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SOME ELEMENTARY NUMBER THEORETIC IMPLICATIONS 
OF THE SYMMETRIC FUNCTIONS THEOREM 

C. H.KIMBERLING 

1. Introduction. Our purpose in this paper is to present some ele­
mentary applications of the symmetric functions theorem which are 
difficult or impossible to find in the literature. Perhaps the closest 
reference is the recent expository paper of Gerst and Brillhart [3], 
which the interested reader will certainly want to consult. 

The present paper consists of Theorem 1 below and some implica­
tions of that theorem: (1) if £ is an integer in the cyclotomic field 
Q(f ), where £ is a primitive nth root of unity, then the norm of £ in 
Q(£) is congruent to 0 or 1 modulo each prime divisor of n; (2) a simi­
lar result holds for determinants of circulants; (3) under cyclic permu­
tations of coefficients within their factors, certain products remain 
congruent mod k; (4) if a and ß are in a certain class of algebraic 
integers, a condition is found under which a prime p divides the 
discriminants of a + ß and aß. 

Another implication of Theorem 1 is an extension of ordinary con­
gruence mod g for rational integers to a larger class of algebraic 
integers. The main idea is suggested by defining i = 1 mod 2, since 
x2 + 1 = (x — I)2 mod 2. Theorem 1 leads to conditions under which 
ß = a mod p and 8 = y mod p imply ß + 8 = a + y mod p and 
ßO = a y mod p, etc. A generalization of Fermat's theorem is obtained. 

Throughout, let I = rational integers, J+ = positive rational 
integers, and p — a prime in l+. Let a,ß, y, 8 denote algebraic integers 
and let polynomials in I[x], always assumed monic, be written as 
follows: 

m m 

a(x)= n (*-<*)> &(*>= n ( * - A ) , 

c(x) = n (* - 7i)> d(x) = J ] (* - Si)-

Only when explicitly stated shall we assume that a(x), b(x\ c(x\ d(x) 
are the minimal polynomials of the roots a, ß9 y, 8, where ax = a, 
ßi = ßy etc. The notation b(x) = a(x) mod g means that, when b(x) 
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and a(x) are written out as b0 + bxx + • • • + fon_!Xn_1 + xn and 
a0 + axx + • • • + am_lx

m~1 + xm, we have n = m and foj = a{ 

mod 9 for i = 0,1, • • -, m — 1. 

2. Main theorem. First we shall state without proof an easy con­
sequence of the symmetric functions theorem: 

LEMMA la. Suppose q G I+ and b(x) = a(x) mod 9. Suppose 
T(XX, • - -9xm) and a(x1? • • -,xm) are symmetric polynomials in 
I[xi9 • • ',xm] having the same form, such that each coefficient in 
r(xi, - - m,xm) is congruent mod q to the corresponding coefficient in 
<r(xx, - - ',xm). Then 

T(ß\, • ' -,An) —«Kai, ' * 'yOnJmodq. 

THEOREM 1. Suppose q G Z+ and b(x) = a(x) mod q and d(x) = 
c(x) mod q. Then 

n m n m a) n n [*-/<&%)]s n n [*-/(«.. ŷ )] «»od 9 
j=l i = l j = l t = l 

/or eüen/ polynomial f(x, y) inl[x,y]. 

PROOF. Rewrite (1) as 

t0+ txx + ' ' * + *mn = *o + *i* + * * ' + xmn mod 9. 

Each £fe is symmetric in the ß/s and in the ô/s. Thus, regarding the 
8/s as indeterminants, we have £fc expressible as a polynomial in 
81, ' ' *,8n in which each coefficient, as a symmetric polynomial of 
the /8/s, is an integer. By Lemma la, this integer is congruent mod q 
to the corresponding coefficient in sk expressed as a polynomial in 
7i> ' ' ">7n- Th u s each £fc is a symmetric polynomial of 81, • * •, 8n and 
within congruence modq, sk is the same polynomial of y1? • • ',yn. 
Lemma la applies again and we conclude that tk = sk mod q for 
k = 0 ,1 , • • -,ran — 1. 

