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SOME ELEMENTARY NUMBER THEORETIC IMPLICATIONS
OF THE SYMMETRIC FUNCTIONS THEOREM

C. H. KIMBERLING

1. Introduction. Our purpose in this paper is to present some ele-
mentary applications of the symmetric functions theorem which are
difficult or impossible to find in the literature. Perhaps the closest
reference is the recent expository paper of Gerst and Brillhart [3],
which the interested reader will certainly want to consult.

The present paper consists of Theorem 1 below and some implica-
tions of that theorem: (1) if { is an integer in the cyclotomic field
Q(£), where £ is a primitive nth root of unity, then the norm of { in
Q(£) is congruent to 0 or 1 modulo each prime divisor of n; (2) a simi-
lar result holds for determinants of circulants; (3) under cyclic permu-
tations of coefficients within their factors, certain products remain
congruent mod k; (4) if & and B are in a certain class of algebraic
integers, a condition is found under which a prime p divides the
discriminants of @ + 8 and of.

Another implication of Theorem 1 is an extension of ordinary con-
gruence mod g for rational integers to a larger class of algebraic
integers. The main idea is suggested by defining i = 1 mod 2, since
x2+ 1= (x — 1)2 mod 2. Theorem 1 leads to conditions under which
B=a modp and §=y modp imply B+ 8=a+y modp and
B8 = aymod p, etc. A generalization of Fermat’s theorem is obtained.

Throughout, let I = rational integers, I* = positive rational
integers, and p = a prime in I'*. Let &, 8, y, 8 denote algebraic integers
and let polynomials in I[x], always assumed monic, be written as
follows:
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Only when explicitly stated shall we assume that a(x), b(x), c(x), d(x) -
are the minimal polynomials of the roots o, B, y, 8, where oy =
B1 = B, etc. The notation b(x) = a(x) mod ¢ means that, when b(x)
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and a(x) are written out as by + bix+ -+ b,_jx" ! + 1 and
atax+ - +a, 2" '+x" we have n=m and b, =g
mod g fori=0,1,---,m— 1.

2. Main theorem. First we shall state without proof an easy con-
sequence of the symmetric functions theorem:

LemMma la. Suppose q € I and b(x) = a(x) modq. Suppose

T(xy, ** %) and o(xy, ", X,) are symmetric polynomials in
I[x, * * *,x,,] having the same form, such that each coefficient in
T(xy, * * *, Xy) is congruent mod q to the corresponding coefficient in
o(xy, " * *,%,). Then

T(Bla T '9Bm) = a(al, Tty O’m) mod q-
THEOREM 1. Suppose q € I* and b(x) = a(x) mod q and d(x) =
c(x) mod q. Then

@ M -f@s)= I II [z - fley,] modg
i=1 i=1

j=1 i=

o

for every polynomial f(x,y) in I[x,y].
Proor. Rewrite (1) as
to+tix+ - +amm=s,+sx+ -+ 2™ modg.

Each ¢ is symmetric in the B;s and in the §;s. Thus, regarding the
8/s as indeterminants, we have t; expressible as a polynomial in
81, -+, 8, in which each coefficient, as a symmetric polynomial of
the B;’s, is an integer. By Lemma la, this integer is congruent mod q
to the corresponding coefficient in s, expressed as a polynomial in
Y1, *° > ¥n. Thus each ¢ is a symmetric polynomial of §,, - - -, 8, and
within congruence mod g, s; is the same polynomial of y,, - - -, y,.
Lemma la applies again and we conclude that t; = s, modq for
k=0,1, mn — 1.

Theorem 1 and its implications which follow have generalizations
to more than two pairs of numbers a, 8 and vy, § at a time and also to
congruences modulo prime ideals in coefficient rings.

TueoreM 2. Suppose g € I and b(x) = a(x) mod q. Then

m m

H [x—fB) = [l [x— fla)modgq

i=1 i=1

for every f(x) in I[x].
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Proor. Put d(x) = ¢(x) = x in Theorem 1.

CoroLLARY 2a. Suppose n= 2 and £ is a primitive nth root of
unity. Suppose p is a prime which divides n and { is an integer in the
cyclotomic field Q(§). Let N({) denote the norm of { in Q(§). Then
N() = 0mod p or N({) = 1 mod p.

Proor. Write n = p'k where pfk. Let F,(x) denote the nth
cyclotomic polynomial. Then

@) Fox) = [ Fy(x)] #" mod p,
as proved in [4]. In terms of the conjugates £ = &), &, -, €4
of ¢ and the conjugates m,,my, * - *,Mgx) of a primitive kth root 7,

of unity, (2) becomes

() ¢ (k) ¢ ()
I «-&= [H(x—m)] mod p.
i=1 i=1
Now the conjugates of { in Q(§) are given by {; = f(£;) for some
f(x) in I[x], since £ and its powers form an integral basis for Q(£).
See, for example, Pollard [6], pp. 67-70. By Theorem 2,

é(n) b (k) .

