using Haefliger's results [4]. In §3.1, we 
define a 2fc-manifold R*V with boundary PV, the total space of the pro­
jective bundle associated with the tangent bundle of V. R*V has the 
homotopy type of the reduced deleted product of V, (V2 — Av)/T, 
where Av is the diagonal and T exchanges coordinates. In § 3.2 we 
define a pair of spaces (Y\ Z ' ) and a map TTM' : (Y', Z ' ) - • (R*V, PV) 
such that 7TM ' and TTM ' | Z ' are both fibrations, and for each 
e-homotopy {ft} of / we define a specific section of TTM', ®[ft] '• 
(R*V, PV) -H> (Y', Z') . The function ^ [ M C V ] ^ Sec(7rM ') which 
sends each [ft] to [*[/*]] , the class containing <!>[/] (where 
Sec(7rM') is the set of homotopy classes of sections of TTM\ two 
sections being homotopic if they are connected by a homotopy of 
sections) is onto if 2n ^ 3(fc + 1) and one-to-one if 2n > 3(fc + 1) 
(see Theorems 3.3.1 and 3.3.2). The obstruction theory for sections 
of fibrations of pairs, developed in §2, can then be applied. 

The first obstruction to finding an ^-homotopy of / lies in 
tfn(R*V; 7Tn_!), and higher obstructions lie in Hn+i(R*V;7rn+i_1) for 
i = 1, where 77n+;_i is a sheaf of Abelian groups over R*V which is 
not generally even locally a product sheaf, for i ^ 0. (When 
restricted to either PV or R*V — PV, however, 7rn+i_1 is locally 
trivial, i.e., locally a product sheaf.) The first obstruction to isotopy 
of two e-homotopies o f / lies in ffn-1(R*V; 7rn-i); higher obstructions 
lie in Hn+i-l(R*V; irn+i-i) for i ^ 1. 

Thus (cf. Theorems 2.5.1 and 3.3.2), [V C M]/is in one-to-one corre­
spondence with H2fc(R*V; 7T2fc) if fc = 2 and n = 2k + 1. This corre­
spondence is canonical if/ is an embedding; [/] then corresponds to 
0. Identifying the two sets in that case, we then say that [ V C M]f is 
an Abelian group. 

1.2. Applications. Suppose now that V = Sk, for k = 2, and n = 
2k + 1. Let x G M be a basepoint, and let / : Sk —» M be a base-
point-preserving embedding. Define d\TTi(M, x) —» Z2 to be the 
orientation homomorphism, i.e., the kernel of d is the image of the 
fundamental group of the orientation covering space of M. 

THEOREM 1.2.1. [S fcC M]f is generated by elements (g) for all 
g EL TTI(M, x), subject only to the following relations: 

(i) (1) = 0, where 1 is the identity 0/77-^M, x). 
(Ü) < g - i ) = (-l)k+l(-l)d^(g)forallgŒ7rl(M,x). 

The reader can easily verify that if 77fc+1(M, x) = 0, the evaluation on 
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the basepoint of Sk, Ms —> M, induces an isomorphism TTI(MS', f) 
—>ITI(M9X), provided / is inessential; we identify these groups for 
convenience. 

THEOREM 1.2.2. Suppose f is small, i.e., f(Sk) is contained in a 
single chart of M, and TTk+i(M) = 0. The action of TTI(M,X) on 
[SkCM]f is given by ((g), h)\-+(-l)d{h)(h-lgh) for all g, 
h ELTTI(M,X). 

In the following applications, 0 will be a small embedding, TTX will 
be the fundamental group of the space into which we are embedding 
S* 

THEOREM 1.2.3 (HACON [3]). For k^2, [S*C S1 X S2k]0 is iso­
morphic to the direct sum of countably many copies of the integers, 
and the action of TJ\ = Zis trivial. 

Suppose now that k è 2, and Pr is a real projective r-space, for 
H 2 S r ^ 2 H l , Let G = [ S f c C P r X R2k~r+l]0. 

THEOREM 1.2.4. Case l.Ifk and r are even, G = Z2 and the action 
of IT i is trivial. Case II. Ifk and r are both odd, G = Z2 and the action 
of ir i is trivial. Case III. If k is even and r is odd, G = Z and the 
action of ir i is trivial. Case IV. If k is odd and r is even, G = Z and 
the action of TTI = Z2 is nontrivial; the generator of TTI takes every 
element of G to its inverse. 

Theorems 1.2.3 and 1.2.4 follow immediately from 1.2.1 and 1.2.2, 
as the reader may easily verify. 

1.3. Embeddings in a Euclidean space. Let V be a compact k-
dimensional manifold, as before, and let M = Rn. Our obstruction 
theory then reduces to a simpler theory. The first obstruction to em­
bedding V in Rn lies in Hn(R*V; 2 ), where 2 = Z if n is even and 2 
is the twisted integer sheaf (sometimes called ZT) if n is odd. Higher 
obstructions lie in Hn+i(R*V; 2 ® TTÌ) for i ^ 1, where m is the stable 
/-stem in the homotopy of spheres. The first obstruction to isotopy 
of two embeddings lies in Hn-1(jR*V; 2 ); higher obstructions lie in 
Hn+i-\R*V; 2 <g> m) for i ^ 1. V embeds in Rn if and only if all ob­
structions vanish, provided 2n ^ 3(k + 1 ) ; two embeddings are isotopie 
if and only if all obstructions vanish, provided 2n > 3(fc + 1) [7], 
[8]. 

2. Fibrations of pairs. 
2.1. Preliminary definitions. Throughout this section, we let (K, L) 

be an oriented simplicial pair, (Y, Z) another pair of spaces, and 
IT : (Y, Z) -» (K, L) a. map of pairs such that TT and TT | Z are both fibra-
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tions. We say that TT is afibration of pairs over (K, L). If c : (K, L) —> 
(Y, Z) is a map of pairs such that IT ° c is the identity on K, we say 
that c is a section of 77. We say that two sections of TT, c0 and c1? are 
homotopic if there is a homotopy ce, for 0 ^ t = 1, of sections of TT. 
For each cell <J C K, let £^ = 77- ~ ̂  if a (£ L, and let Ea = 
7T~1a f) Z if a C L. Let 7ra : Ea —» cr be the restriction of TT to ECT. 

We can immediately pose two questions. First: When does IT have 
a section; and second: When are two sections homotopic? Suppose 
A is a subcomplex of K, and h is a section of TT over A, i.e., a map of 
pairs h : (K fl A, L Pi A) -» (Y, Z) such that TT ° /i is the identity. 
The relative versions of our questions are: When can h be extended 
over K, and when are two such extensions homotopic rei A? 