Theorem 1 and its implications which follow have generalizations 
to more than two pairs of numbers a, ß and y, 8 at a time and also to 
congruences modulo prime ideals in coefficient rings. 

THEOREM 2. Suppose q G I+ and b(x) = a(x) mod 9. Then 

m m n [*-/(&)]= n [*-/(*) mod ? 
1 = 1 t = l 

for every f(x) inl[x]. 
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PROOF. Put d(x) = c(x) = x in Theorem 1. 

COROLLARY 2a. Suppose n è 2 and f is a primitive nth root of 
unity. Suppose p is a prime which divides n and £ is an integer in the 
cyclotomic field Q(Ç). Let N(£) denote the norm oft, in Q(i). Then 
N(£) = 0 mod p or N(£) = 1 mod p. 

PROOF. Write n = prk where pjfk. Let Fn(x) denote the nth 
cyclotomic polynomial. Then 

(2) Fn(x) = [F f c (x) ]^>modp, 

as proved in [4]. In terms of the conjugates f = fi, £2> ' ' '> f*(n) 
of f and the conjugates 171,172, * * '>V<t>(k) of a primitive kth root TJX 
of unity, (2) becomes 

<t>(n) 

n (x 6) 
i = l 

11 (*-*fc) modp 
i = l J 

Now the conjugates of £ in Q(f) are given by & = /(&) for some 
/(x) in / [ x ] , since f and its powers form an integral basis for Q(f). 
See, for example, Pollard [6], pp. 67-70. By Theorem 2, 

<t>(n) <t>(k) 

n (* - i d s n [̂  - /(»».)] *<p,) mod p. 
For x = 0, we have 2V(£) on the left and Kp_1 on the right, where K 
is a rational integer. By Fermata theorem, Kp~l reduces modp to 
Oor l . 

In passing, let us note a similar result which follows immediately 
from (2) and Fermat's theorem: For every integer k, we have Fn(k) 
= 0 mod p or Fn(k) = 1 mod p. 

We illustrate Corollary 2a with an example. For £ a primitive fifth 
root of unity and £ = a + M + ci2 H- di3, the norm of £ is the deter­
minant 

a 

-d 

d — c 

c — b 

b e d 

a — d b — d c — d 

— c a — c b — c 

d — b —b a — b 

which (along with being positive except in one case) is = 
(a + b + c + d)4 mod 5. (For the definition of norm as a determinant, 
see [7] ,p. 130.) 
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COROLLARY 2b. Let c(x) = c0 + cxx + • • • + cn_1xn~1 (E I[x] 
where n = <f>(k) and k is 2 or an odd prime or twice a Fermât prime 
22 + 1. Let rl9 • • -, rn be the positive integers less than and relatively 
prime to k. Then the determinant of the circulant 

Cn-l C0 Cn-2 

C = I Cn-2 Cn-\ c0 pn-3 

c2 C0 

satisfies \C\ = H?=i c(r%) m ° d &• 

PROOF. The characteristic roots of C are c(^), i = 1, • • -, n, where 
the ii's are the roots of xn = 1 (e.g., [1], p. 242). Applying Theorem 
2 to 

n 

xn — i = Y\ (x ~~ ri) m ° d fc 

gives 

ft [*-c(Ä)] s I I [x - c(n)} mod k. 
i=l i=l 

(A reference for the case of composite fe is [2] , p. 87, bottom, where 
it is to be noted that primes of the form 2* + 1 for i = 0 ,1 , • • -, are 2 
and the Fermât primes 22t + 1.) The required result follows for x = 0. 

COROLLARY 2C. Given the notation of Corollary 2b, let 

c(x) = c0 + cn_xx + cn_2x2 + • • • + c2x
n~2 + CyX"-1 

and let 

c(m \x) = cn_m + cn-m+ix + • • • - + • cn_m_1£n 

for m = 1, 2, • * -, n — 1, where cn = c0, c n + 1 = cl9 • • -, c2n_i = 
cn_x. Then 

( - i ) m n c(m)(n)=n c(n)=(-i)m n ^(^moa* 
i = 1 i = 1 i = 1 

for all c(x) of degree ^ n — 1 in I[x] and m = 1,2, • • -, n — 1. 
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PROOF. We have Y[ni=i c(ri) = 1̂ 1 m o ( ^ ^ ^ n ° ^ number of row 
transpositions converts C into the circulant C(1) with top row 
(cn-i>Co,cl9 ' • -,cn_2). Thus ( - 1 ) 1 ^ ^ 1 = |C|. By Corollary 2b, 

\C<u\s n c ^ m o d * . 

