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ON THE HESSIAN OF THE CARATHEODORY METRIC
JACOB BURBEA

ABsTRACT. The generalized lower Hessian of an upper
semi-continuous function f near a point z in C" is intro-
duced (for n =1 see Heins, Nagoya Math. J. 21 (1962),
1-60). With this we introduce a “sectional curvature” and we
prove that the sectional curvature of the Carathéodory-Reiffen
metric is always = —4. This generalizes a result of Suita
(Kodai Math., Sem. Rep. 25 (1973), 215-218) in the one
dimensional case. The sectional curvatures of the ball and
polydisk are always —4. A few other properties of the
Hessian of the above metric are shown.

1. Preliminaries. For a point z = (z;, * - -, 2,) € C", we set |z|
=(Xj-11z])¥2 and for a€C", r>0, Bar)= {zEC:
|z = a|| < r} denotes the open ball centered at @ and with radius r.
The natural pairing between a contangent vector a and a tangent
vector v is denoted by (a, v). Especially, if fis a C! function near the
point z, and v = (v,, * * -, v,) € C", then

of@,o = 3 2L,
j=1 9%

Let D be a bounded domain in C* and let U be the unit disk in
C. H(D:U) designates the family of holomorphic functions from
D into U. For fixed { in D we write H; (D: U) = {f € H(D: U): f({)
= 0}. For each { € D, Cp({; ) is the function defined on the complex
tangent space of D at { by

Cp({; v) = sup{[<3f(¢), v)| : fE H(D: U)}
(cf. Reiffen [3]). Evidently,
Cp({; v) = sup{|[(3f(¢),v)| : fE H(D: U)}.

Cp is called the Carathéodory metric for D. Since H(D:U) is a
normal family, the supremum in the definition of Cp({; v) is attained
by some F € H, (D : U). Here F(z) = F(z;{,v). By a normal family
argument Cp({: v) is continuous in ({,v). For the above mentioned
I[Lvroperties see [3]. Moreover, Cp(¢; v) is a locally Lipschitz function
1].
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We also note that the Carathéodory metric has the “distance-decreas-
ing” roperty that is, if ¢ : D— D* is a holomorphic mapping, then
Cp (6(2); $*(v) = Cpe(z; 0). Here [$*(0)]; = Dkmr (00 z)0, j = 1,
SR (¥ Hence Cp is invariant under biholomorphic mappings. Clearly
the Carathéodory metric for the unit disk U is given by

o]
1— |z

RemMark. There is no essential loss of generality in restricting our
attention to bounded domains. The Carathéodory metric may be
defined on arbitrary complex manifolds, although it may be zero in
some directions v.

We have Cp(z:v) Z ||v||/8p, where 8, is the radius of the smallest
ball surrounding D. On the other hand:

ProposiTioN 1. Cp(z: v) = ||v||/d(z), where d(z) is the distance of
z € D from the boundary of D.

Proor. Consider the ball B(z,r) C D and let f€ H,(D:U). Let
v EC" — {0} be fixed. The function ¢(w) = f(z + wv) maps the
disk |w| <rl|jv|| into the unit disk U and ¢(0) = 0. Hence, by
Schwarz’s lemma, |¢’(0)] = |jv||/r. But ¢'(0) = (8f(z),v) and so
[{3f(z), v)| = ||v||/r. Putr = d(z) and the assertion follows.

ProrosiTioN 2. Let v € C* — {0} be fixed. Then log Cp(z;v) is
plurisubharmonic in z € D.

(1.1) Cy(z;0) =

Proor. Recall that if G is a family of plurisubharmonic func-
tions which are locally uniformly bounded from above, then
Tim,,_ sup,cog(z’) is plurisubharmonic. Let 9 = {log|(af,v)|: f
€ H,(D: U)}. Clearly, the members of 9 are plurisubharmonic and,
as in the proof of Proposition 1, log|(df(z), v)| = log ||v|| — log r in
the ball B(z,r) C D. Thus, since logCp (z;v) is continuous,
log Cp(2; v) = supgeog(2) is plurisubharmonic.

2. The Hessian. Let f be upper semi-continuous near z& C* and
let u € C" — {0}. The generalized lower Hessian (or “Laplacian”)
of f at z along the direction u is defined by

Bf(e) = 4lim - ( j flz + ret®u) do — f(z) )

(cf. also Heins [2]). Note that, if f is a C2? function near z, then
A,f(z) reduces to four times the usual Hessian of f at z along u,
that is
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Af@) =4S —Lflaua
WJ(2) = 2 az‘azjfz .
In this case, if also n = 1, then A,f(z) = Af(z)|lu|%, where A is the
usual Laplacian. Clearly, if f assumes a local minimum at z then
A,f(z) = 0 for each direction u.
Let v € C* — {0} and consider F(z) = F(z:{, v) as before. Define

[(0F(z). u)] |
1= [F@)P

Az u) =

Therefore, _
log A(z; u) = log |(9F(z), u)| — log (1 — F(z).F(z)).

