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Dedicated to the memory of Gus Efroymson

This paper presents a review of results concerning the problem of
transforming an analytic set or function into an algebraic one. We are
mainly interested in the real case, but we shall make also a few remarks
about the complex (local) case.

LOCAL THEORY. Let O,(R”) (resp. N (R?)) be the ring of germs of real
analytic (resp. Nash) functions at x € R~ If x = 0 we simply note Oy(R”)
= O(n) and Ny(R”) = N(n). Recall that a germ fe O(n) is said to be
Nash if P(x, f(x)) = 0 for some polynomial P(X, Y) e R[xy, ..., X,, Y],
P # 0 [11]. It is well known that Ny(n) is the henselization of R[Xq, ...,
X,] at the origin (we shall not use this fact). The graph of f€ N(n) and
its set of zeros are semi-algebraic germs in R#*+1 and R” respectively.

We say that two function-germs f, g: (R?, x) > R at x € R”» (resp.
two set-germs F, G = R# at x € R#) are C*-equivalent (» =0, 1, ...,
00, w) if there is a local Cv-diffeomorphism ¢: (R”, x) —» (R” x)such that
foo = g(resp. o(F) = G).

ProBLEM. Describe analytic germs (of sets or of functions) C*-equivalent
to algebraic or Nash ones.

Of course by an algebraic (resp. Nash) set we understand a set of the
form (&, f7%0), f;€ R[Xy, ..., X,] (resp. f; € N(n)). An algebraic set is
obviously a Nash one. It will be shown later that any Nash setgerm is
Ce-equivalent to an algebraic one (Theorem 2). The first example of an
analytic germ not Cl-equivalent to an algebraic one has been given by
Whitney.

ExampLE 1. (Whitney [40]). The set of zeros of the germ fe Oy(R3)
defined by the formula f(z, x, y) = xp(y — x) (y — 3 + t)x) (y — 4etx)
is not Cl-equivalent to a Nash germ (and hence, a fortiori, to an algebraic
one). Observe that the structure of the set ¥ = f~1(0) is very simple, i.e.,
Vis a union of five non-singular surfaces intersecting along the z-axis.
The proof of non-equivalence is based on the following remark. The
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largest cross-ratio of the first four surfaces at (¢, 0, 0) is 3 + ¢; the largest
cross-ratio of the first three and the last surface is 4e?. Each cross-ratio is
intrinsically related to the variety at the given point (i.e., is invariant by
Cl-local-diffeomorphisms (R?, 0) — (R#, 0)). It follows that if V were
Cl-equivalent to a Nash germ, the function e would be algebraic, whereas
et is transcendental.

Whitney considers his example rather in the holomorphic case, but
the proof is the same in both cases.

ExAMPLE 2. (Tougeron [35] p. 220) is a modification of the previous one.
The germ of zeros of the function '€ Oy(R3) given by the formula

fGx, y, 2) = 2(x2+ Y2+ 22) (x* + y2+ 2) (32 + 2 — (1 + x)2) (x? + y? — 272)

is not Ce-equivalent to a Nash germ. However for any v € N the germ
f71(0) is C-equivalent to an algebraic set. Observe that here f~1(0) is a
surface with an isolated singular point at 0 € R3.

REMARK. Obviously one can consider the analogous definitions and
problems for the complex data, i.e., over C.

1. C*-equivalence of analytic sets, v < oo. Recall that a set {E;}_;  ,
of linear subspaces of R” is said to be in general position if codim (i, E;
= )%, codim E;. A finite collection of smooth submanifolds M, = R?,
a € A, is in general position at a point x € ( J,e4M, if the family of tangent
spaces {T,M,: a € A,} is in general position, where A, = {@ € A: x € M,}.

THEOREM 1. Let V = (R?, 0) be a coherent, real analytic germ at 0 € R7,
and let y € N. Assume that V is a union of irreducible components V =
Vil -+ U Vysatisfying the following conditions:

(i) each set V\{0} is an analytic submanifold, i = 1, ..., d,

(i) the family of submanifolds {V\{0}},—,.. . is in general position at
each point of V\{0}.