Il «—¢)= I (x—fm) * " modp.

i=1 i=1

For x = 0, we have N({) on the left and K”~! on the right, where K
is a rational integer. By Fermat’s theorem, K*~! reduces mod p to
Oorl.

In passing, let us note a similar result which follows immediately
from (2) and Fermat’s theorem: For every integer k, we have F,(k)
= O mod p or F,(k) = 1 mod p.

We illustrate Corollary 2a with an example. For £ a primitive fifth
root of unity and { = a + bf + c£2 + d€3, the norm of { is the deter-
minant

a b c d
—d a—d b—d c—d
d-—c¢c —c¢ a—c¢ b—-c
c—b d-b —-b a—-b |,

which (along with being positive except in one case) is=
(a+ b+ ¢+ d)*mod 5. (For the definition of norm as a determinant,
see [7], p. 130.)
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CoroLLary 2b. Let c(x)=cy+cx+ -+ c,_ a1 € I[x]
where n = ¢(k) and k is 2 or an odd prime or twice a Fermat prime
22'+ 1. Letry, - - -, 1, be the positive integers less than and relatively
prime to k. Then the determinant of the circulant

Co ! Cn-1

Cho1 Co Cn—2
C= Cnz Cn-1 Co Cn-3

Cy Co Co

satisfies |C| = []i=, c(r;) mod k.

Proor. The characteristic roots of C are ¢(§), i = 1, - - -, n, where
the &/s are the roots of x» = 1 (e.g., [1], p. 242). Applying Theorem
2to

—1= ﬁ (x — r;)mod k

i=1

gives
H [x — c(&)] = H [x = ¢(r;)] mod k.
i=1 i
(A reference for the case of composite k is [2], p. 87, bottom, where

it is to be noted that primes of the form 2 + 1 fori= 0,1, - - -, are 2
and the Fermat primes 22' + 1.) The required result follows for x = 0.

CoroLLARY 2¢c. Given the notation of Corollary 2b, let

é(x)=cot Cp1x + Cugx®+ -+ "2+ cpan!
and let
c™(x)=Cpm F Cocme X+ 0t G ™!
for m=1,2,--,n—1, where c,= ¢y, Cpy1=Cp, """ Copn-1=
_1- Then

1)'"H cm(r) = H c(r) = (— ﬁ ;) mod k

i=1

for all ¢(x) of degree = n — linI[x] andm = 1,2, - - -,n — L
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Proor. We have [[%-, ¢(r;) = |C| mod k. An odd number of row
transpositions converts C into the circulant C® with top row
(Cp=1,€0s €15 * * *5 Ca_g). Thus (—1)|CV| = |C]. By Corollary 2b,

|cV| = H ¢V(r;) mod k.

The rest of the proof for ¢ follows by induction, since Ct™*+1 comes
from C™) form= 1,2, - - -,n — 1 as does CV from C. For ¢, note
that the transpose of C is the circulant whose top row consists of the
coefficients of &(x) in order. Thus the argument above applies to ¢™).

3. A Congruence Relation for Algebraic Integers.

DerFinrrions. 1. For r € I*, let I, be the set of algebraic integers
whose degree divides r. If & in I, has minimal polynomial a(x) of
degree m, then the r-polynomzal for ais [a(x)]"™, henceforth written
@'(x).

2. Forrandgqin I +, define = mod q in I, as follows:

B=amod q if b")(x) = a®)(x) mod g,

where b(x) and a(x) are the minimal polynomials of 8 and a, respec-
tively. Whenever 8= a mod q for r = max (deg 8, deg ), we shall
write merely 8 = a mod q. For example, primitive pth roots of unity
satisfy £ = 1 mod p, primitive 2pth roots of unity satisfy ¢ = —1 mod p,
and primitive 12th roots of unity satisfy £ = i mod 3.

Clearly= mod q is an equivalence relation in I, and generalizes
the congruence relation = mod q in I.

Lemma 3a. Suppose b(x) and c(x) are monic polynomials in I[x]
and a,(x), * * *, aj(x), also monic in I[x], are irreducible mod p. If

b(x)c(x) = [l[ a;(x) mod p, then b(x) = ﬁ a;, (x) mod p
2=1

i=1
for some subset {iy, - - -, i} of {1, - - *,j}
For a proof, see [5], p. 96.

TuEOREM 3. Suppose BEr a modp and 8;7 mod p. Suppose
flx,y) €EI[x,y] and that the minimal polynomial g(x) of fla,y)
is irreducible mod p. If

1 11 (= = flawn) = (g1 modp

for some Kin I+, then (B, 8) = f(a, y) mod p.
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Proor. Denote by a(x), b(x), c(x), d(x) the minimal polynomials of
o, B,7,8, respectively. Write [b(x)]M = [a(x)]M' modp and
[d(x)]N¥ = [c(x)]N' mod p, in accord with Definition 1. By Theorem 1,

3) H H [x — f(Bs, &) MN = n H [x — flas, ¥;)] ™'~ mod p

where the a;, B;, ;, §; range through the conjugates of o, 8,7, 8. (We
are not assuming here that « and 8, nor y and §, have the same degree,
only that the degrees of @ and 8 divide r and those of y and & divide
s.) By hypothesis the right side of (3) is= [g(x)] XM'¥" mod p. The
minimal polynomial of f(B, 8) is a factor of the left side of (3). By
Lemma 3a, this polynomial is= [g(x)]* for some L in I*. By
Definition 1, f(B, 8) = f(a, y) mod p.