The rest of the proof for c(m) follows by induction, since C(m + 1) comes 
from C(m) for m = 1,2, • • -, n - 1 as does C ^ from C. For c(m), note 
that the transpose of C is the circulant whose top row consists of the 
coefficients of c(x) in order. Thus the argument above applies to c(m\ 

3. A Congruence Relation for Algebraic Integers. 
DEFINITIONS. 1. For r G. I+, let Ir be the set of algebraic integers 

whose degree divides r. If a in Ir has minimal polynomial a(x) of 
degree m, then the r-polynomial for a is [a(x)]r,m, henceforth written 
tf(x). 

2. For r and q in 7+, define = mod ç in Ir as follows: 
r 

j8 = a m o d q ifb{r)(x) = a(r)(x) mod q, 

where b(x) and a(x) are the minimal polynomials of ß and a, respec­
tively. Whenever ß== a mod g for r = max (degß, dega), we shall 
write merely ß = a mod q. For example, primitive pth roots of unity 
satisfy f = 1 mod p, primitive 2pth roots of unity satisfy £ = — 1 mod p, 
and primitive 12th roots of unity satisfy £ = i mod 3. 

Clearly= mod q is an equivalence relation in Ir and generalizes 
the congruence relation = mod q in I. 

LEMMA 3a. Suppose b(x) and c(x) are monic polynomials in I[x] 
and üi(x)9 ' ' ',aj(x), also monic in I[x], are irreducible mod p. If 

b(x)c(x) = J | üi(x) mod p, then b(x) = j \ ak (x) mod p 
i = l £ = 1 

for some subset {iif • • *,ife}of{l, • • - , j} . 

For a proof, see [5], p. 96. 
r s 

THEOREM 3. Suppose ß= a modp and 8 = y mod p. Suppose 
f(x,y) G I[x,y] and that the minimal polynomial g(x) of f(a,y) 
is irreducible mod p. If 

n m 

I l I I [x-flcbyj)]** [g(x)]*modp 
j=l i=l 

for some K in I + , thenf(ß, 8) = f(a, y) mod p. 
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PROOF. Denote by a(x), b(x), c(x), d(x) the minimal polynomials of 
a, ß, y, 8, respectively. Write [b(x)] M = [a(x)] M' mod p and 
[d(x)]N = [c(x)]N' mod p, in accord with Definition 1. By Theorem 1, 

(3) n n [* - m> m «*= n n [* - /(<*,%)] MW mod P 
3 i j i 

where the <%, ßh yjy 8j range through the conjugates of a, ß, y, 8. (We 
are not assuming here that a and ß, nor y and 8, have the same degree, 
only that the degrees of a and ß divide r and those of y and 8 divide 
s.) By hypothesis the right side of (3) is = [g(x)]KM'N' mod p. The 
minimal polynomial of f(ß, 8) is a factor of the left side of (3). By 
Lemma 3a, this polynomial is = [g(x)]L for some L in I+. By 
Definition 1, f(ß, 8) = f(a, y) mod p. 

DEFINITION 3. b(x) splits completely mod p if there exist rational 
integers bi9 • • -, bn, not necessarily distinct, such that 

b(x) = (x — bi) ' ' - (x — bn) mod p. 

Let 2-v denote the set of/3 which are roots of such b(x). 
It is known that each b(x) splits completely for infinitely many p. 

In fact, for any a(x) and b(x), infinitely many primes split both a(x) 
and b(x) completely. See [3] for elementary proofs. 

COROLLARY 3a. Under ordinary + and • , £visa ring. 

PROOF. Apply Lemma 3a to (1). 

DEFINITION 4. Let 0 v be the set of algebraic integers ß such that 
ß=c mod p for some c in I+. 

