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2- AND 3-DIMENSIONAL LOCALIZATION
OF RANDOM PHASE WAVES

KUNIOKI MIMA* AND AKIRA HASEGAWA

ABSTRACT. The one-dimensional localization of waves in a non-
linear dispersive medium has been investigated extensively. The sta-
tionary solution is well known as the envelope soliton. For the 2-
and 3-dimensional localization, however, the stationary solutions
have not been found except for some limited cases.

In this paper, 2- and 3-dimensional localization of random phase
waves is analyzed by using the wave kinetic equation which is de-
rived from a model nonlinear wave equation (a nonlinear
Schrodinger equation). For an arbitrary shape of the envelope pro-
file, the stationary frequency spectrum of trapped waves is obtained
by a method analogous to that used by Bernstein, Greene, and Krus-
kal for determining the trapped particle distribution. As an example
the stationary envelope profile is given for Langmuir waves with an
appropriate stationary spectrum.

1. Introduction. Amplitude modulation instabilities have been in-
vestigated for various strongly dispersive waves [1], for example, Lang-
muir waves [2], electromagnetic waves [3], deep water waves [4], upper
hybrid waves [5], and cyclotron waves [6]. Recently the nonlinear stage
of these instabilities has been widely studied [7]. It is now recognized
that the nonlinear Schrédinger equation describes these phenomena
well.

For one-dimensional amplitude modulation, the exact time evolution
of nonlinear waves described by the nonlinear Schrédinger equation has
been analyzed for coherent waves [8]. One-dimensional modulation of
random phase waves (noncoherent waves) has also been investigated [9].
For 2- or 3-dimensional amplitude modulation, the final stage of the in-
stabilities, or the stationary state, is not well understood for both cohe-
rent and random phase waves. For instance, as a result of the 2- or 3-
dimensional modulation of coherent waves, it is expected that the local-
ized wave shrinks indefinitely; the final state is not known. Saturated
nonlinearity was introduced to construct a 3-dimensional envelope soli-
ton [10].

In this proceeding, we investigate the 2- and 3-dimensional local-
ization of random phase waves. When the widths of the frequency
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spectrum and the wave-number spectrum are broad enough compared
with the characteristic wave number and/or frequency of the amplitude
modulation, the wave kinetic equation works well for studying the lo-
calization. The system described by the wave kinetic equation is consid-
ered to be ensemble of wave packets. Each wave packet behaves like a
single particle and the spectral function corresponds to the phase space

* distribution function. Using the method found by Bernstein, Greene,
and Kruskal [11] and developed by others [12], the exact trapped wave
packet distribution function is constructed. The localized wave corre-
sponds to the trapped wave packet.

When the nonlinear term of the wave kinetic equation is given in
terms of wave intensity, the spectral function is determined. If the non-
linearity does not depend on the envelope profile, the arbitrary enve-
lope profile can be the solution of the wave kinetic equation. There-
fore, the instability of the solution and/or the initial condition might
determine the realizable envelope profile. When nonlinearity depends
on the envelope profile, the envelope profile can be determined for a
given stationary wave spectrum.

In § 2, we derive the wave kinetic equation from the nonlinear wave
equation. § 3 is devoted to calculating the stationary spectral function
for the given nonlinearity. As an example, in §4, we determine the
profile of random-phase Langmuir waves or electromagnetic waves in a
nonmagnetized plasma.

2. Derivation of the Wave Equation. We will only consider strongly
dispersive waves that have amplitude modulation instabilities. When the
time scale of the amplitude modulation is much larger than one os-
cillation period of the waves, the slowly varying complex amplitude
can usually be described by the nonlinear Schrédinger equation:

) 0
1) v A+ (:B_LA.L + By 8_z2> A+ N(APA = 0.
Here we consider a scalar field for simplicity. The coordinate z is arbi-
trary here but will be defined later. The complex amplitude A is re-
lated to a real quantity by

Er, t) = A(r, t)e"? + c.c..