Then there is a local C-diffeomorphism o: (R”, 0) — (R#, 0), analytic
outside of 0, such that o(V) is a germ of an algebraic subset of R».

(Notk. For d = 1 the theorem is due to Tougeron [38] (with the conclu-
sion that ¢(}) is Nash).)

It is useful to formulate a more general result (in more algebraic form)
which, together with Theorem 2 of the next section, implies immediately
Theorem 1. First more notation.

Let I3, ..., I, be a finite family of ideals of O(n) and let kq, ..., k,
be a sequence of positive integers. Let G = [[4,G; = GL(k,R), where
G; = GL(k;;R)and k = k; + - + k;,and

f=U Sy - Sas - far) €0m) x + -+ x O(n) = @O(n).

k
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Let {4;}, i=1, ...,q, g=k}+ --- + k3 be a vector basis of the
tangent space TG to G at E = E, (= the identity £ x k matrix), and let
J 4y, ..., (f) be the ideal of O(n) generated by k x k minors of the k x
(n + q) matrix Lg(f) with A;-f, ..., A, f, 9f]0xy, . . ., 0f]0x, as columns

Lo(f)=(A1-ﬁ~..,Aq'ﬁaa—£,..., o).

0x,,

LetJ,,....k0(T1s - - -, 1;) be the ideal of O(n) generated by J,,, ..., ) (f), where
=W - fikp s S o> fara)s fi; €1 Given an ideal I of O(n),
let Z(I) be its set of zeros. We say that Iis elliptic if Z(I) = {0}.

It is easy to see that a coherent irreducible germ (¥, 0) = (R, 0) has
an isolated singularity at O if and only if the ideal J (/) is elliptic; k =
codim ¥V and I = idy(V) = {p€ O(n): (V) = 0}. More generally we
have

LEMMA 1. Let Vi, ..., V,; be a finite family of irreducible, coherent
analytic germs at 0 € R7. Let I; = idy(V,) be the ideal of V; and let k; =
codim V;,i = 1, ..., k. Then the following conditions are equivalent:

(i) each V\{0} is an analytic manifold and the family Vy, ..., V, is
in general position at each point of V\{0}, V= V1 U --- U ¥V,
(i) ZUw,...,epT1> - - > 1) = {0}

ProoF. This follows from the above observation concerning the ideal
J o (I) together with some elementary argument of linear algebra.

Since any Nash set-germ is C¢-equivalent to an algebraic one (cf.
Theorem 2), Theorem 1 is an immediate consequence of the following
statement. Let E, = E,(n) be the ring of germs of C*functions (R%,0) —
R,0=2v £ 0.

THEOREM 1'. Let V3, ..., V, be a family of coherent irreducible analytic
germs at 0eR?, I; = idy(V;), k; = codim V;. Assume that the ideal
T, k15 -+, 1) is elliptic. Let y € N. Then there is a local C-dif-
feomorphism ¢: (R%, 0) — (R7%, 0), analytic outside of 0, such that the ideal
t*(I))E, of E, is generated by Nash functions, i =1, ..., d.

NoTtATION. ¢*: E, — E, is an isomorphism defined by z*(p) = ¢ o 7.

The proof of this theorem for d = 1 is given by Tougeron ([38], Th.
2.4’) and uses in an essential way his generalization of M. Artin’s theorem
on the solutions of analytic equations. The proof of Theorem 1’ for
d > 1 goes along similar lines, but is not quite an automatic extension
of Tougeron’s proof. For d = 1 the assumption concerning the mutual
behaviour of V; is, of course, empty. On the contrary, for d > 1 such a
behaviour must be taken under consideration, as Example 1 above shows.
In his original statement (for d = 1) Tougeron uses the ideal J,(I) which,
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in general, is different from our J,(J), although both have the same
radical. The proof of Theorem 1 will appear in [43].

Let us consider the special case of Theorem 1 (or 1’), when the Vs
are complete intersections.

