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SOME UNSOLVED PROBLEMS CONCERNING
COUNTABLY COMPACT SPACES

PETER FLETCHER AND WILLIAM F. LINDGREN

Introduction. As is well known, the concept of countable compact-
ness played an important role in much early work in general topology
and was only ousted from its central position after A. Tychonoff
showed that the more restrictive property of compactness was produc-
tive. Nevertheless present estimates of the gap between countable
compactness and compactness cannot be very precise, for in each of
the following questions if “countably compact” is replaced by “com-
pact”, then it is known that the resulting question has an affirmative
answer. Yet the questions, as stated, appear to us to be quite chal-
lenging.

(1) Is every countably compact Hausdorff space that satisfies the
first axiom of countability completely regular? (normal?)

(2) Is every countably compact quasi-topological group a topological
group? (Raised by A. D. Wallace [34] ).

(3) Does the existence of a countably compact Hausdorff space that
is not compact imply the axiom of choice for sets of some given
infinite cardinal?

(4) Is every countably compact Hausdorff space with a G;-diagonal
metrizable? (Raised by B. A. Anderson in [1] and in an alternate
form by R. W. Heath; Question 1 of [20].)

(5) Is every countably compact Hausdorff quasi-developable space
a compact metric space? (Raised by H. R. Bennett in [5]).

(6) Is every countably compact perfectly normal space compact?
(Raised by M. P. Berri, J. R. Porter and R. M. Stephenson; Problem
13 of [6]).

In this paper we are interested in the bearing that quasi-uniform
spaces have upon the study of countably compact spaces that are not
compact. We make no claim that the study of quasi-uniform spaces
sheds light on all the above problems; our results are confined to
partial solutions of problems 2, 4, 5 and 6. Nevertheless, it is known
that a topological space is (countably compact, compact) if and only if
its (upper semi-continuous, fine transitive) quasi-uniformity is pre-
compact, and it is quite possible that the similarity of these charac-
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terizations of countable compactness and compactness may yet be of
value in solving some of the problems listed above.

In section two we review both those facts about quasi-uniform spaces
that are needed in the present paper and those results that appear to
us to bear upon the study of non-compact countably compact spaces.

Section three concerns problem 2. We show that every quasi-
topological group admits a natural compatible quasi-uniformity and
that this quasi-uniformity is weakly locally symmetric if and only if
the given quasi-topological group is, in fact, a topological group. It
follows that every quasi-metrizable (= first countable) countably
compact quasi-topological group is a topological group. We show that
every quasi-uniformity compatible with a compact Hausdorff space is
weakly locally symmetric; hence we obtain an alternate proof of the
known result that every compact Hausdorff quasi-topological group is
a topological group. It is noteworthy that if every quasi-uniformity
compatible with a countably compact Hausdorff space is weakly
locally symmetric, then an affirmative answer to problem 2 for Haus-
dorff spaces would follow from our results. Unfortunately, the quasi-
uniform space problem is, itself, unsolved and appears to be an inter-
esting problem in its own right.

In section 4 we study subquasi-metrizable spaces. We show that a
topological space is a o #space if and only if it admits a coarser non-
archimedean quasi-metricc. We do not know if being subquasi-
metrizable is equivalent to being a o #-space, although this equivalence
holds in any space whose fine (= universal) quasi-uniformity has a
transitive base. We also modify a proof given by R. E. Hodel of D.
Burke’s result that every o# regular wA space is developable. From
our modification it follows that every regular countable compact
subquasi-metrizable space is a compact metric space.

Section 5 concerns countably compact spaces that have a (weak)
Gs-diagonal. We show that every topological space that has a G;-
diagonal and a compatible quasi-uniformity with the Lebesgue prop-
erty is subquasi-metrizable. We also show that every orthocompact
(hereditarily orthocompact) space with a (weak) Gs-diagonal is a o#-
space. In particular it follows that every orthocompact regular count-
ably compact space with a G,-diagonal is a compact metric space and
that every hereditarily orthocompact regular countable compact quasi-
developable space is a compact metric space.