N(/A[) in (1) is an appropriate function of |A|> which depends on the
wave and the medium. Since we are interested in modulationally un-
stable waves, we only consider the case af, >0 and aB, >0 [1],
where a = dN/d|A[?|,2_,. Note that (1) is valid only when the higher
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order derivative of A is negligible. The linear dispersion is then given

by,
@) Ay = Bk ? + B2

where k is a wave number and A is expressed as
@) Al t) = 2 e,

Now, we consider the deviation from the dispersion relation due to
nonlinear effects. When the wave number width of the k-spectrum,
|Ak|, is much larger than the inverse of the scale length of the ampli-
tude modulation, |d/dr Infy,(r )| the wave intensity is approximately
given by

4 AR, O = | 2 yoelr=id] % Wi(r, B2

Notice that the cross product terms in the right hand side of (4) can be
ignored since the cross terms vanish after the summation over k due to
phase mixing which comes from the phase factor e¢’*”. In such a case,
the nonlinear dispersion relation is:

(5) >‘k = :BJ_kJ,Z + :Bukzz - N(I(r’ t))’

© I8 = 3 Wil O,

within the WKB approximation. Using this dispersion relation, the
equation of motion of a wave packet is given by:

oA,

i'(t): _5F =2B1_kJ.+B|[kz2

(7
oo _ O _ NIt) . _ 0N
LT or, ar, T FT 9z

We can then derive the wave kinetic equation

LIV R P
[at + ok Jr ar ok f(k, T, t)—O,

where flk, r, £) = |{,(r, t)]? is the distribution function of random phase
waves. It is shown in Appendix A that the wave kinetic equation (8) is
valid for more general dispersion relations than (5) is.

Also in Appendix A, (1) is derived directly under the condition:

8)
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d
®) AR > | = In )P

In the following discussion, we use (8) to determine the spectral func-
tion instead of the full wave equation (1).

It is convenient in cylindrically symmetric systems to use cylindrical
coordinates and the conjugate wave number. In such a case, the wave
amplitude should be expressed by superposition of cylindrical waves:

(10) A= 3 y/r, OH, Ok r)gimo+k—irg
K
where H,(D(k ) is the Hankel function of the first kind. The dispersion

relation (5) is rewritten as

m2

(11) A= BJ_< k2 + =z ) + B,k.2— N(I),
and the kinetic equation then becomes

0 0 m 9
[§+2ﬁl<k’3;+ﬁ @)

(12) ] 5

+ 2Bsz -EE - & Ak akz
n, 9 ] _
~ 3% fk, r,t)=0.

Here we assume that the distribution function is cylindrically symme-
tric,

fik, 1, t) = [W,/(x, t) H,V(k,)?> and

(13)

I= g fkr, t).
Equations (11), (12), and (13) are our basic equations for the following
discussions.

3. Stationary Solutions with Cylindrical Symmetry. We consider the
stationary solution of (12) on the moving frame with a velocity V along
the z axis. The stationary equation is given by

[ 2B k, a% + 2Bk, — V) 8% + % N(1I) %
(14) ) ) ¢
2w Jreno=o

+



LOCALIZATION OF RANDOM PHASE WAVES 313

where £ = z — Vt. The general solution of (14) is an arbitrary function
of the constants of motion. Since the effective potential, —N(I), is inde-
pendent of 6, frequency (or energy) A, and azimuthal wavenumber (or
angular momentum) m are the constants of motion. Furthermore, k, be-
comes constant when I(k, r) does not depend on z. Therefore, the gener-
al solution becomes

(15) : f=fA m k)
Taking into account (13), we obtain the integral equation,
(16) 1= | &k 5, D, m].

The same type of equation as (16) has been solved for one dimension
by Bernstein, Green, and Kruskal, and for 2 and 3 dimensions by Kato.
When f does not depend on m, we can solve (16) by the same method
[12]. From now on, we assume that f depends only on A and all the
waves are trapped. The partially trapped solutions are not interesting
since untrapped waves cause modulational instability and the solution
may then become unstable [9]. A fully trapped solution is considered to
be a localized envelope wave, since the boundary conditions,
lim__ f(A) = 0 and lim,__f(A\) = O are satisfied. The integral equation
(13) is rewritten as,

I= 2.1% S5 a7 a S a,

fA)
[A+ N = Bk? + Vk, — B,k?)] ’

where
\% V2 1 1z
17 kz*:———:t{———-}--— A —B k2 + }
o U TpE OO AEY
k* = [(A + V2/4B, + NI)/B. TV,
V2 \&
At = —— and A= -NI) - —— .