THEOREM 1”. Let V < (R*, 0) be a coherent analytic germ at 0 € R7,
and let y e N. Assume that V =V U --- U V, is a union of irreducible
components satisfying the following conditions:

(i) each V; is a complete intersection (i.e., the ideal idy( V) is generated by
codim V; elements) and V,\{0} is an analytic submanifold, i =1, ..., d;

(ii) the family {V\{0}} is in general position at each point of V\{0}.
Then there is a local C¥-diffeomorphism ¢: (R?, 0) —» (R», 0), analytic
outside of 0 € R, such that each ideal t*(idy(V))E, is generated by poly-
nomials. In particular V is C¥-equivalent to an algebraic set Z <= R*». More-
over t(V;) = Z;, where the Z;’s are irreducible (algebraic) components of Z.

REMARK. In Theorem 17, V itself need not be a complete intersection.
Let, for example, V; = {x€R*: x; = x, =0} and V, = {xeR*: x3 =
x4 = 0}. Then V' = V; | V,is not a complete intersection [19].

Theorem 1” (stated explicitly for d = 1 in [35]) is a consequence of
another result of Tougeron. We are going to explain this result which
certainly deserves to be better known.

Let G be a g-dimensional Lie group in GL(k, R). Let G¥*(n) be the
group of germs at 0 € R” of C»-maps (R”, 0) — (G, E) (where E = the
identity matrix of GL(k, R)), and let Diff*(n) be the group of germs at
0 € R” of local C»-diffeomorphisms (R”, 0) — (R”, 0); here y may be
0,1, ..., 0 or w The set Q(n) = G*(n) x Diff*(n) is a group with the
multiplication defined by (g1, 71) - (g2, 72) = (g1 (g2°71Y), 71°72),
acting on @,E,(n) as follows: for (g, 7) € @Y(n) and fe @.E,(n), (g, 7)-f
is the germ at 0 of the mapping x — g(x) - (fo 771(x)). For fe @,0(n),
JI(f) will denote the I-jet of fat 0 € R». A germ fe€ @,0(n) is said to be
C-finitely G-determined if there exists an / € N such that for any he
@,0(n), with ji(h) = ji(f), one has h = (g, 7) - f for some (g, 7) € @(n).
Obviously an Q%(n)-orbit of a C finitely G-determined map-germ contains
a polynomial.

The following characterization of finitely G-determined maps is due to
Tougeron. Let {4;, ..., 4,} be a basis over R of the Lie algebra TG
of G. For fe ®,0(n), f(0) =0, let M; be k x (g + n) matrix with
Ay f, ..., Ay f, Of[0xy, ..., Of/0x; as columns. Let I5(f) be an ideal of
O(n) generated by the k x k minors of this matrix.

THEeOREM 1. (Tougeron). Let f: (R7, 0) — (R¥, 0) be an analytic map-germ
andlet G = GL(k, R) be a Lie group. Then
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(i) ([36] p. 169) f is Ce-finitely G-determined if and only if 1.(f) contains
a power of the maximal ideal of O(n).
(ii) [37] For any v € N, fis C*finitely G-determined if I;(f) is elliptic.

ReEMARK. Theorem I (i) also holds true for holomorphic germs and
complex Lie groups.

PROOF (of Theorem 1”). Let k; = codim V; and let f;;, ..., f; be a
system of generators of the ideal idy(V;), i =1, ...,d Letf = (fi1, .- .,
Sikp <+ s s -+ o> fary)- The ideal J,  ,,(f) defined earlier is precisely
the ideal I (f), described above, for G = [[4,G; = GL(k, R), k=k; +
<+« + k;, G; = GL(k;, R). The assumptions (i) and (ii) of Theorem 1”
imply (and in fact are equivalent to) the ellipticity of the idealJ . ,,(f)-
Hence Theorem 1” follows directly from Theorem I (ii).

The main unsolved problem related to this section is, of course, whether
or not any real analytic set-germ is CO-equivalent to an algebraic (or
Nash) one.

A claim concerning this problem is given, without proof, in [24]. Any
germ of a complex analytic surface in C3 is C%equivalent to an algebraic
subset of C3 [25].