2.2. The sheaf of homotopy groups. We shall define a sheaf irn = 
flViM = ( ^ p ) over the space K, which we call the sheaf of nth homo­
topy groups of TT for any n = 1, provided that £ a is n-simple for all 
cells o\ As a set, ^ will be defined to be the union, over all cells 
a C K, of Into* X 7Tn(E); and p(x,a) = a for all a, all x G Into-, 
and all a G 7rn(I^). The stalk of irn over x we identify with 7rn(£^). 
In order to describe the topology of ^ it is only necessary to describe 
continuous sections over open stars of cells, where, if a is a cell of 
K, St o-, the open star of a, is the union of the interiors of all cells 
of which a is a face. We then say that a section f : St a —> <3 is 
continuous if for any cell TZ) a and any x G Int r, f(x) = (x, i -flo), 
where i : Ea -> Ea is the inclusion, x0 is the barycenter of a, and 
a0 = /(x0). We can thus immediately identify the group of con­
tinuous sections of ^ over Stcr with 7rn(Eff), by evaluating each sec­
tion at x0. 

For any subcomplex A C K (not necessarily L) let C* = 
(C*(K,.A;7Tn), S) be the graded differential complex of degree 1 where 
Ck(K, A; 7Tn) is defined to be the set of all fc-cochains, i.e., functions c 
whose domain is the set of fc-cells of K, where c(a) G TTn(E^) for 
each fc-cell a, and where c(&) = 0 if a C A. If c G Cfc(K, A; 7rn) is 
any fc-cochain, we define oc G Ck+Ì(K, A; 7rn) as follows: For any 
(fc + l)-cell T, let Sc(r) = 5] [a; r] c(o-), where the sum is over all 
fc-eells a C T, and where [<r; T] = ± 1 is the incidence number. 
According to Theorem 5.1 of [6], we may identify H*(K, A; 7rn) with 
the homology of the graded complex C*. If A is empty, we write 
Ck(K; 7Tn) for C*(K,0; TTn), etc. 

2.3. 77ie obstruction cochain. Let / : (Kn, Ln) -» (Y, Z) be a sec­
tion of 7T over Kn = Kn U A, where Kn is the n-skeleton of K. We con­
sider the question of extension of / to the (n + 1)-skeleton. Let 
c n + 1 = c n + 1( / ) , an element of Cn+1(K, A; TTJ, be defined as fol-
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lows: If a C K is an (n + l)-cell and if <f> : Sn —> da is the standard 
homeomorphism (whose degree is determined by the orientation of 
a), we let cn+1(a) G 7rn(£a) be the homotopy class represented by 
the composition / ° <£ : Sn -» E^. As in the usual obstruction 
setting, we have some theorems, which we state without proof (see 
Hu [5, Chapter 6]). 

THEOREM 2.3.1. The obstruction cochain cn+l(f) is an invariant 
of the homotopy class of f rei A, i.e., if ft : (Kn, Ln) -» (Y, Z), for 
O s i t S i l , is a homotopy of extensions of h, then cn+l(f0) = 

cn+1(fi)-

THEOREM 2.3.2. An extension of f over Kn+1 exists if and only if 
c»+»(/) = 0. 

THEOREM 2.3.3. cn+l(f) is a cocycle. 

We may thus define yn+l(f) G Hn+l(K A;TTU) to be the co-
homology class of cn+i(f). 

THEOREM _2.3.4. y n + 1 ( / ) = ° (f and only if f\Kn~l can be 
extended to Kn+1. 

2.4. The difference cochain. Suppose f0 and fl are sections of TT 
over Kn which are extensions of h, and that gu for 0 ^ t ^ 1, is a 
homotopy of extensions of h over Kn~l, g{ = f \ Kn~l for i = 0 ,1 . 
Let dn = dn(/0, / i ; g*) G Cn(K; A; 7rn) be defined as follows. 

Let TT X 1 : (Y X Z, Z X /) -» (K X Z, L X Z) be_the obvious fibra-
tion pair. We define a section F of TT X 1 over Kn X di U ZC1"1 X I 
as follows: 

F / \ _ f (/«(*)> 0 if * = 0 or 1, for all x G Kn, 
t (&(*),*) if* G K»-1, for all* G Z. 

Now c"+1(F) G Cn+l(K X Z, A X Z U K X dZ; TT^TT X 1)). But that 
group is isomorphic in an obvious way to Cn(K, A; 7rn), since 7rn(7r X 1) 
= p~hrn, where p : K X Z —> K is the projection. Let dn be the image 
of cn+l(F) under that isomorphism. We state without proof analogues 
of the usual theorems on difference cochains. 

THEOREM 2.4.1. dn(f0,fa gt) is a homotopy invariant. 

THEOREM 2.4.2. {gt} can be extended to a homotopy of f0 with 
fx if and only ifdn(fa fa gt) = 0. 

THEOREM 2.4.3. od«(fafa gt) = c«+1(/i) - cn+1(/o). 

Thus, if f0 and fY can both be extended to Kn+l, dn(f0, fa gt) 
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is a cocycle; let 8n(f0, fu gt) G Hn(K, A; Trn) be its cohomology 
class. 

THEOREM 2.4.4. If kt, 0 ^ t ^ 1, is a homotopy of f± | Kn~l with 
f2 | Kn_1, where f2 is another extension of h over Kn, then 
dn(foj2; rt) = d"(/o,/i; g,) +dn(fi9f2; kt\ where rt = g2t if0^t^±, 
rt ~ ^2t-i y Ò = ^ = 1. 

THEOREM 2.4.5. If f0 and fY can both be extended to Kn+l, then 
gt | Kn~2 can be extended to a homotopy of f0 with fx if and only 
if 8"(fo, fi-, gt) = 0. 

THEOREM 2.4.6. For any f0 and any homotopy gt, as before, and, for 
any d G Cn(K, A; 7rn), there exists an extension fY ' of gl such that 

d " ( / o . / i ' ; & ) = < * • 

2.5. A classification theorem. Suppose that TT is (n — l)-connected, 
i.e., each Ea is connected, and n^ = 0 for all k < n, for some integer 
n ^ 1. Suppose also that dim K^â n. Let [K, h; IT] be the set of rei A 
homotopy classes of extensions of h over K. (If A is empty, write 
[K;n].) 

THEOREM 2.5.1. [K, h; ir] can be put into one-to-one correspon­
dence with Hn(K, A; 7Tn). 

PROOF. By successive application of Theorem 2.3.2 on the skeleta of 
K, we can choose a section f0 of n such that f0 \ A = h. Now let / 
be any other extension of h over K. By Theorem 2.4.2, f0 \ Kn~l and 
f\ Kn _ 1 are nomotopic rei A. Pick a homotopy {gt}. Let [f] G [K,h;ir], 
the homotopy class of / , correspond to the difference cohomology 
class ôn(fo,figt). By Theorems 2.4.1, 2.4.2, and 2.4.3, this corre­
spondence is well defined; by Theorem 2.4.5 it is one-to-one, and by 
2.4.6 it is onto. 