7, )

Carrying out the integration over k, and k,, we get
S S
172

(18) B 1By

S {I A+ % + M) ’}Wf()\),
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We can solve (16) easily with respect to f(A) to obtain,
(19) fA) = he (A + V2/4B)),

where

h _ 2:B_L \% | :B I 1 _ﬂ
(20) i(y) B 772 \/E dN N=0

f S ey 0 x{i(y+N>}‘“]

dN?

The plus sign corresponds to the case in which N(I), 8,, and B, > 0;
the minus sign corresponds to the case in which N(I), 8,, and B8, <O.
When we take into account only the lowest nonlinearity with respect
to I, that is

(21) N(I) = al,
the spectral function of the trapped wave then becomes

2
@ =25 B VTE (e verag) e
Note that as long as the nonlinearity is given by (21), the envelope pro-
file I(r, §) is arbitrary.

4. Example: Envelope Profile for Langmuir Waves. In the previous
section we determined the distribution function when the nonlinearity
N(I) is given as a function of I. However, the functional of I, N(I), is
usually different when a spatial profile of the envelope is different.
When the distribution function (the frequency spectrum) is given and
N(I) is given by means of (18), then the spatial profile may be deter-
mined.

Langmuir waves can be used as an example. For these waves, the
dominant nonlinearity comes from the local density depletion due to
the low frequency ponderomotive force of Langmuir waves, when the
wave-particle interaction is excluded. In such a case, the parameters in
(1) and (14) are given as follows:

B, =B, =3\%/2, N = —1dn/n,

1
I= — |E,|? and w, = Wper

The relation between density depletion dn and the intensity I is
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&
of
= c2A(1 + A2A) I,

\4 —¢2A < 1+ % + Ap2A)n

e

23)

where i = 8n/n, and c, is the acoustic velocity. Equation (23) is de-
rived in Appendix B. To get an explicit profile of 2 and I, we assume
that the linear relation between N and I is given by (21), i.e., the spec-
tral function is given by (22) in the lowest order approximation with re-
spect to N.

First we consider a static case, that is, V = 0. When the dispersive
effect [that is, the term proportional to A% in (23)] is ignored, we get
the relation, a = T,/2(T, + T;); the profile is arbitrary. However, tak-
ing into account the dispersive effect, we get

T, 1 1
4+ 2+ - = i+ Ap? < ——)":0.
(24) (l T 2a>n p°A 1 3 1

e o

Here we integrated (23) and used a boundary condition 72— 0 for
r— o0 or z—o0o. When 1 +T,/T, > 1/(2a) > 1 is satisfied, (24) be-
comes

(25) An = k%R,
where
1+T,/T, —1/2a
26 K2 = k, 2 i/ “e
(26) b 1/(2a) — 1

The spherically symmetric solution is given by

fl =a1/pe*e,

where p? = 22 + 22 + y?. Note that # has a singularity at p = 0, but
the nonlinear terms which were neglected in (24) become important
around p = 0. If the nonlinear terms are not neglected the singularity
at p = 0 may be removed. Since |k| < k;, for Langmuir waves and the
condition of (9) i.e., |Ak| > x must be satisfied, x <k, i.e., 1/(2a)
should be very close to 1 + T;/T,. To determine the difference be-
tween 1/(2a) and 1 + T,/T, we probably have to take into account
nonlinearity with respect to # in (23).

Now, let us consider the case where an envelope moves with finite
velocity along the z axis. Neglecting the dispersive term in (23), we get



316 K. MIMA AND A. HASEGAWA

T, V2 1)32
[<1+Te‘c_2—2_a o

(27) '
(B k) T

When € r ’

1 T, 1 T, V2

— >1 — — i

2a * T, o 2 <i+ T, ¢?2’
we can rewrite (27) as

02 1 9 9

28 [_ 13 _]~:
(28) Ty a a0
where

52:n2<1+—T—i—E—i>/<l+£—l>.
T, ¢? 2a T, 2«

A symmetric solution of (28) in the space (n, r) is given by
(29) i =1/ + n?)V2

5. Concluding Remarks. We have derived 2- and 3-dimensional lo-
calized envelopes of random phase waves, using the wave kinetic equa-
tion. The wave kinetic equation is derived from the nonlinear
Schrodinger equation as well as from the basic conservation law of
quasiparticles. It was shown that unlike the case of an envelope soliton
of a monochromatic wave, the shape of the envelope of random phase
waves is arbitrary.