2. Ce-equivalence of analytic sets. In this section we shall also consider
complex analytic germs. Let K = R or C and let Oy(K”) = O(n) (Ny(K") =
N(n), etc.) be the ring of germs of K-analytic functions (Nash functions
over K, etc.). Of course by “K-analytic” we mean ‘“holomorphic” if
K = C, and ‘“real analytic” if K = R.

THEOREM 2. Let (V, 0) = (K*, 0) be a germ of a Nash set. Then there is
a local K-analytic isomorphism o: (K», 0) — (K», 0) such that the ideal
ido(a(V)) of O(n) of germs vanishing on (V) is generated by polynomials.
In particular V is analytically equivalent to a germ of an algebraic subset of
K,

NortE. The theorem seems to be known to a few specialists (certainly it’s
known to Michael Artin), but no proof has ever been published. One can
obtain a better result ([43]), ie, if V=V, U -+ UV, (K% 0)is a
Nash germ with irreducible analytic components V7, ..., ¥, then there
is a local K-analytic isomorphsim ¢: (K», 0) — (K#, 0) such that, for
anyi =1, ..., q, the ideal idy(o(¥;)) is generated by polynomials. In
particular each component o(V;) of o(V) is algebraic.

Now let us consider the following conjecture.

ConJECTURE 1. Let (¥, 0) = (K», 0) be a germ of a coherent analytic set
at 0 e K». Assume that V= V; | -+ |J ¥V, is a union of irreducible
components V;, satisfying the following conditions:
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(i) each set V,c\{0} is a holomorphic submanifoldin C», i = 1, ..., d;

(ii) the family of submanifolds {V;c\{0}}.;,...,,is in general position
at each point of V\{0}.

Then V'is C#-equivalent to an algebraic subset of K, i.e., there is a local
analytic isomorphism ¢: (K#, 0) — (K=, 0) such that g(¥) is a germ of an
algebraic subset of K».

NotaTiON. Vi = ¥V when K = C, and V = the complexification of V
if K = R.

The conjecture is known to be true in several important cases.

THEOREM 3 (Artin [5], Tougeron [38]). Let V < (K», 0) be a coherent ana-
Iytic germ (of pure dimension). Assume that V has an isolated singular point
at 0 € Cn. Then V is Ce-equivalent to a germ of an algebraic subset of K7.

The proof of this theorem is rather complicated and combines very re-
fined algebraic and analytic technique. One proves first that V is Co-
equivalent to a Nash germ, and after that one applies Theorem 2.

THEOREM 4. Let V < (K», 0) be a coherent analytic germ. Assume that
=V; U -+ U V,;isaunion of irreducible components satisfying :

(l) each set V,C\{O} is a holomorphic submanifold, and each V; is a com-
plete intersection, i = 1, ..., d,;

(ii) the family {V,C\{O}},zl,_”, 4 is in general position at each point of
210

Then there is a local analytic isomorphism o¢: (K», 0) — (K», 0) such
that each ideal o*(ido(V?))) is generated by polynomials. In particular V is
Ce-equivalent to an algebraic set.

Proor. Using the notation as in the proof of Theorem 1” (with R
replaced by K), the assumptions (i)and (ii)imply that the ideal J, . ., (f)
= I (f)contains a power of the maximal ideal of Oy(K”). Hence the theo-
rem follows directly from Tougeron’s Theorem I (i).

3. C»-Equivalence of analytic function-germs, O < y £ w. Let K =
or C. For fe OyK?) let f = fif K = C, and let f be the complexification
of fif K = R.

THEOREM 5 ([13], [17]). Let f € Oy(K") be a germ of a K-analytic function,
f0) =0, f = e[[L., fr, where f;€ OyK") are irreducible, relatively prime
factors of f, e = +1. Assume that each f;c!(O\{O}, i =1, ..., p, is a
complex analytic submanifold, and that fg'(0) is a normal crossing at
each point # 0. Then f is K-analytically equivalent to a polynomial in
KXy, ..., X,]

CoroLLARY 1 [28], [17]. Any analytic function-germ f: (K2, 0) —» K of
two variables is K-analytically equivalent to a polynomial.
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THEOREM 6. Let f € OyR"), f(0) = O, f = e[[L, f7, where f; € Oy(R")
are irreducible, relatively prime factors of f, ¢ = +1. Assume that each
factor f; has an isolated critical point at 0 € R?, and that f~1(0) is a normal
crossing at each point # 0. Let v € N. Then f is Cv-equivalent to a poly-
nomial function.