3. Existence of embeddings and isotopies. 
3.1. The space R*M. Let M be any n-dimensional manifold, for any 

integer n. Let SM and PM be the total spaces of the sphere bundle 
and the projective bundle, respectively, associated to the tangent 
bundle of M. Let RM = M2 — AM, the deleted product of M, and let 
R*M = RMIT, where T is the map which exchanges coordinates. 
We call R*M the reduced deleted product of M. Let 0 : RM U SM -» 
RN X RN X SN~l be the map where 

<K*> y) = (g*> gy> (g* - gy)ikx - gy\\) 

for all (x,y) G KM, and (f>(v) = (g7n;, g7rü, g*u||g*u||_1) for any tmît 
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tangent vector v G SM, where g : M —» RN is any distal embedding of 
M in any Euclidean space, and IT : SM —> M is the projection. Let 
RM be the topological space (RM U SM, *7), where (J is the unique 
topology which makes <f> an embedding. RM also has the structure 
of a differentiable manifold with boundary SM; we leave verification 
to the reader. Let T : SM —> SM also denote the antipodal map on 
each fiber of IT; T then acts continuously on RM; we define R*M to 
be the quotient space RMIT, also a 2n-manifold, with boundary PM. 
We remark that RM and R*M have the same homotopy types as 
RM and R*M, respectively, since if we remove the boundary of any 
manifold, it does not change the homotopy type. 

If V is another manifold and if / : V —» M is an embedding, maps 
Rf.RV -*RM, R*f:R*V -+R*M, Rf:RV ^>RM, and R*f:R*V 
—> R*M are naturally defined. Rf(x, y) = (fx,fy), etc. 

Let R00 = the union of RN, for all N i ï 1, with the weak topology. 
We then define R(M X R00), R*(M X R00), S(M X R00), F(M X R00), 
R(M X R00), and R^(M X R°°), to be the unions of the corresponding 
constructions on M X RN, over all integers N au 1, with the weak 
topology. 

3.2. The obstructions to embedding and isotopy. Let M be an 
n-dimensional manifold. We replace the inclusion of pairs (R*M, PM) 
C (R^(M X R00), P(M X R00)) with a fibration of pairs TTM : (Y, Z) -» 
(R*(M X R00), P(M X R00)) of the same homotopy type. Specifically, 
let Y = { a £ R^(M X R00)' | <*(1) G R*M}, and 

Z = {a G Y | a(t) G P(M X R00), all f}5 

where R*(M X R00)7 is the space of all paths in R*(M X R00) with 
the compact-open topology. We let irM(a) = a(0) for all a G Y. 

Let V be a compact manifold of dimension fc, and / : V —» M a 
differentiable map. Choose, once and for all, an embedding i : V—> R00. 
Let (Y\ Z') be the pullback, as in the diagram: 

(Y't Z') — . (y, Z) 

(3.2-1) L; ^ L 

(Ä*V, PV) ^ ( / , t ) ^ (ß*(M x R°°), P(M x /?°°)) 

Specifically, we let Y ; = {(r, a) G R*V X Y | R*(/, i)(r) = a(0)}, 
and Z ' = y n P V X Z; 7rM '(r,a) = r and p2(r,o) = a for all 
(r,a)GYf. 

Now if / is homotopic to an embedding, ITM ' has a section; specifi­
cally, if {ft} is an e-homotopy of / , let 4>[/t] (r) = (r,a) G Y' 
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for all r G R*V, where, for any 0 S t g l,a(t) = R*(f2t, i)(r) ifO ^ t ^ i , 
a(t) = R*(fl9 (2 - 2t))i(r) if i ^ t ^ 1. If {/J and {g,} are e-
homotopies o f / which are isotopie, 4>[/t]

 a n d ^ [ g j are homotopic 
as sections of nM '. The converses of these two statements are true in 
a suitable metastable range, as we shall see in the next paragraph; 
the obstructions to finding a section of nM ', and to finding a homotopy 
of two sections, as defined in §2, we call the obstructions to embedding 
and isotopy, respectively. We let TTÌ denote the sheaf of homotopy 
groups iTi(irM') for each integer i â 1; the first obstruction to finding 
an embedding of V in M homotopic to / lies in Hn(R*V; 7Tn-i); 
higher obstructions lie in Hn+i(R*V; 7rn+i_1) for i ^ 1. The first ob­
struction to finding an isotopy of {ft} and {gt} (which can also be 
thought of as the first obstruction to finding an isotopy of fx with 
gi which is homotopic to {rt}, where rt = fl_2t if 0 ̂  t S= j> , rt = 
g2t-i if * = £ = 1) lies in jF/n_1(R*V;7rn_1); higher obstructions lie in 
ffn+i-1 ( R n ^ T T ^ i ) forici. 

3.3. The restatement of Haefliger s results. 

THEOREM 3.3.1. Suppose 2 n ^ 3 ( f c + l ) . Then f is homotopic 
to an embedding if and only ifirM

f has a section. Furthermore, if <& 
is a section of TTM', f has an e-homotopy {ft} such that 4>[/J is 
homotopic toQ>. 

PROOF. If {ft} is an e-homotopy of f ®[ft] is the desired section. 
Suppose 4> : (R*V, PV) -> (Y ' ,Z ' ) is a section of nM'. Consider the 
diagram 

R*Vx1 « — — 

L* 
R*(M x tf°°)* (L-

where q and q ' are the quotient maps, Q = 1 U 7r : RV —» V2, and 
Q ' is the composition (pi)2° (1 U n), where px : M X R00 -» M is 
projection to the first factor. The map 0* is defined by 0*(r, £) = a(£) 
for all (r, *) G R*V X J, whereO(r) = (r, a) G Y'. G[<&] and <f> are the 
unique maps which make the diagram commute and which satisfy 
the equation <£(r, 0) = R(f Ï) (r) for all r G RV. Now let gt : V2 -> Af2, 
for all 0 S £ S 1, be the homotopy where gt(%, t/) = G[4>] (x, y, t) for 
all (x, y) G V2. Then {gt} is an equivariant homotopy; that is, T° gt 

= gt ° T for all £, and gx is isovariant, i.e., g x
_ 1 AM = Av. According 

RV x / ^ - ^ * V2 x / 

U \c[*] 

R(\\XR°°) ¥l * M2 
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to Theorem 1(a) of Haefliger [4], / is homotopic to an embedding of 
V into M. 

Examining the details of Haefliger's proof, however, we observe that 
it is possible to construct an e-homotopy {ft} of / and a 2-param-
eter homotopy hTt : V2 —> M2, 0 ^ T, £ = 1, such that h0t = gt and 
h\,t = ft2 for all t; hT0 = g0 and foT x is isovariant for all r; and hTt is 
equivariant for all T, £. Using {hT,}, we may show that 0 is homotopic 
to * [ft] ; we leave the details to the reader. 