There are several unsolved problems. They are the stability of the lo-
calized envelope waves which are obtained and dissipation of the enve-
lope waves in the process of their generation. There are two types of
stability problems. The first type is related with the stability problem
which is pertinent to the particular distribution function f(k, r). This
stability problem arises even for one-dimensional solutions. In particu-
lar, if one takes a monochromatic distribution function in k, i.e.,
flk) = 8(k — k;), it can be shown [9] that a uniformly distribution of
quasiparticles in the coordinate space, r, is always unstable. The dis-
persion relation is given by Q2 = — K2, for a small amplitude per-
turbation of the form exp i(Kx — ). That is, there exists no stabiliza-
tion effect in a large K limit. Even if §(k — k) is not the BGK solution
obtained here, this fact has an interesting contrast to the case of the
dispersion relation for a modulational instability of a coherent wave de-
scribed by the nonlinear Schrodinger equation, which is given by
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Q2 = —K2? + K% In the latter case, the modulation is stable for a large
K value. One over the value of this critical K(=1) corresponds to the
width of the envelope soliton. The monochromatic distribution function
in k is not the solution of our case. Hence, there remains an immediate
problem of the analysis of the stability of the distribution function ob-
tained in this manuscript at least for a case of uniformly distributed
waves in coordinate space.

There is another class of instability problem. This is related with the
indefinite shrinkage of the 2- or 3-dimensional localized envelopes
which are known to occur in similar solitons obtained from the non-
linear Schrédinger equation [7]. Because the original sets of equations
are different in the coherent wave and the random wave cases, the ar-
gument that applies to the case of the nonlinear Schrédinger equation
does not immediately hold for the case of the envelope waves obtained
here. However, we have not proved the stability of our solution with
respect to the shrinkage into a line (2-d solution) or a point (3-d solu-
tion). One physical process that can eliminate this difficulty is the satu-
ration of the nonlinear effect as discussed by Kaw, et al. [10]. A unique
aspect of the envelope waves obtained here may originate from the fact
that the WKB approximation breaks down as the envelope size tends to
shrink. We leave this problem also as an unsolved problem for future
study. ’

We now discuss the problem of dissipation of the solitons. As was
pointed out in the derivation of the wave kinetic equation, the under-
lying assumption of the equation is the conservation of quasiparticles.
When the waves interact with discrete particles in the plasma, how-
ever, they exchange energy with the particles and the conservation law
breaks down. For example, Landau damping dissipates the number of
quasiparticles.’ We point out that there are three important dissipation
processes. One is the linear Landau damping of the wave which essen-
tially cause a linear dissipation of the quasiparticle density, the second
is the nonlinear Landau damping which conserves the total number of
waves but shifts the spectrum nonlocally in k-space. These dissipative
processes should be considered when one solves the nonlinear
Schrédinger equation using the inverse scattering technique, because if
the dissipation rate is larger than the rate of production of solitons, the
solution of the inverse scattering becomes invalid. One might assume
that if the amplitude is large enough this problem may not occur be-
cause the linear damping rate can arbitrarily be made smaller than the
rate of the nonlinear development. However, there exists a third type
of instability when the amplitude is made larger. This is the trapping of
particles by the ponderomotive force. When the difference of a particle
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velocity and the average group velocity of the waves becomes smaller
than the square root of the ponderomotive potential, the particles are
trapped by the ponderomotive potential and their trajectories cross.
This trajectory crossing quickly thermalizes the wave energy and the
particles are rapidly heated. This type of nonlinear damping of the
wave is not included in either nonlinear Schrodinger equation or the
wave kinetic equation. Therefore, when the amplitude is large, even if
the nonlinear rate of change of the envelope becomes large, this non-
linear dissipation also becomes effective and careful checking of such a
nonlinear dissipative process is needed in studying the dynamic devel-
opment of the envelope.

ADDED IN PROOF. A method has been found for constructing the shape
of the envelope solitons [15].

Appendix A. Here we derive the nonlinear wave kinetic equation
from the basic conservation law of the quasiparticles and discuss the
validity of the WKB approximation which serves as the basis of the
quasiparticle concept.