Both theorems, which are probably the most general known results
concerning the algebraicity of analytic function-germs, are an immediate
consequence of a characterization (published in [17] (complex case) and
[13] (Th. 1.1 and Th. 1.3)) of a so-called weakly finitely determined germs,
introduced by Cerveau and Mattei. Let us recall this notion which will be
also used in section 6. Let f: (K7, 0) — (K, 0) be a germ of a K-analytic
function and let f = e[[2, /™, e = +1, f; irreducible, relatively prime
factors of f. The germ fis said to be weakly finitely determined if there
exists an r € N such that any g € Oy(K») with g = ¢[[2 g%, j"(f) = j7(8:),
i=1, ..., p,is Ceequivalent to f. Weakly finitely determined germs are
precisely the germs satisfying the assumptions of Theorem 5. The related
theory of finite determinacy of functions and sufficiency of jets is in-
vestigated in an excellent review by C.T.C. Wall [39], also containing very
complete references.

Now let us consider the following problem. Assume that for an fe
0y(K»), the germ f~1(0)is algebraic (or Nash). Is f'equivalent to a germ of
a polynomial?

THEOREM 7 [43]. Let [ (R7, 0) —» (R, 0) be an analytic germ. If f~1(0) is
semi-algebraic, then [ is C%equivalent to a polynomial function.

Let V be a germ at 0 € K” of a coherent K-analytic hypersurface in
K~ Let fe Oy(K#) and let A(f,) be the jacobian ideal of the germ f, e
0,(Kn», xeKn, ie., A(f,) = 2%(9f/ox;) O.(K"). Define

28 (f) = {xef7H0): f ¢ A}
2 A(f) is an analytic subset of codim = 2 in K~

THEOREM 8. Let f: (C#, 0) — (C,0) be a holomorphic germ. If V = f~1(0)
is Nash and S A(f) <= {0}, then f is holomorphically equivalent to a
polynomial.

ProoF. Using the remark after Theorem 2, we may assume that V
is algebraic and that f = @g, for some ge C[X7, ..., X,] and some
p€ 0y(C7), p(0) = 0. The assumption Y A(f)/fMe! < {0} implies that
fo 1= A(f) for some g€ N, where M is the maximal ideal of Oy(C?).
Let w be a complex polynomial of # variables, such that ji(w) = ji(p). Put
o = wg and u = p/w € Oy(C”). Then f = up, where pe C[X7, ..., X,] and
Ja(u) = 1. It follows from Lemma 1.3 in [13] that f = up and p are holomor-
phically equivalent.
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COROLLARY 2. Let f: (C*,0) — (C, 0) be a holomorphic germ. If f~1(0)
is a Nash set and fe A(f), then f is holomorphically equivalent to a poly-
nomial.

ReMARKS. (i) Theorem 8 and Corollary 2 hold true for real analytic
germs, assuming that any irreducible factor ¢ of f has codim ¢~1(0) = 1.
(il) Is Theorem 8 true without the assumption Y A(f) <= {0}?

Open problem. Let f: (K, 0) — (K, 0) be a germ of an analytic function.
Assume that f = ¢g, where ¢ € Oy(K"), ¢(0) # 0, and g e K[X, ..., X,].
Is fequivalent to a polynomial? (See addendum located after references.)

GLOBAL THEORY. In this section M will be always an algebraic mani-
fold, i.e., a non-singular real algebraic subset of R%. As usual, we say that
two sets F, G = M (resp. two real-valued functions f, g: M — R) are
C»-equivalent if there is a global C*-diffeomorphism z: M — M such that
o(F) = G (resp. fer =g);v=0,1, ..., 0, 0

Our main concern now is the problem of equivalence between global
real analytic and real algebraic sets, as well as the analogous question
for functions. We shall deal with the elements of the following rings of
real-valued functions on M.