2. Quasi-uniform spaces. The concept of a quasi-uniformity on a set
X was introduced by L. Nachbin [27]. If X is a nonempty set and U
is a filter on X X X, thenU is a quasi-uniformity on X if and only if

(i) foreachU €U, A = {(x,x) |[xE X} CU.
(ii) for each U €U, thereisa V E U such that Vo VC U.
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A (sub)base B for U is transitive provided that for each B € B,
B B= B. A quasi-uniformity with a transitive subbase is called a
transitive quasi-uniformity. If U is a quasi-uniformity on a set X,
then 7o,= {AC X:if x € A, there is VEU with V(x) C A} is a
topology for X. If X is a set, U is a quasi-uniformity on X and 7 is a
topology on X, then U is compatible with (X, ) provided that 7 =
7. Every topological space admits a compatible transitive quasi-
uniformity [28, Theorem 1] and among the compatible transitive
quasi-uniformities there is always a finest one, which is denoted by
3 Y. The following result is an evident modification of a result of
V. S. Krishnan [23].

ProposiTion 2.1 [23]. Let (X,7) be a topological space and let
U be the collection of all upper semi-continuous functions on (X, 7).
For eache > 0 and each f € U, let

Ugo= {xy) EXX X:fly) — flx) < e}

The quasi-uniformity U generated by {U;, :f€ U, € > 0} is com-
patible with .

The quasi-uniformity of Proposition 2.1 is called the upper semi-
continuous quasi-uniformity and is denoted by USC. It is shown in
[15] that US C is a transitive quasi-uniformity.

A quasi-uniform space (X, U) has the Lebesgue property provided
that for each 7,-open cover ¢ of X there exists U € U such that
{U(x) : x € X} is a refinement of £. A quasi-uniformity U is precom-
pact provided that if U €U, then there is a finite subset F of X such
that X = U {U(x) : x € F}.

A result of some importance is that a T) space is quasi-metrizable
if and only if it admits a compatible quasi-uniformity with a countable
base. This result is embedded in J. L. Kelley’s presentation of the
metrization lemma [22, page 185]; however, a direct and simple
proof follows from an elegant lemma of A. H. Frink. Frink’s lemma was
originally given for symmetric distance functions. It is easily verified
that Frink’s result also holds for non-symmetric distance functions.

Lemma. [17]. Let X be a set and let d be a function that assigns
a non-negative real number d(a,b) to every ordered pair (a,b) €
X X X. Suppose that d satisfies the following conditions,

(i) d(a, b) = Oifand only ifa = b,

(ii) Foreache > 0,ifd(a, b) < e and d(b, c) < €, then d(a, ¢) < 2.
Then (X, 74) is quasi-metrizable.

The function d given above need not be a quasi-metric.



98 P. FLETCHER AND W. F. LINDGREN

ProposiTioN 2.2. A T, space (X, 7) is quasi-metrizable if and only if
it admits a compatible quasi-uniformity with a countable base.

Proor. Let (X,7) be a T, space and let U be a compatible quasi-
uniformity with a countable base {U;}%_,. Without loss of generality
we may assume that U7, , C U; for i = 1. Define a real-valued func-
tion d with domain X X X as follows.

(i) d(a,a) =0,

(ii) for a # b, d(a, b) = 1/2/ where i is the least positive integer n
such that b & U,(a). It is easily verified that d satisfies the conditions
of Frink’s lemma. The remaining implication may be established in
the obvious manner.

The following two propositions appear to bear upon the problems
discussed in this paper, however they are not used subsequently in
this paper.

ProrosiTioN 2.3 [3]. A topological space is countably compact if
and only if US C is precompact.

ProrosiTioN 2.4 [15]. A topological space is compact if and only
if 39 is precompact.

3. Quasi-topological Groups.

DEeFINITION. A quasi-topological group is a T, topological semi-
group (X, °,7) such that (X, ¢ ) is a group.

It is known that a regular Hausdorff quasi-topological group is a
topological group provided that it is either a completely regular
maximal Lindelof space or a locally compact space ([29] and [11].
In [18] it was asserted that every countably compact Hausdorff
quasi-topological group is also a topological group; however, in [34]
A. D. Wallace pointed out an error in the arguments of Lemma 2 of
[18] and raised Question 2.