The quasiparticle density f(k, r,¢) is conserved in the 6-dimensional
phase space (k, r) in the absence of waveparticle interactions. The con-
servation law can be written

(A1) o _of o dr  Of dk _

dt ot or dt ok dt
If the Hamiltonian H(k, 1) describing the kinematics of the quasi-
particles is known, the Hamilton’s equation of motion becomes,

dr oH
(A2) - Ak’

dk 0H oH oI
(49 7 A T
where I is defined in (6) and given by
(Ad) = [ fak

In the wave-kinematics, the Hamiltonian is the frequency « of the
wave, which is given by the nonlinear dispersion relation,

(A5) H = olk, r, N(I)].
Substitution of (A2), (A3) and (A5) into (Al) gives
of | 0w of dw A  Of _ 0

(A6) % Tk ar O ar ok
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Now, we present a direct derivation of the wave kinetic equation
from the nonlinear Schrédinger equation and discuss the validity of the
wave kinetic equation. Let us consider one wave packet with a certain
wave number k. We can then write A as

A = Y (r, t)exp(iK - r — i\ 2)

A7
A7) = exp(ik - r — i\t) f dK Y, x(t)e'E™.

Substituting (A7) into (1), we get

[ I "867 + (A — Bk + K,)?

(AS) - ,Bn(k” + K“)Z} ] ‘I’k+K
+ % Nederk-x = 0.

Multiplying by ¢ _,e?KT, taking the imaginary part and summing the
resultant equation over K we have

%f(k, rt)+ 2Bk, -V + Bk, - V)fikr, 1)
(A9)
+ A(k, r,t)=0,

where

(A10) Ak, r, t) = 2A,Im { f f dKdK’ ¢*R_KNK,¢k+K_KIeZiK~r}

>

and use is made of the following relation;
fik, 1, t) = [ (x, o)
= f dK f dK’ Yy g, g @ EEOT
f dm f dn iy, ol €T

=4, f dn \pk+n¢l’:_n621n-r,

(A11)

in which A, means a characteristic k-space volume occupied by the
wave packet. When N(r,t) is a slowly varying function of r, ie.,
Ng. # 0 only for [K'| < |k|, equation (A10) rewritten as,
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A(k’ L t) = 2Ak im { f dm f dn 1le—n/2+m lt—n/Z—mNn

X eZim-an-r

=21 k — in-r
(A12) m f dn flk —n/2, 1, )Ne
= 2Im { flk, 1, )N(r) + (V - N(x, 1)) - ;_k

DO .

X fik, T, t) + }

~¥ - Nz t) - %{ k, r, 1)

It is easily shown that (A12) is valid when [9/0k In|fik, 1, )||~! ~ Ak
(which is a width of the distribution function) is much larger than

|V n|N(x, #)|| (which is a characteristic wave number of imhomogeneity).
From (A9) and (A12), we get (7).

Appendix B: Derivation of the Relation Between Density Depletion
and the Intensity of Langmuir Waves. The starting equations are the
equations for ions;

av e T,
Bl — =— - V0 - _i ‘
(B 3 MYV Mm VM
(B2) %+niv-v:0;

the pressure balance equation for electrons;

(B3) 0=evd— Lo gn_ YE
ne ne

and the Poisson equation;

(B4) A® = 4me(n, — n,).

Here, ® is an electrostatic potential, n; and n, are electron and ion
densities, respectively. P, is the ponderomotive potential, and T; and T,
are electron and ion temperatures respectively. Taking the time deriva-
tive of (B2) and substituting (B1) to eliminate v, we get the linear equa-
tion

92

(B5) a5 ™ Mo ¢ AP —

T,
v} —Z’;I— An, = 0.



LOCALIZATION OF RANDOM PHASE WAVES 321

Nonlinear terms with respect to density or potential fluctuation are
negligible. From (B3) and (B4), we get

0] P ed
B6 AL k2 < 4 = g )
(B6) T, kp n,T, T, ni/mo )

where kj, is the Debye wave number and we again neglected nonlinear
terms. Eliminating ® from (B5) and (B6), we get
027 2 . 2 -
3 —cA § (I + 1) + Ap2A(I 4 1)

Ti~}
—i =0,
+ 8

€

(B7)

where i = 8n,/n, i.e., normalized density fluctuation,

2
Ap = Lky I= —Fr — 2l
n,T, 8mn,T,

(Ey is an electric field of a Langmuir wave), and the higher order terms
with respect to A% A were neglected. Finally, we assume the stationary
state on the frame moving with a velocity V and get (23).
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