THEOREM 3.3.2. Suppose 2n > 3(fc -HI). Then two e-homotuyies of 
f {ft} and {gt}, are isotopie if and only if 4>[/J is homotopic to 

PROOF. If {fTft} is an isotopy of {ft} with {g j , then {<& [fT,t]}o&*i 
is a homotopy of 0 [ / J with 4>[gJ. Conversely, suppose 4>T, for 
O ^ T ^ I , i s a homotopy of sections of ITM ' such that 4>0 = 4> [ft] and 
* i — * [gt] • F ° r each T, let G[*T] : V2 X I -> M2 be the map as con­
structed in the proof of 3.3.1. Let hr>t : V

2 -» M2, for 0 g T g 1, be the 
2-parameter homotopy where hT}t(x,y) = G[&T](x,y,t) for all (x,y) 
€E V2. Note that hTf0 = / 2 and hrl is isovariant for all r; fo0?t = /2 f

2 

and hu = g2t for all 0 ^ f^ ^ , and h0ft = fx
2 and hu = gx

2 for all 
| ê f = l ; and hT>t is equivariant for all T, £. Thus hT>1, for 0 ^ T ^ 1, 
is an isovariant homotopy of fi2 with gx

2 which is equivariantly 
homotopic, relfi2 and g!2, to the homotopy r2 : V2 —> M2, 0 ^ T ^ 1, 
where rT = /1_2T if 0 ^ r = i, g2T-i if 5 = T — 1- Haefliger's con­
struction [4, Theorem 1 (b)] then gives us an isotopy of fx with gx 

which is homotopic to {rT}. The construction of the isotopy of {ft} 
with {gt} is routine, and left to the reader. 

3.4. The structure of the sheaf irn-i{7rM). In this paragraph, we 
insist that n ^ 2. 

LEMMA 3.4.1. The inclusion R(M X R00) -» (M X R00)2 is a homotopy 
equivalence. 

PROOF. Let ht : R°° —» R00, for 0 ^ £ ^i 1, be the isotopy where h0 

is the identity and where, for any integer m i? 1 and any (m + 1) _ 1 

â £^i m _ 1 , ^(Xi, x2, • • •) = (t/1? y2, • • •), where y{ = x{ for all 
1 ^ i < m, y{ = Xi_i for all f > m + 1, and j / m = xm cos 0 and 
ym+i = acmsin0, where 0 = 1

27r(t(m2 + m) — m). Note that hY is a 
homeomorphism of R00 to the hyperplane H0 of all points in R00 with 
first coordinate 0. Let gt : R00 —» R00, for 0 ^ £^i 1, be the isotopy 
where gt(£i, x2, * * •) = (*i 4- t, x2, • • •), i.e., translation along the 
x raxis. We define a homotopy rt : (M X R00)2 -^ (M X R00)2, 
0 g f ^ l , a s follows: 
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rt(x, v, y,w) = | 
_ f{x,h2tv,y,h2tw) if o g t ; 

(x9hlv9y9g2t.]w) ifi â f^ 1, 

for all x, y G M and t;, u j E f i * . Note that r0 is the identity, 
rx(M X R3*)2 C R(M X R"), and rf(H(M X R X ) )C R(M X R~) for all 
t; thus f! is a homotopy inverse of the inclusion, and we are done. 

Let Q = 1 U 7T : RM —* M2 be the quotient map, where TT : SAf —* M 
= AM is the projection. Let e : R —> M2 be a fibration replacing Ç), 
i.e., R = {(r, a) G RM X (M2)7 | Q ° a(l) = r}, and let e(r, a) = a(0). 
Let S = {(r, a) G R | px ° a is constant}, where px : M2 —» M is pro­
jection to the first factor. We pick a basepoint x G M and a local 
orientation of M at x, which we represent by a homeomorphism 
cu : Sn~l —> SMX, SMZ being the set of unit tangents of M at x. For 
each loop a of M, we define a map X[cr] :S n _ 1—* Rx, where 
Rx= e~l(x, x), as follows: X[a] (v) = (CÜ(Ü), a), where céj) = 
(x, a(£)), for all Ü E S " ' 1 . The homotopy class of X[a] clearly de­
pends only on the homotopy class of a, hence if [a] = g G TT^M, X), 
we define X(g) to be the homotopy class of X [ a ] . 

LEMMA 3.4.2. As an Abelian group, 7rn^i(Rx) is freely generated 
bythesetofallX(g)JorgG7rl(Mfx). 

PROOF. Consider the commutative diagram 

where ay = (x, y) for all y G M, Mx° = (M - {x}) U SMX, with the 
topology which makes b = Ö U TT an embedding, where (7 = {(r, a) G 
Mx

() X M f | g ° a ( l ) = r } , and /^(r ,a) = r / e(i\a) = a(0), and 
c ( r , a ) = (br,ß) for all (r, a) G L', where ß(t) = (x, a(f)) for all £. 
Now since p t : M2 —» M and Pi ° Ç are both fibrations with fibers 
M and Mx°, respectively, and since px : U —> Mx

() and pj : R —» RM 
are homotopy equivalences (as the reader can easily check), the in­
clusion S C R is a homotopy equivalence. Also (where Ux = (e')~{x), 
c maps Ux homeomorphically to Sx = Rx D S, which is of the 
homotopy type of Rx. 

Let X : M —» M be a universal covering of M, and pick x G X ~ lx. 
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Let Mx° and U be the pullbacks, as in the diagram 
A 

U II 

M is simply connected. By a Serre spectral sequence argument, we can 
show that the fiber of e (hence also that of e) is of the homotopy type, 
through dimension n — 1, of the loop space of the cofiber of qy which 
is a wedge of n-spheres, one for each element of 7TI(M, X). We leave the 
remaining details to the reader. 

LEMMA 3.4.3. If 7rr(M) = 0 for all 1 < r ^ m for some integer 
2 ^ m ^ n, then 7rn+m_2(iR*) is isomorphic to 7rn_1(Rx) ® 7rm_1? 

where irm_i is the stable (m — l)-stem in the homotopy of spheres. 

n+m-2(Rx) b e the homo-
h. We refer the reader to 

PROOF. Let TT^^R*) ® 7rn-i 
morphism which sends each g ® h to g 
the proof of Theorem 3.4.2 above. Since M is m-connected, R* has 
the homotopy type of the loop space of a wedge of n-spheres up 
through dimension n + m — 2; we omit the details. 

We henceforth express elements of 77-n_!(Rx) as formal sums of 
theX(g) for values of g G ITI(M, X). 

Let /x :7rn_i(R*) X TT^M2, (X, X)) -> Vn-iiR*) be the usual (right) 
action of the fundamental group of a base on the homotopy of a fiber. 
We shall identify TTI(M2, (X, X)) with 7TI(M, X) © TTI(M, X) in the usual 
way. 

LEMMA 3.4.4. If g, hGir^M.x), then /i(X(g), ( M ) ) = X(h_1g), 
where 1 G ^ ( M , x) is £/ie identity. 