P[M] = ring of polynomial functions, i.e., P[M] = R[X7, ..., X,]/ideal
of M,

R(M) = ring of entire rational functions, i.c., R(M) = {flg: f, g € P[M],
g0 = @},

N(M) = ring of Nash functions ([11], [45]),

O(M) = ring of analytic functions.

Of course P[M] =« R(M) = N(M) = O(M). A subset A = M is called
algebraic, Nash or analytic if 4 is of the form 4 = f~1(0) for some fin
P[M], N(M) or O(M) respectively.

4. Topology of real algebraic varieties. [1]-[4], [6]-[10], [21], [22], [32]-
[34], [46]. Several very good accounts concerning the topology of real
algebraic sets are now available ([1], [21], [34], [46] and the original
papers listed in the references), but let us metnion briefly some results
closely related to the problem of equivalence of analytic, Nash and al-
gebraic sets. One of the main questions is, of course,

(A) Which topological spaces are homeomorphic to real algebraic sets
of R#?

The following fundamental theorem of Tognoli has greatly stimulated
the researches during the past decade.

THEOREM 9. (Tognoli [32], [22]) Any compact smooth manifold is Ce
diffeomorphic to a non-singular algebraic subset of R*.
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Tognoli’s result was conjectured by J. Nash in 1952 (who showed a
weaker result) and is based on two fundamental theories unknown in
1952—transversality and cobordism.

A beautiful characterization of compact algebraic sets with isolated
singularities has been discovered recently by Akbulut and King.

THEOREM 10 [3). For a compact topological space, the following condi-
tions are equivalent:

(i) X is homeomorphic to a real algebraic set with isolated singularities.

(i) X is homeomorphic to the quotient space obtained by taking a compact
smooth manifold Y and collapsing each K; to a point, where K;,i= 1, ..., |,
is a collection of disjoint smocth subpolyhedra of Y.

COROLLARY 3. Any (global) compact, purely dimensional analytic set X,
with a finite set Y, of singular points, is homeomorphic to an algebraic set.

PrROOF. Let 3} = {ay, ..., a;}. Using Hironaka’s resolution of singu-
larities one obtains a continuous map ¢: Y — X, with ¥ a compact
analytic manifold with some analytic subsets (and hence smooth sub-
polyhedra) K; = ¢ a;),i = 1, ..., k, so that o| Y\ J4,K;: Y\ JL,K; —
X\2X is a homeomorphism. So X is obtained from Y by collapsing each
K; to a point, and hence by Theorem 10, is homeomorphic to an algebraic
set.

The major open question is, of course,
whether any compact analytic set is homeomorphic to an algebraic one?

It is enough to solve the problem of topological characterization of
algebraic sets only for compact spaces, since it was shown [3] that a
topological space X is homeomorphic to an algebraic set if and only if X
is locally compact and the one point compactification of X is homeomor-
phic to a real algebraic set.

By a well known theorem of Lojasiewicz [23] any real analytic set is
triangulable (an easier theorem on triangulability of algebraic sets is proven
in an elegant paper of Hironaka [20]). The essential problem therefore,
would be to decide which polyhedrons are homeomorphic to algebraic
sets. A necessary conditions is

THEOREM 11 (Sullivan [31]). 4 real analytic set is locally homeomorphic
to the cone over a polyhedron with even Euler characteristic.

Sullivan’s conditions fully characterise algebraic sets of dimension < 2.

THEOREM 12 (Benedetti-Dedo [9]). A compact polyhedron X of dimension
< 2 is homeomorphic to a real algebraic set if and only if X satisfies Sul-
livan’s even Euler characteristic condition.
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COROLLARY 4. Any compact 2 dimensional analytic set is homeomorphic
to an algebraic one.

Unfortunately Theorem 12 is false if dim X = 3 [1]. Recently Akbulut
and King have described a very large class of topological spaces (4-spaces
[4]) homeomorphic to algebraic sets. The class of A-spaces contains, for
example, any compact PL manifold.