DeriNiTiON 3. b(x) splits completely mod p if there exist rational
integers by, - - -, b, not necessarily distinct, such that

b(x)= (x — by) -+ - (x — b,) mod p.

Let J, denote the set of 8 which are roots of such b(x).

It is known that each b(x) splits completely for infinitely many p.
In fact, for any a(x) and b(x), infinitely many primes split both a(x)
and b(x) completely. See [3] for elementary proofs.

CoroLLARY 3a. Under ordinary + and -, 7,is a ring.
Proor. Apply Lemma 3a to (1).

DeriniTION 4. Let 7, be the set of algebraic integers 8 such that
B = cmod p for some cin I'*.

CoroLLARY 3b. Under ordinary + and -, 7,is a ring.
Proor. Apply Lemma 3a to (1).

ExampLE. Every second degree algebraic integer lies in an 7.
Suppose b(x) = x>+ bx + a € I[x]. If b and a are both even then
b(x) =x2mod2. If only b is even then b(x)= (x — 1)>mod 2.
Otherwise,
b>—4a—b

2
2 ) mod (b? — 4a).

2+ bx+a= <x -
TueOREM 4. Suppose b(x) splits completely mod p. Let q(x) be the
minimal polynomial of any coefficient in any monic polynomial which
divides b(x) over the complex number field. Then q(x) splits com-
pletely mod p.
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Proor. Any monic polynomial dividing b(x) = []%-; (x — B;) has
the form a(x) =]]%-,(x —B;) with coefficients of the form

o(BisBiy * * *,Bi,), Where o is an elementary symmetric function
in m indeterminants.
For any m-element set S = {xl, T X} let S denote the ordered

m-tuple (x), -, x,). Let Q(x) H [x —o(S')], where S ranges
through the m-element subsets of {8, - - -,8,} (with repeated B’s
counted as distinct elements). The coeﬂicients of Q(x) are symmetric
in By, - * *,Bs, 50 Q(x) has integer coefficients. In fact, each coefficient
is a polynomial in the elementary symmetric functions of By, * - *, B,
and these were assumed congruent to corresponding coefficients in

ITi<. = = by). Thus
Q) =]] [x —o(s’)] modp

where as above, s’ ranges through m-tuples of b/’s. Each o(s’) is an
integer, so Q(x) splits completely. Since g(x) divides Q(x) mod p,
Lemma 3a applies, and g(x) must split completely mod p.

CoroLLARY 4a. Suppose B(x) = (x — b)* mod p where b € I, and
suppose A(x) is a monic polynomial of degree m with complex co-
efficients which divides B(x) over the complex number field. Then
A(x) = (x — b)™ mod p, in the sense that the (not necessarily real)
coefficients of A(x) are respectively congruent as in Definition 2 to
those of (x — b)™.

Proor. First suppose b = 0. As in the proof of Theorem 4, we
easily find A(x) = x™. Now for arbitrary b in 1, we have B(x + b)
=" and A(x + b) dividing B(x + b). Thus A(x + b) =™, so
Ax) = (x — b)y™.

The following generalization of Fermat’s theorem shows that if
B € J,and b(0) # 0 mod p, thenpr~' € 7,,.

Tueorem 5. If B € 4, and b(0) #Z 0 mod p, then B°~' =1 mod p.
Proor. Applying Theorem 2 to
1-[ (x—B)= H (x = r;)mod p

i=1 i=1
gives

11 (x—pr-h)= H x = r?")mod p
i=]1 i=1

(x — 1)™ mod p.
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By Lemma 3a, the minimal polynomial of 87! is congruent mod p
to (x — 1)° for some sin I*.

Clearly if the restriction b(0) # 0 is removed, then b(x) = x"(x — 1)
for some r and s in I ™.

THEOREM 6. Suppose a and B lie in 4, Let f(x,y) € I[x,y]
and let d be the degree of f(a, B). If the prime p is less than d,
then p divides the discriminant of f(a, B).

Proor. Let g(x) denote the minimal polynomial of f(a,8). By
Corollary 3a, there exist d integers g; such that 0= g;<p for
i=12 ---,d,and

g(x) = I - g) mod p.
i=1

Since d > p, we have g; = g; for some j # i. As a symmetric func-
tion of the roots, the discriminant of f(a, 8) is congruent mod p to
that of the g/’s, which because of the repetition is congruent mod p to

0 (e.g., [5], p. 86).
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