PROOF. Let a be a loop in M which represents g, and T a loop 
which represents h. Consider a map v : S n l X I —» S defined as 
follows: v(v, t) — (o)(v), a) for all v G S n _ 1 and all t G I, where 

a(w)= { ( * , T ( - ( t + 1)U+ *)) 
(x,a((£+ l)w - *)) 

if 0 ^ u g tl(t + 1), 

Note that K , 0 ) ] = X ( g ) , K > 1)] = X ^ g X and [*(,*)] 
7Tn_1(e~1(r(^), x)) for all £ G Z, and we are done. 
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LEMMA 3.4.5. / / g, h G m(M, x), ^X(g),(l, h)) = (-l)d<"*(gfc), 
where d is the orientation homomorphism (cf. 1.2) and /Lt is £ne wsuaZ 
action of the fundamental group of the base on the homotopy of the 
fiber. 

PROOF. Let a and r be loops in M representing g and h, respec­
tively. Let (ot : S

n~l -» SMT(t), for 0 § t ^ 1, be a homotopy such 
that a>o = co. Note then that a^ = o> ° €, where e : S n _ 1 —» S n _ 1 is 
a map of degree (-l)d(h\ We define f : S""1 X I - • S as follows: 
€(v, t) = (<ot(v), a) for all v E S n _ 1 and t €E I, where 

a W l (x , r ( ( l + t)u - 1)) if (1 + t)-i S u S l . 

Our proof is complete, since [£( , 0)] = X(g). 

[ « , l ) ]=X(g / i ) [ e ] = ( - l )«**(g*) , 

and 

[f( , *)] G T T ^ Ì ^ - ^ T ^ ) ) ) f o r a l U G / . 

As before, let T : M2 -» M2 and T : RM -+ RM be as defined in 
§3.1. Let T operate on the path space (M2)7 by composition. Now R 
is an invariant subspace of RM X (M2)7 under T, but S is not. 

LEMMA 3.4.6. If g GTT 1 (M,X) , T*X(g) = ( - l ^ - l ^ ^ g - 1 ) . 

PROOF. Let r be a loop in M which represents g, and let iot : S
n _ 1 

—» SMT(f) be the homotopy as defined in the proof of Lemma 3.4.5 
above. Let £ : S""1 X J -> fi be the homotopy where, for all Ü G S " " 1 

and t Œ I, £(Ü,1) = (cof, a), where a(w) = (r(ut)y r ( l — w + w£)) for 
all 0 § u § l . Now £(©, t) E fi, for all (t>, f); thus [£( , 1)] = 
[ « .0)] = X(g), while 

[To C( ,1)] =X(g- ' ) [e ] 

= («lW-l^^g-1), 

where € = T° (ol ° a>0
_1, T being the antipodal map on Sn~l. We 

are done. 
Let Q' = 1 U 77 : R(M X fi00) -» (M X fi00)2 be the quotient map. 

Let W = {(r, r) G fi X fi(M X R00) | e(r) = (px
2 o Ç ' ) r} . Since T 

acts on fi, M2, and fi(M X fi00), and T<> e= e° T and T° p ^ * Q' 
= p^o Q' o T, T also acts on W. Let W* = WIT. Consider 
diagram (3.4-1) below, in which W is the pullback: 
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R*S\ R ^ RM 

R*(M x R°°y* R(M x R°°) 
PxoQ * 

where, for any a G Y, i.e., a : I - • R*(M X R00) and a(l) G R*M, we 
let a : I —> ß(M X R00) be one of the two paths where TT ° a = a; we 
then define y(a) to be the unordered pair 

((a(l),p!2o Ç ' o a),«(0)), ( ( T o a ( l ) , r o p i 2 o Q> 0 a ) , r ° a ( 0 ) ) G W* 

Since by Lemma 3.4.1, px
2° Q' is a homotopy equivalence, y is a 

homotopy equivalence. 
Pick v G S(M X R00) to be a unit vector at (x,0) E M x r . Let 

ü* = {D? - Ü } G F ( M X R00), and let Yv = i r M - V C Y. Let W„ = 
(pa)-1!; C W and W„* = (pa*)"1!;* C W*. Now (p t o n-i o y) : 

YÜ —» R* is a homotopy equivalence; we define Y(g) = 
( p 1 o ^ - - i o r ) # - i x ( g ) for all gG7Ti(M,x); T T ^ ^ Y J is freely gen­
erated by the Y(g). 

Let Uv = 1/ PI Y,,. We let 0 : S""1 X 7 -* S(M X R%, 0 ) be any 
map such that 6(w, 0) = v and 0(o>, 1) = w(w) for all w G Sn_1 , and let 
17 : Sn _ 1 —> [/„ be the map where, for all w G Sn - 1 , 17(0?) = a with 
a(t) = TT * 0(w, f)forall0 ^ t g 1,where TT : S(M X R°°)-> P(M X R00) 
is the covering map. Since S(M X R°°)(X)o) = S °°, 0 exists and is unique 
up to homotopy r e l S n _ 1 X dZ, hence 17 exists and is unique up to 
homotopy. Let i/f G 7rn_i(ï/„) be the class containing 17. 

LEMMA 3.4.7. irn-\(Uz) = Z and is generated by ifß. 

PROOF. Let U' = {a G F(M X R % , 0 ) I «(1) G PMX},and consider 
the commutative diagram 

« — 1 

nM\U'\ PM. 

P(M x R00). 
(x,0) 

PM 

-*P(MxR°°) ''l°n * M 

where each map labeled "i" is an inclusion and b(a) = a(l) for all 
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a E U. Now b and b \ U ' are both homotopy equivalences, PMX and 
P(M X R°°)(X}0} (which are, respectively, homeomorphic to real pro­
jective spaces Fn_1 and P«,) are the fibers of n and px ° TT, respectively; 
thus the inclusion U ' C Uv is a homotopy equivalence. C/ ' is of the 
homotopy type of Sn_1, the fiber of the inclusion Pn_1 C P«; and 
77 : S n _ 1 —» (7' is a homotopy equivalence. The result follows. 

THEOREM 3.4.8. (i) (p1 ° TT-1 ° y)# : T T ^ ^ C / J -> nv-^fl*) m a p 
i/f to X(l), where 1 G ^ ( M , x) is £/ie identity. 

(H) y # (*) = Y(i). 

PROOF, (i) We routinely verify that p : ° n~l ° y ° t) = X[0], 
where 0 is the trivial loop at x G M. Part (ii) follows immediately 
from (i). 

Define functions p : TTI(R*(M X R00), v*) -^ m(M, x) ® TTI(M, X) 

and Ô : T T ^ R ^ M X R00), Ü*) -» Z2, as follows: If 

gG;r 1 (R*(MX R-),u*), 

pick a loop cr representing g and let T be the path in R(M X R00) such 
that T(0) = v and IT ° r = a. Let 8(g) = 0 if T(1) = v, 1 if T(1) = — Ü. 
Now Ç ' u = Ç' ( —Ü) = (x,0), so PY2° Q ' ° T is a loop in M2; let 
p(g) be the homotopy element represented by that loop. 