(B) Homology classes represented by algebraic sets. Let M < R” be a
compact algebraic m-manifold and let Z = M be an analytic subset of
dimension k. Taking any triangulation of M compatible with Z, one can
show ([16], [18]) that every (k — 1)-simplex contained in Z is a face of an
even number of k-simplexes of Z. This implies that Z determines a ho-
mology class [Z]e H (M, Z,). Let HF¢(M, Z,) be the subgroup of H,(M,
Z,) of homology classes represented by k-dimensional algebraic subsets
of M, and let Hgs(M, Z,) = @poHY4(M, Z,). Let H} (M, Z,) be the
subgroup of H*(M, Z,) corresponding to H%&(M, Z,) by the Poincaré
duality. In fact H,f, is a subring of H*[8]. The question whether a homolo-
gy class is in H¥¢ appears to be essential. This is however not always the
case.

Positive results. A continuous vector bundle & = {z: E— M} over M,
of rank k, is said to be strongly algebraic if £ is an affine algebraic variety
over R, and the projection z, as well as the transition functions of &,
are regular morphisms [6]. It should be mentioned that there exists an
algebraic vector bundle (i.e., a bundle with the total space being a real
algebraic variety in the sense of Serre) which is not strongly algebraic
[33]. This class of vector bundles is important because of the following
result: H} (M, Z,) contains the subring generated by Stiefel-Whitney

alg
classes of all strongly algebraic vector bundles over M [8].

THEOREM 13 [6], [8]. Let X be a compact, connected smooth manifold.
Then there is an algebraic manifold M diffeomorphic to X, such that

(i) Any continuous vector bundle (of finite rank) is COisomorphic to a
strongly algebraic one.

(i) H,f(M, Z,) contains the subring generated by the Stiefel-Whitney
classes of all continuous vector bundles over M and by the set of classes
representable by smooth submanifolds of M.

THEOREM 14 [8], [14], [30]. If M is a connected, compact algebraic m-
manifold, then H¥¢,(M, Z,) = H,_(M, Z,) if and only if any continuous
line bundle over M is isomorphic to a strongly algebraic one.

COROLLARY 5 [2], [7]. For any compact, connected smooth m-manifold
X there exists an algebraic manifold M diffeomorphic to X, such that
H&(M, Zy) = H,,_(M, Zy).
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Negative results.

THEOREM 15 (Benedetti-Tognoli [8], Risler [26], Silhol [44]). For any
m = 2 there is a compact, connected algebraic m-manifold M, such that
Hr‘rlll;gl(M’ ZZ) # Hm—l(M, ZZ)

In fact the result is more precise: For any p = 3 and any smooth com-
pact, connected p-manifold X there is an algebraic m-manifold, m = p + 1,
differomorphic to X x S such that HZ¢,(M, Z,) # H,_(M, Z,). The
proof for X = $3is given in [8] and the general case goes along the same
line, based on two observations

() If V is a compact non-singular irreducible real algebraic curve
V < RZ, with two connected components V; and V,, then the line bundle
& over V x S which is trivial over ¥; x S1 but non trivial over V5, x S1,
is not isomorphic to a strongly algebraic one.

(B) One can find an algebraic m-manifold M containing ¥ x S1, dif-
feomorphic to X x S1, and aline bundle & over M, such that &|V x S &.

Hence £ is a line bundle which cannot be isomorphic to a strongly
algebraic one, and therefore by Theorem 14, HZ%,(M, Z,) # H,,_1(M, Z,).
A similar idea also works for m = 3, at least for some X. Unexpectedly the
case of dimension 2 in Theorem 15 is particularly hard and one uses a
different method to show the following.

THEOREM 16 (Risler [26]). For any 1 < k < 9 there is an orientable,
compact connected non singular algebraic surface T, = R*, of genus k,
such that H#¢(T,, L;) # Hy(T}, Z,) (in fact dimg H#é(T,, Z,;) < 1).

Finally let us mention a result which will not be used in this review,
but which is very important and clarifies the situation concerning the
topology of real algebraic sets.