COROLLARY 3b. Under ordinary + and - , 0 visa ring. 

PROOF. Apply Lemma 3a to (1). 

EXAMPLE. Every second degree algebraic integer lies in an 0 p. 
Suppose b(x) = x2 + bx + a G I[x]. If b and a are both even then 
b(x) = x2mod2. If only b is even then b(x) = (oc — l ) 2 mod2 . 
Otherwise, 

x2 + bx+ a= (x -^ Ì mod (b2 - 4a). 

THEOREM 4. Suppose b(x) splits completely mod p. Let q(x) be the 
minimal polynomial of any coefficient in any monic polynomial which 
divides b(x) over the complex number field. Then q(x) splits com­
pletely mod p. 
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PROOF. Any monic polynomial dividing b(x) = f j l ^ i (x — ßi) has 
the form a(x) = 0 ^ = i (x "" ßi ) w * t n coefficients of the form 
o"(ßiiyßi2, • • ',ßim), where a is an elementary symmetric function 
in m indeterminants. 

For any ra-element set S = {x1? • • *,xm} let S' denote the ordered 
m-tuple (xi, • • • ,x m ) . Let Ç(ac) = f [ [x — cr(S')], where S ranges 
through the m-element subsets of {ßi9 • • -,/3n} (with repeated ß's 
counted as distinct elements). The coefficients of Q(x) are symmetric 
in/31? * * -yßn> so Q(x) has integer coefficients. In fact, each coefficient 
is a polynomial in the elementary symmetric functions of ßx, • • -,/3n, 
and these were assumed congruent to corresponding coefficients in 

n<n=i (* ~ bi)-Thus 

ç w = n [x"" (̂*')] modp 
where as above, s' ranges through m-tuples of fo/s. Each cr(s') is an 
integer, so Q(x) splits completely. Since q(x) divides Q(x) modp, 
Lemma 3a applies, and q(x) must split completely mod p. 

COROLLARY 4a. Suppose B(x) = (x — b)n mod p where b Œ I, and 
suppose A(x) is a monic polynomial of degree m with complex co­
efficients which divides B(x) over the complex number field. Then 
A(x) = (x — b)m mod p, in the sense that the (not necessarily real) 
coefficients of A(x) are respectively congruent as in Definition 2 to 
those of(x — b)m. 

PROOF. First suppose b = 0. As in the proof of Theorem 4, we 
easily find A(x) = xm. Now for arbitrary fc in 1, we have B(x + b) 
= xn and A(x+b) dividing B(x + b). Thus A(x + b) = xw, so 
A(x) = (x - b)m. 

The following generalization of Fermat's theorem shows that if 
ß G 3V and b(0) ^ 0 mod p, then/3»-1 G 0P. 

THEOREM 5. If ß G ^ p and fo(0) ^ 0 mod p, then ßv~l= 1 mod p. 

PROOF. Applying Theorem 2 to 

m m 

I ] (x - ßi) = f i (x - fi) mod p 

gives 
m m 

I ] ( x - i S f - 1 ) ^ n ( x - r f - ^ m o d p 

= (x — l ) m mod p. 
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By Lemma 3a, the minimal polynomial of ßp~l is congruent modp 
to (x — l)s for some s in I+. 

Clearly if the restriction b(0) ^ 0 is removed, then b(x) = xr(x — 1)* 
for some r and sinl+. 

THEOREM 6. Suppose a and ß lie in $.v. Let f(x,y)E.I[x,y] 
and let d be the degree of f(a, ß). If the prime p is less than d, 
then p divides the discriminant off(a, ß). 

PROOF. Let g(x) denote the minimal polynomial of f(a,ß). By 
Corollary 3a, there exist d integers g{ such that 0 ^ g{ < p for 
i = 1,2, • • -, d, and 

d 

g(*) - n (x - s ) m o d v-
i = l 

Since d> p, we have gj = g{ for some j ^ i. As a symmetric func­
tion of the roots, the discriminant of f(a, ß) is congruent mod p to 
that of the g/s, which because of the repetition is congruent mod p to 
0 (e.g., [5] ,p . 86). 
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