We remark that ô is a homomorphism but p is not; in fact, if 
g ^ G ^ M X f i l ü*), p(gh) = p(g)(T*Wp(h))9 where T ex­
changes coordinates. 

Let G[M] be the local system of Abelian groups (i.e., locally trivial 
sheaf) over R*(M X R00) such that for each r E R*(M X R00), G[ Af] r = 
îTn-i^Af"1^. Let G = G[M]V*, and let p, : G X 7n(fl*(Af X R00), t;*) 
—> G be the usual (right) action of the fundamental group of a space on 
the stalk of a local system at the basepoint. We summarize the results 
of §3.4 in the following theorem. 

THEOREM 3.4.9. (i) G is freely generated by {V(g) |g ELTTI(M,X)}. 

(ii) / / g GTTI(M,X) and fc E T T ^ R ^ M X R00), u*), fe* p(/i) = (/i1? h2). 

Then 

uM(e) h) = Ji-V^Wr'gM WO = o, 
^ v£/> y \ ( ~ i ) ^ ( ^ 2 ) ( - i ) ^ ( / l 2 - i g - i / l l ) if8(h)=l. 

(iii) 7Tn_1(7TA/) is £/ie unique subsheaf of G[M] such that iTn_i(7rM)r 

= G[M]r if r^P(MXR°°), 7rn-i(irM)v* is the subgroup of G 
generated by Y(l), and 7rn^i(iTM) \P(M X R00) is locally trivial, i.e., 
locally a product sheaf {isomorphic to Z), provided M is connected. 
(iv) If for some integer 2 ^ r ^ n — 2, ir^M, x) = 0 for all 2 ^ i ^ r, 
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7Tn+r_2(7rM) = irn-i(nM) ® nv-i> where 7Tr-i is the stable (r — \)-stem 
in the homotopy of spheres. 

3.5. Action of iTi(Mv,f). Let us reconsider diagram (3.2-1). 
Suppose that {ft} is a differentiable self-homotopy of / i.e., f0 = 
fY = / and each ft is differentiable. We define a map of pairs 
r [ / J : ( Y ' , Z ' ) - * ( Y ' , Z ' ) such that i r M ' o r [ / J = TTM' as follows. If 
(r, o ) E Y ' , where r G R* V and a : J - • R*(M X R °°) is a path such that 
a (0 )= R*(fi)(r) and a ( l ) Ë R * M (cf. §3.2), let r [ / J ( r , a ) = 
(r, 0), where ß(t) = R*(/i-2«> t)(r) if 0 g * g i and ß(t) = a(2* - 1) 

We say that two maps r0 , H : (Y', Z ') -> (Y', Z ') such that7rM ' ° r* 
= 7TM ' for i = 0, 1 are homotopic if we can find a homotopy r t : 
(Y ' ,Z ' ) - + ( Y ' , Z ' ) , forO^^l, such that 7rM '° Tt = 7TM

f for all t. 
The proofs of the following remarks are routine homotopy arguments, 
which we omit. 

REMARK 3.5.1. If {/ '} is another differentiable self-homotopy o f / 
which is homotopic to {ft} rei / , T [ / / ] is homotopic to r [ft]. 

REMARK 3.5.2. If {gf} is another differentiable self-homotopy o f / 
and if {ht} is the self-homotopy such that ht = f2t if 0^ t= { and 
K= g2t-i if i = * = 1, then r [ÄJ is homotopic to r [ g j ° T [ / J . 

REMARK 3.5.3. If ft = / for all £, then T [ / ] is homotopic to the 
identity. 

We can thus define a right action y : Sec(7rM') X jri(Mv,f) —> 
Sec(7TM') as follows: y([c] ? [/] ) = [T[ft] ° c] for any section c of 
7TM' and any differentiable self-homotopy {/} o f / where [/] is 
the corresponding element of the fundamental group of Mv. Let 
iTi = 7TÌ(TTM') for any integer i â 1. We have a right action of TTI (M V , / ) 

on the sheaf 7Ti, namely y^ : m X 772(Mv, / ) —» TTI where, for any r G R*V 
and g = [/] Gnl(M

v
yf)y y*( , g) is the automorphism T[ft] # 

on the stalkin(irM')r. We also let <y% : H*(R*V; TT*) X TT1(M
VJ) -> 

H*(R*V; 7Tt) be the action obtained by applying y to the coefficient 
sheaf. 

The following remark follows immediately from a simple naturality 
argument: 

REMARK 3.5.4. If g G iri(Mv
9 f) and if c0, cx are sections of irM ' over 

(R*V)m, the ra-skeleton of R*V, for some m ^ 0, and if hT for 0 ^ r ^ 1 
is a homotopy of sections of TTM' over (R*V)m_1 such that h{ — 
Ci I (R*V)W"1 for i = 0 and 1, then 

y*(dm(cb, c i ; fcT), g) = d™(r[/j « c0, r [ / ] o Cl; r [ / ] ° /iT) 

where {/} is any self-homotopy of /which represents g. 



370 L. L. LARMORE 

Nowle ty # : [ V C M]fX 7r1(M
v,f) -^ [ V C M] f be the right action 

defined as follows; If {gt} is any differentiable self-homotopy of / 
and if {f} is any e-homotopy of / , let y # ( [ / J , [gt] ) = [ht], 
where {ht} is the e-homotopy: ht = gl_2t if 0 â ^ = l , ht = 
fit-i if 2 = £ = 1 - The actions y^ and y# are consistent, i.e., if 
<f> : [ V C M]/ —> Sec(7rM') is the function defined in §1.1, y#(<f>e, g) = 
<f>(v*(e, g)) for all e G [ V C M] / ; g E T71(MV, / ) . 

DEFINITION 3.5.1. Let G be a group and A an Abelian group. We 
say a function a: AX G -» A is a rig/i£ ajfĵ ne action of G on A if 

(i) for all a G A and g , / i £ G , a(a, gh) = a(a(a, g), /i); 
(ii) for all a EL A, a(a, 1) = a, where l £ G i s the identity; 
(iii) for all a, b G A and g £ G , a(a + fc, g) = a(a, g) + a(fo, g) — 

«(0,g). 
Suppose now that k = 2 and n = 2/c + 1, and / is an embedding. 

By Theorem 2.5.1, we may identify [ V C M]f with H2k(R*V; ir2k), 
where [f] corresponds to 0. The following theorem follows imme­
diately from 2.5.1 and 3.5.4: 

THEOREM 3.5.5. If f is an embedding and n = 2k + 1, then 
y#\ [ M C V]fX 7Ti(Mv,f) - > [ M C V] fis a right affine action. 