The first term on the right is pluriharmonic and hence its Hessian
along any direction (independently of u) is zero.
Consequently,

A log A (z; u) = 4\ (z; w)?
for each direction w € C* and whenever (dF(z), u) 7‘ 0. Especially
(2.1) Alog A(; v) = AA(E; w)>

Note that A({; v) = Cp({; v).
The following theorem is the n-dimensional generalization of Suita’s
result [5].

TueEOREM 1. Let{ € D and v € C* — {0} be fixed. Then
A log Cp(¢; v) = (L u)?

for each direction u € C* and thus again log Cp({; v) is plurisub-
harmonic.

Proor. We have Cp({; v) = |(dF (), v)]. Set
_ FRz)— F@m)
&= T TFwr@

Thus G € H,(D; U) and therefore |[(dG(n), u)| = Cp(n; u) for each
direction u. However, |(dG(n),u)] = A(m;u). Thus A(m;0v)=
Cp(n; v) and we have equality aty = {. Near {, A(n; v) is positive and
hence log Cp(n; v)/A(n; v) assumes a local minimum at % = ¢ and so

A, log Cp({; 0) Z A, log A(Z; 0)

for each direction u. The theorem now follows from (2.1).
Let v € C* — {0} and assume that the metric u(z; v) is a positive
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upper semi-continuous function at z. The “curvature” of u(z; v) at z
in the direction v is given by

1
w(z; v)?
By (2.1) the “curvature” of A(z; v) is —4 atz = {.

K(p:z,0)= — A, log u(z; v).

THEOREM 2. The “curvature” of Cp(L; v) is always = —4.

Proor. By Theorem 1, A, log Cp(¢; v) = 4A(L; v)? and, since A({; v)
= Cp(¢; v), the assertion follows.

The above theorem was first proved by Suita [5] in the case of

n=1
3. Examples.

<EXAM’!I"I;1E 1. Consider the polydiskD = {(z), - - *,z,) : |z < 1,1=
j=n} en

. v) = ol el )
3.1) Cp(z;v) = max(l T )
Here Cp(z; v) is continuous but obviously not a C!-function.

Although expression (3.1) is a consequence of a general theorem on
product domains (cf. Royden [4])it is nevertheless instructive to
prove it here'directly.

Since D= U X - X U (n copies of the unit disk), it is plain that
Cp(z;v) = Cy(zj;v;), 1 =j=n. In fact, let ¢;: D— U be given by
¢,(z) = z;. Then, using the distance-decreasing property, Cp(z; v) =
Cu(¢i(z); ¢*(v)) = Cy(z;; v;). On the other hand we may assume,
because of the homogeneity of D, that z = 0 and |v,| = max (|vy], - - -,
|va]) > 0. Consider the holomorphic mapping ¢ : U— D defined by

— L2, ..U
¢(zl) - (z1701 21 ’ 0 21 ) .
A second application of the distance-decreasing property and a use
of (1.1) show that

Cp(0; v) = Cp($(0); *(v1)) = Cy(0; v;) = |vy]

and hence (3.1) follows.

We now show that the “curvature” of this metric is always —4. This,
of course, needs to be proven only for z= 0. We may assume that
Cp(0; v) = max(|vy|, * - -, [v,]) = |vy|. A simple calculation then shows
that
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Cp(rei®v; v) = |v|/(1 — r%v,|?)

for a sufficiently small r. An application of L’Hospital’s rule gives

s _1_ i 2m [04] _
A, log Cp(0; 0) = 4lim r2(27r fo log =" 3z 40 loglvll)

= 4lim Llog (1 — r2v,]?) = 4lv,[2
r—0 T

Hence A,log Cp({; v) = 4 Cp(L; v)? as asserted.

ExampLe 2. Consider the ball D= {z €EC: |z| <1}. Then
(cf. [3])

2 |(z, v)|?
C z; U 2 = le" + i ,
ol — Rl 0 = =P
where (z,v 21 1 3%;. Here Cp(z;v) is a real analytic function.

The “curvature is always —4. Again, it suffices to show this for z = 0.
In this case Cp(0; v) = |jv|| and

v

Cp(re*tv; v) = 1= 1_2"0"2.

Thus, using L'Hospital’s rule,

A,log Cp(0;v) = —4 hm

5], log = r3fol)d

= 4"0”2 = 4 Cp(0; v)2.
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