We omit the proof of the following proposition, since the argument
needed to establish this proposition is standard.

ProrosiTioN 3.1. Let (X, °,7) be a quasi-topological group and for
each U€En, define LU)= {(x,y) EX X X:x"ly€ U}. Let B
be a base for M., and let L= {L(U): U € B}. Then L is a base for a
compatible quasi-uniformity for (X, 7).

The quasi-uniformity generated by L is denoted by £ and is called
the left quasi-uniformity for (X, o, 7) with respect to 8. The right and
central quasi-uniformities X and C are defined in the following
manner. For each U€mn, let RU)= {(x,y) EX X X:yx ' €U}
and let C(U) = R(U) N L(U). Let B be a base for m,. Then R and £
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are the quasi-uniformities generated by R= {R(U): U €B} and
C = {C(U): U €B} respectively. We note that £ and R are not in
general, conjugates (i.e., £ 7‘ R ~1); consequently £ is not, in general,
a uniformity.

ProposiTioN 3.2. A quasi-topological group (X,°,7) is quasi-
metrizable if and only if (X, 7) satisfies the first axiom of countability.

Proor. Suppose that (X, 7) satisfies the first axiom of countability.
Then %, has a countable base B and the corresponding quasi-
uniformity £ is a compatible quasi-uniformity for (X, 7) with a count-
able base. The result now follows from Proposition 2.2.

DeFiniTION [268]. A quasi-uniform space (X,U) is weakly locally
symmetric provided that if x € X and U €U, then there is a sym-
metric entourage V € U such that V(x) C U(x).

Derinirion [10]. A topological space (X,7) is Ry (also called
essentially T) provided that if x, y € X, then {x} = {y} or {x} N {y}

It is known that a topological space admits a compatible weakly
locally symmetric quasi-uniformity if and only if it is an R, space [26,
Theorem 3.6] .

Proposition 3.3. Let (X, °,7) be a quasi-topological group. Then
(X, °,7) is a topological group if and only if one of £, R or C is weakly
locally symmetric.

Proor. If (X, °, ) is a topological group, then it is well known that
£, R and ¢ are uniformities. We prove the converse for /. Let
p : X— X be defined by p(x) = x~!. In order to show that p is continu-
ous it suffices to show that p is continuous at e. Let e € A € 7. Then
there exists W € 7M. and a symmetric entourage V € £ with V(e) C A
and L(W)CV. Then W= {y:(y ' e) € LW)}Cp1(V(e) C
p~(A) and p is continuous at e.

LemMma. A quasi-uniform space (X,7U) is weakly locally symmetric
ifand only if 1, C 7,7 L.

Proor. Suppose first that 7, C 7,,7!. Let x € X and let U EU.
Then since x € int U(x), there exists V&U such that V-1(x) C
int U(x) C U(x) and there exists W €U such that W C U N V. Then
WU W-! is a symmetric entourage and WU W-1(x) = W(x) U
W-1(x) C U(x) U V-Y(x) C U(x). Thus (X,U) is weakly locally sym-
metric.
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Now suppose that U is weakly locally symmetric. Let x € A € 7,,.
Then there exists U € U such that x € U(x) C A, and there is a sym-
metric V € U such that V(x) C U(x). Thus A € 79,1 and 7, C 74,71

Proposition 3.4. If (X,7) is a (countably) compact R, space, then
every compatible quasi-uniformity (with a countable base) is weakly
locally symmetric.

Proor. We prove only the parenthetical result, since the proposi-
tion concerning compact R, spaces follows similarly. Let (X, 7) be a
countably compact R, space and suppose that U is a compatible
juasi-uniformity with a countable base B that is not weakly locally
symmetric. By the preceding lemma, there exist x € X and U €U
such that the 7o, — int U(x) € 7o,/". Thus if K= X — (1, — int U(x)),
then there exists ¢ € 7, — int U(x) such that for each V €U, V-1(q) N
K# @. Let 9 be the filter generated by {V-!(q) N K: V EU}.
Then 3 has a cluster point p. Note that p € K and that for each
VEU pEV-q). Let WEU with Vo VC W. Now p E V-1(q)
C V-le V-l(qg), whence (p,q) EW. Since (X,7) is Ry, q €
N {W(p): W EU}sothatqg € {p}andq € {q} = {p} C K= K—gq,

contradiction.