In general (without any dimensional restriction on V and M) let 
A : [ y C M ] / ^ [ V C M ] be the function which takes [ft] to [ /J 

for each e-homotopy [ft] off as defined in §1.1. 

THEOREM 3.5.6. If h : V —» M is an embedding homotopic to f 
A _ 1 [h] is precisely an orbit of [ V C M]f under the action y#. 

PROOF. Choose an ^-homotopy {f} of / such that fx = h. Suppose 
that {gt} is a differentiable self-homotopy of/. Then y#([f], [gt]) 
= [kt], where kt = gx_2t if 0 ^ t ^ i and fc, = / g ^ if i g £ g 1. 
A[&J = [^i] = [h]- Conversely, suppose that {rt} is another e-

homotopy of / such that rx = h. Let {st} be the self-homotopy of / 
where st = r2t if 0 § t S ^ and st = /2-2* if i = t = 1. Then 

y#([/,]> [*.])= [ r j . 
3.6. Embeddings of Sk in M2k+l. Suppose now that Sk is the k-

sphere, for k = 2, and that M is a connected manifold of dimension 
n = 2k + 1. The space RSk is of the homotopy type of Sk, while 
R*S* has the homotopy type of real projective fc-space, Pk. 

DEFINITION 3.6.1. If <3 is any sheaf over R*Sk, let ^ ° C ^ be the 
subsheaf where ^ r ° = 0 if r $ PS*, and ^ r ° = ^ r if r $ PS*. 
We remark that H*(R*Sk; ^ ° ) = H*(R*S*? PS*; ^ ) [2]. 

DEFINITION 3.6.2. If A is an Abelian group and <f> : A —» A is an 
automorphism such that </>2 = 1, the identity, let [A, <£] be the sheaf 
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over R*Sfc obtained from the product sheaf RSk X A by identifying 
(r, a) with (Tr, <f>a) for all r G RS* and a G A. 

Let E : Z 0 Z - » Z 0 Z be the "exchange" automorphism, i.e., 
E(x, y) = (y, x) for all xyy GZ. 

Consider the sheaf irn-.l = TT^^TTM') = (R*(/, i ) ) " 1 ^ - ! (TTM') 

over R*Sfc, where / : Sk —» M is any differentiable map, and i : Sk 

—> M is any embedding. We shall assume that Sk and M have base-
points s0 and ra0, respectively, and/(s0) = ra0. 

KS* is simply connected, so irn-i breaks up as a direct sum (cf. 
Theorem 3.4.9); in fact 7rn_! = Z © Sg^iZ 0 , where Z is the trivial 
integer sheaf, and the sum is over all g G -nY = iri(M,m0) not equal to 
the identity. We define sets A C 7rl and B C T T J as follows: A con­
sists of all g Gin-i such that g j£ 1, g2 = 1, and d(g) = 0, and B 
consists of all g G. TTI such that g2 = 1 and d(g) = 1, where d : n^ —» 
Z2 is the orientation homomorphism. Let S and A be the sets of un­
ordered pairs in 7Ti as follows: © consists of all unordered pairs {g, g - 1 } 
such that g2 ^ 1 and d(g) = 0, and A consists of all {g, g - 1 } such 
that g2 ^ 1 and d(g) = 1. Using the action of TT1(R*S'C) = Z2 on 
the stalk of 7rn_!, we obtain directly, from Theorem 3.4.9, 

LEMMA 3.6.1. wn_x = [ Z , - 1 ] 0 S A [ Z , - 1 ] ° 0 ^ B Z° 0 

20[Z©Z,-E]°©2ArZ©Z,E](> 
It is sufficient to compute the cohomology of R*Sk with coefficients 

in each of the direct summands. 

LEMMA 3.6.2. H'2k(R*Sk; [Z, - 1 ] ) = 0. 

PROOF. R*Sk is of the homotopy type of a complex of dimension 
k < 2fc, and [ Z, — 1] is a local system. 

LEMMA 3.6.3. H2k(R*Sk; [Z, - 1 ] ° ) is isomorphic to Z if k is odd 
Z2 if k is even. 

PROOF. H2k(R*Sk; [Z, - 1 ] °) = H2k(R*S\ PSk; [Z, - 1 ] ) . Now 
R*Sfc is a 2k-manifold with boundary PSk, which is oriented if k is even 
and unoriented if k is odd. In the even case, the generator of 
H2k(R*Sk; [Z, - 1 ] °) may be taken to be the top class. 

LEMMA 3.6.4. H2k(R*Sk; Z°) is isomorphic toZifk is even, Z2 ifk 
is odd. 

PROOF. The proof is similar to that of Lemma 3.6.3, above. We 
leave the details to the reader. 

LEMMA 3.6.5. H2k(R*Sk; [Z © Z, £] °) = Z. 



372 L. L. LARMORE 

PROOF. We consider two cases; k even and k odd. We have exact 
sequences of sheaves 

e i :o-*z= [z,i]^[zez,E] A [z,-l] -*o, 
ß 2 : ö ^ [ Z , - l ] 4 [ Z e Z , £ ] 4 Z = [Z, 1] -* 0, 

where the maps a, ß, y, and e can be defined on the underlying 
groups as follows: ax = (x,x) and yx = (x, — x) for all x G Zy and 
ß(x, y) = x — y and e(x,y) — x -\- y for all x, y G Z. (Note that 
a, j8, y, and e all respect the appropriate actions; i.e., E ° y = 
y ° ( — 1), etc.) Note that e ° a i s multiplication by 2. Corresponding 
to e i and e2, we have exact sequences in cohomology, where ôi and 
82 are the Bokstein homomorphisms 

(ej* : X Z XH2k(R*S\ PSk; [Z 0 Z, E] ) ^ Z2 -* 0, 

(e2)* : ^ Z2 ^4 H2k(R*Sk, PSk; [ Z e Z , E ] ) 4 Z - > 0 , 

where e* ° a% is multiplication by 2. General algebraic considera­
tions show that €% must be an isomorphism, and we are done. If k 
is odd, the proof is the same with the roles of the sequences eY and e2 

reversed. 

LEMMA 3.6.6. H2*(R*Sfc; [Z 0 Z, - E] °) = Z. 

PROOF. Analogous to ex and e2 in the proof of Lemma 3.6.5, above, 
[Z 0 Z, — E] may be expressed both as an extension of Z by [Z, — 1] 
and as an extension of [ Z, — 1] by Z. We proceed as above. 

From Lemmas 3.6.1 through 3.6.6, we immediately obtain 

THEOREM 3.6.7. [Sk C M] f is isomorphic to^AZ 0 ^ ß Z 2 0 ^ Z 
if k is odd, and to ^AZ2 © ^ B Z 0 ^ Zif kis even. 

3.7. Explicit geometric construction of [Sk C M]f. We retain the 
notation of §3.5, and assume that / : Sk —> M is an embedding, 
where f(s0) = x; s0 is the basepoint of Sk. Recall that we let 
v G S(M X R00) such that irv = (x, 0). We can insist that i : Sk -> R 
be an embedding where i(s0) = 0. 

Let a be a 2fc-cell of R*S* such that, for some w* G PSk, w* G da 
and R*(/, i)(w*) = Ü*={Ü ? - Ü } G P ( M X R00). Pick a cell r C RS* 
such that 77T = cr and w G dr such that 770? = u;*. Choose any 
ordered pair (s1? s2) G Int r, and let Nx and N2 be closed ball-shaped 
neighborhoods of sx and s2, respectively, such that Nx X Nx C Int r. 
Let a : J —> T be a path such that a(0) = (s1? s2), a(l) = to, and 
a(t) G lnt T for all * < 1. Then, for all O S ^ S l , a(t) = («i(*)> 
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a2(t))> where a* : / —» Sk is any path from s{ to % for i = 1 and 2. 
Pick any g €: TTI = 77 ̂ M, x). Let ß : 7 —» M be a simple smooth path 
such that /3(0) = f(s2), 0(1) = /(*i), and the loop (/° «s -1) 
•j8(/° Si - 1) represents g. Let B be a neighborhood of ß(I) homeo-
morphic to a (2k + l)-ball such that B H /(S*) = /(Ni) U f(N2). 
Let ft : Sk -+ M, for 0 â £ = 1, be any homotopy of differentiable 
maps such that f0 = / , /,|(S* - N2) = /|(S fe - N2) for all t, and 
ft(N2) C B for all £, and where the map F : Sk X / - » M X 7, where 
F(s,t)=ft(s) for all s £ S f c and O ^ ^ l , has just one double 
point; namely F(s b | ) = F(s2 , | ), and F(Sfe X 7) meets itself transverse-
ly at (/(«,), U 

The liftings * [/J and 4>[/] are certainly homotopic on the 
(2k - l)-skeleton of R*Sk; in fact we may define gM : ((R*Sk)2k~\ 
PS*)-*(Y' , Z ') for O g w ^ l , explicitly, using the homotopy 
{ft} ( w e omit the details; {gM} is essentially the 4>-construction (cf. 
3.2) restricted to the (2k — l)-skeleton). Now consider the difference 
class: 

d** = d*{<t>[f] , * [ / , ] ; g„) G C2*(R*S<=; ff21fc). 

We can identify the stalk of ir2k over w* with that of ir2k(TTM) over Ü*, 
and we have 

LEMMA 3.7.1. d2k(a) = ±Y(g) and d2fe(a') = 0 /or any 2fc-ce/Z 
a ' ^ a. Furthermore, we may insist d2k(a) = Y(g), foy redefining 
{ft} if necessary. 

PROOF. Using the <I>-construction, we may extend the homotopy 
{gu} over a' for any (r'^cr, hence d2k((T') = 0. Now (cf. 2.4) 
d2k(a) is represented by a map h : d(a X I) -* Y such that, for all 
(a, *) G d(a X 7) and all 0 ^ u ^ 1, 

hin rt= SR*(f2tu(a\i) ifOSuSj, 
l ? ; l R * ( / M ( 2 - 2 f i ) t ) i f ^ t i ^ l , 

whose composition with px ° 7T_1 ° y (as in diagram 3.4-1) is homo-
topic to ±Y(g). The sign is ambiguous, because there are essentially 
two ways an r-manifold can intersect itself transversely in a 2r-
manifold. Both ways are possible in this case, hence we are done. 

We now define (g) G [Sk C M]/to be [ft], where {f} is described 
above. Theorem 1.2.1 then follows immediately from Theorem 3.6.7. 

3.8. Free isotopy classes. In this paragraph, we assume that 
/ : Sk -» M is a small embedding, i.e., f(Sk) lies in a single chart of 
M. Again, we assume that k = 2 and n = 2k + 1. We now investi-
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gate the affine action of T T ^ M s \ / ) on [Sk C M]f. Let s0 G Sk and 
m0 E M be basepoints, and assume that / is basepoint-preserving. 

DEFINITION 3.8.1. Let {ft} be a differentiable self-homotopy off 
We say that {ft} is small if /*(Sfc) lies in a single chart of M for 
each t, and we say that {ft} is Zarge if ft(s0) — m0 for all t. 

We remark that the subsets Lf and Sy of 7Ti(Msk,f) represented by 
large and small self-homotopies of/, respectively, are subgroups, and 
that Lf=7rk+\(M,m0) and Sf = ir\{M, ra0). Ly is normal, and 
TTi(Ms\f) is a semidirect product of Lf with S/, we leave this fact 
as an exercise. 

THEOREM 3.8.1. If x G.7Ti(Msk,f) is represented by a small self-
homotopy {ft}, then y((g),x) = ( — l)d{h)(h-lgh) for all g E TTI(M, m0), 
where h is the element of iTi(M,m0) represented by the loop 

PROOF, (g) is represented by a homotopy which extends a pseudopod 
out from f(Sk), around a loop a representing g, then linking f(Sk) 
with linking number 1. The action of x drags the entire image f(Sk) 
around the loop a, where a(t) = ft(s0) for all t; the pseudopod is 
now forced to follow the loop akra and link with linking number 
(_l)d(h)# 

THEOREM 3.8.2. If x E. Lf, then y((g), x) = (g) + y(0, x) for all 
gG7Tl(M,m0). 

PROOF. Since x is represented by a large self-homotopy {ft}, we 
may assume that {ft} leaves a neighborhood of s0, N, fixed; we can 
insist that N = B D Utft(Sk), where B is the (2k + l)-ball used 
to construct (g) in §3.7. Our theorem follows, because the difference 
cochain may be evaluated separately on N and Sk — N, and the results 
added. 

Theorem 1.2.2 follows directly from Theorem 3.8.1; we may extend 
this result slightly, using 3.8.2, as follows: 

THEOREM 3.8.3. If f : Sfc —> M is a basepoint-preserving small 
embedding, then the subset of [ Sk C M] consisting of those isotopy 
classes homotopic to f can be put into one-to-one correspondence 
with the set of orbits of the cokernel of a homomorphism 
E:7Tfc+i(M, m0) -» [Sk C M]f by a right action of iri(M,m0); pro­
vided k § 2 and dim M = 2fc + 1. 

PROOF. Let t :7Tfc+1(M, mo) —>7Ti(Msk,f) be the monomorphism 
onto Lf induced by the map Sfc+1 —> ilSk, and let S be defined by: 
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S (x) = y(0H(x)). By Theorem 3.8.2, H is a homomorphism. We can 
easily check that the action of S /= ^ ( M , ra0) on [Sk G M]f is con­
sistent with the usual right action of the fundamental group of a space 
on a higher homotopy group, via H • We leave the details to the 
reader. 
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