CoroLLary. [11, Theorem 1]. Every compact quasi-topological
group is a topological group.

CoroLLAry. Every countably compact quasi-topological group that
satisfies the first axiom of countability is a compact metrizable topo-
logical group.

Proor. Let (X,°,7) be a countably compact quasi-topological
group that satisfies the first axiom of countability. LetB be a countable
base for n, and let £ be the left quasi-uniformity for (X, °,r) with
respect to 8. Then £ has a countable base so that by the preceding
proposition £ is weakly locally symmetric. By Proposition 3.3 (X, °,7)
is a topological group; and the result follows since every topological
group that satisfies the first axiom of countability is metrizable.

4. Topologies comparable to quasi-metric topologies.

DeriniTiON. Let (X, 7) be a topological space and let € be a collec-
tion of open sets such that if x € X, then N {CEC:xEC}ET.
Then C is a Q-collection. If € is an open cover of X, then € is a Q-
cover of X. If Cis a Q-collection, the A, = N {C € C|x € C}.

DEerFiniTION. Let (X, 7) be a topological space and let B be a (sub)
base for 7. If there exists a sequence {B;}%_, of Q-collections such that
B = U %_ B, then B is a o-Q(sub) base for .



PROBLEMS CONCERNING COUNTABLY COMPACT SPACES 101

A space (X, 7) has a o-Q-base if and only if it has a o-Q-subbase.

Tueorem 4.1 [14, Theorem 3.2]. Let (X,7) be a T, topological
space. Then the following are equivalent,
(i) There exists a o-Q-base for,
(ii) (X, 7)is generated by a non-Archimedean quasi-metric,
(iii) (X, ) has a compatible transitive quasi-uniformity with a count-
able base.

DeriniTiON [25]. A cover V of a set X is separating if given
x,y EX with x # y, there is VE @/ such that xEV, y§ V. A
topological space with a o-closure preserving separating closed cover
is called a,o#-space [33].

DeriniTioN [1]. A topological space (X, 7) is submetrizable pro-
vided that there exists a metric topology U on X such that U C 7.
Subquasi-metrizable, and subnon-archimedean quasi-metrizable are
defined analogously.

The space ¥, due to J. Isbell, given in [19, Example 5I] is a locally
compact Moore space that is not submetrizable. [1, Example 2.4].
It follows from Theorem 3.4 of [14] that ¥ is quasi-metrizable. On
the other hand, the countable box product of real lines is a simple
example of a submetrizable space that is not quasi-metrizable. [32,
Example 109] .

THEOREM 4.2. A topological space (X, 7) is a o#-space if and only if
it is subnon-Archimedean quasi-metrizable.

Proor. Suppose that (X,7) is a o#-space and let 9 = U 5., {9}
be a o-closure preserving separating closed cover. For each i= 1,
let 9'=Ui_19, U{P} and let B;= {X— F|FE '} Let
x € X. Thenforeachi= 1,N{BEB; |xEB}=N{X—-F|FE 9’
andx§é F}=X—-U({F|FE 9'andx§ F} E7. Foreachi=1,
let B, = {A,”"|x € X} and let B’ = UB;". Since T is a separating
closed cover, B' is a separating open cover; consequently, B’ is a o-
Q-base for a T, subtopology 7'. It follows from Theorem 4.1 that
(X, 7) is subnon-Archimedean quasi-metrizable. The remaining impli-
cation is proved similarly.

It is an open question whether every subquasi-metrizable space is a
a#-space; however it follows from [15, Theorem 3.4] that a space
(X, 7) with a coarser quasi-metrizable topology 7’ is a o'# -space if the
fine quasi-uniformity for (X, 7) has a transitive base.

The following characterization of semi-stratifiability is given in
[21]. A topological space (X,7) is semi-stratifiable provided that
there is a function g : N X X — 7 such that for each x € X and n € N,
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x € g(n, x) and such that if x € g(n,x,) forn=1,2, - - - then x is a
cluster point of the sequence (x,). A space (X, 7)is a wA-space if there
is a sequence S |,5,, - - - of open covers of X such that, for each x € X,
ifx, Est(x,g,) forn= 1,2, - - -, then the sequence (x,) has a cluster
point [7]. The following theorem is based upon the proof of [21,
Theorem 4.6].

Tueorem 4.3. Every subquasi-metrizable wA-space is semi-
stratifiable.

Proor. Let (X,7) be a subquasi-metrizable wA-space, let &,,5,,
-+ - be a wA-sequence for X and let d be a quasi-metric on X such
that 7 C7. For each x€X and n=1, let h(nx)= {y E
st(x,9,) | d(x,y) < 1/2"}. Clearly x € h(n,x). Let x € h(n,x,) for
n= 1. Then for n= 1, x € st(x,,5,) and so x, € st(x,5,). Conse-
quently the sequence (x,) has a cluster point y. Suppose that y # x.
Then there is k € N such that d(y, x) > 1/2%. Since y is a cluster point
of (x,), there is m > k + 1 such that d(y, x,,) < 1/2x*1. Now x €
h(m, x,,) so that d(x,,, x) < 1/2¥*! and d(y, x) = d(y, x,) + d(xm, x) <
1/2k+1 4+ 1/2k+1 = 1/2k — a contradiction. Therefore x is a cluster point
of (x,) and so (X, 7) is semi-stratifiable.

CoroLLary. Every countably compact regular subquasi-metric
space is a compact metric space.

Proor. Clearly every countably compact space is a wA-space,
and it is known that a regular wA-space is a Moore space if and only
if it is semi-stratifiable [21, Corollary 2.6].

5. Spaces with a (weak) G;-diagonal. In [8] Ceder obtained the
following useful characterization of spaces with a G;-diagonal; this
characterization also motivates the definition of a weak G;-diagonal.

ProposiTioN 5.1. [8, Lemma 5.4]. A space (X, 7) has a Gys-diagonal.
if and only if there is a sequence (G;) of open covers of X such that for
eachx € X, N3 st(x,g;) = {x}.

DerinitioN [33]. A space (X,7) has a weak Gs-diagonal if there
is a sequence (G;) such that for each i,5; C 7 and for each x € X,
N{st(x,5) | x Est(x,g;)} = {x}.

We note that every quasi-developable space has a weak G;-diagonal
(For the definition of a quasi-developable space see [5]).

Tueorem 5.2. Let (X, 1) be a topological space with a G-diagonal
and suppose that (X, 1) admits a compatible quasi-uniformity U with
the Lebesgue property. Then (X, 1) is subquasi-metrizable.
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Proor. Let (5;) be a sequence of open covers as given in Proposi-
tion 5.1. For each i, let U; €U such thatU; = {Uj(x) | x € X} refines
G; and such that for each i, U%,, C U;. Let V be the quasi-uniformity
generated by {U;}%.;. Then & CU so that 74 C 7¢,= 7 and since
for each i = 1, st(x, %) Cst(x,5;), A = N{VEYV }. It follows from
Proposition 2.2 that (X, 7, ) is quasi-metrizable.

DerintrioN [31]. A topological space (X, 7) is (o-)orthocompact
provided that if € is an open cover of X, then there is an open refine-
ment R of € such that R is a Q-cover (R = U 3_,R; where each R;
is a Q-collection).

Tueorem 5.3. Every o-orthocompact space with a Gs-diagonal is a
o #*space.

Proor. Let (X,7) be a o-orthocompact space with a G;-diagonal
and let (5;) be a sequence of open covers as given in Proposition
5.1. For each i=1 let R; = U j_,K(i, d) be an open refinement of
G; such that each R (i,d) is a Q-collection. Let R'(i,d)=
{AXGD | x € X}. Then B= U%_; 42, R'(i,d) is a o-Q-subbase for
a T, subtopology 7'. It follows that 7' has a o-Q-base so that by
Theorem 4.1, (X, 7) is a o#-space.

CoroLLARY. A countably compact space with a Gs-diagonal is com-
pact if and only if it is orthocompact.

Proor. Let (X, 7) be a countably compact orthocompact space with
a G,-diagonal. Since (X, 7) has a G;-diagonal, (X, 7) is a T, space. By
Corollary 4.5 of [9], in order to show that (X, ) is compact it suffices
to show that (X, 7) is semi-stratifiable. By the previous theorem (X, 7)
is o# and so by Theorem 4.3 (X, 7) is compact. The converse is evident.

Every orthocompact space has a compatible quasi-uniformity with
the Lebesgue property [14, Theorem 2.2]. We do not know if every
topological space that admits a compatible quasi-uniformity with the
Lebesgue property is orthocompact; however, this equivalence holds
in any space whose fine quasi-uniformity has a transitive base. It is
evident that every metacompact space is orthocompact so that in light
of the well-known result of R. Arens and ]. Dugundji that every meta-
compact countably compact space is compact, it might seem reason-
able to conjecture that every countably compact orthocompact space
is compact. It is known, however, that every linearly ordered space is
orthocompact in its order topology [12], [13] and [24]. Con-
sequently, the space W of all ordinals less than the first uncountable
ordinal is an example of a normal countably compact orthocompact



104 P. FLETCHER AND W. F. LINDGREN

space in which each point is a G,-point that is not compact. (But this
space is also not perfectly normal since the set of all limit ordinals is a
closed set that is not a G,-set. Hence this example does not provide a
solution to Problem 6 as claimed in [32].)

TueoreM 5.5. Let (X, 7) be a hereditarily orthocompact space with
a weak Gs-diagonal. Then (X, 1) is a o#-space.

Proor. Let (5;) be a sequence of open collections such that for
each i, §; C 7 and for each x € X, N{st(x,5;) |x € st(x, &)} = {x}.
For each i let G* = UG, and let R; be a Q-refinement of ;. Note
that since &;* is open, R ; C 7 and for each x € G;* A7 € 7. For
each i=1 let B, = {A," |x €9;*} and let B = UB,;. Then B is a
o-Q-subbase for a T, subtopology 7'. It follows that 7' has a o-Q-base
and so the result follows from Theorems 4.1 and 4.2.

CoroLLarY. Every hereditarily orthocompact countably compact
space with a weak G,-diagonal is compact.

CoroLLARY. Every hereditarily orthocompact countably compact
quasi-developable space is compact.

It is known that every countably metacompact o-orthocompact space
is orthocompact and that any orthocompact space in which every
closed set is a G, is hereditarily orthocompact [16, Proposition 3.1
and Theorem 3.3]. Consequently, we have the following corollary,
which sheds some light on Problem 6.

CoroLLary. Let (X,7) be a countably compact perfectly normal
space. Then the following statements are equivalent.

(a) (X, 7) is quasi-metrizable.

(b) (X, 7) is sub-quasi-metrizable.

(c) (X, 7) is o-orthocompact and has a weak G;-diagonal.

(d) (X, ) is a compact metric space.

6. Addendum. Some of the foregoing corollaries were, for simplicity,
not formulated in their most general setting. Their generalizations are
evident. Furthermore, although our primary concern is the study of
countably compact spaces, some of our results bear upon other areas.
For example, it is clear that the above results bear upon some of the
problems raised in [30]. We also believe that the following two
problems, which we wish to add to the list of problems concerning
countably compact spaces that are not compact, are well-motivated.

(8) Does every countably compact Hausdorff space admit a com-
patible quasi-uniformity with the Lebesgue property?

(9) If U is a quasi-uniformity that is compatible with a countably
compact Hausdorff space, isU necessarily weakly locally symmetric?
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AppEp IN Proor. Recently Adam Ostaszewski has used { (or to
be exact ¢» and the continuum hypothesis) to obtain negative answers
to questiorlls 1 and 6. It is unknown if these questions can be answered
negatively without employing extra set theoretic conditions. More-
over, it is still plausible that these questions could be answered
affirmatively with the aid of different, extra, set-theoretic hypotheses.
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