THEOREM 17 (Benedetti-Ded6 [10]). For any m = 11 there is a compact,
connected smooth m-manifold X such that for any algebraic manifold M
homeomorphic to X, H¥e(M, Z,) # H,,_ (M, Z,).

After these preparations we may start the discussion of the problem of
global equivalence of analytic and algebraic sets and functions.

5. Equivalence of analytic and algebraic sets.

(A) Non singular case. Let X <= Rm** be an analytic compact m-sub-
manifold of R7*: The proof of Tognoli’s Theorem 9 shows more: if
k > m then there is an analytic diffeotopy of R7*# arbitrarily close to
the identity, transforming X onto a non-singular algebraic subset of Rm+#,
However it is an open challenging question whether X can be realized as
an algebraic subset in the same R™*#, even if k is not greater than m.
In particular it is unknown whether any compact non-orientable 3-mani-
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fold in R® can be realized as an algebraic subset of R5. Recently two
results concerning this problem have been found.

THEOREM 18. Let X = Rtk be a compact analytic m-submanifold. Then
there is a Co-diffeomorphism of R™t%  arbitrarily close to the identity,
transforming X onto a non-singular algebraic subset of R™t* in each of the
following cases

(i) (Ivanov [21]) if 2k > m + 1, or

(ii) (Bochnak and Kucharz [15]) if X has trivial normal bundle and
k=1,2,40r8.

In fact, Theorem 18 (ii) is more general and holds true also with R™*#
replaced by any compact algebraic m + k-manifold with all vector bundles
strongly algebraic [15].

ExampLE 3. Let us consider again the example mentioned in section 4
of an algebraic manifold M diffeomorphic to S3 x S, with H¥4(M, Z,) =
0. Let Z = M be an analytic submanifold of codim 1, diffeomorphic to
S3, with non-trivial homology class [Z] € Hy(M, Z,) = Z,. It is clear that
there is no homeomorphism of M transforming Z onto an algebraic set.

However for non-singular hypersurfaces, the non-algebraicity of its
homology class is the unique obstruction to equivalence with an algebraic
set. More precisely,

THEOREM 19 ([1], [8], [13]). Let M be a compact algebraic m-manifold
and let ¢ > 0. Then the following conditions are equivalent

(i) any compact codim 1 analytic submanifold of M is analytically e-
isotopic to an algebraic non-singular subset of M,

(i) Hy/8(M, Zy) = H,,_(M, Zy).

Finally let us mention that any codim 1 submanifold of a compact
algebraic manifold M is e-isotopic to a Nash non-singular subset of M.

REMARK. Although the statements of Theorems 18 and 19 are formul-
ated for analytic submanifolds and C#-equivalence, they are also valid for
C=-manifolds and C»-equivalence.

(B) Singular case. In this section we shall consider the question of
equivalence of analytic and algebraic hypersurfaces (possibly with singu-
larities) of a compact, connected algebraic m-manifold M. By a hyper-
surface we always understand a closed analytic set of codim 1 at each
point. All results of this section are proved in [13].

Let Z = M be an analytic hypersurface of M which is Ck-equivalent
to an algebraic one. Then [0(Z)] € HZ&(M, Z,) for some ¢ € Diff¥(M),
and at each point x € Z, the germ Z, is locally C*-equivalent to an al-
gebraic subset of M. This suggests the following
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Local-Global Problem. Assume H#8,(M, Z,). = H,,_1(M, Z,). Let Z
be a real analytic hypersurface of M, which is at each point x € Z locally
Ck-equivalent to an algebraic set 4* < M (A* depends on x). Is Z
globally C*-equivalent to an algebraic hypersurface of M?

It appears that the answer is affirmative for a reasonably large class of
hypersurfaces. Example 4 shows that the assumption HZ¢ = H,_,
is essential.

Given an analytic set Z of M let us define

Yen(Z)={xeZ:¥feO(M)if Z = f-1(0)and Z, = £71(0), then d, f = 0}

(of course Z,, f, denotes the germ of Z, f at x). If Z is a hypersurface,
then X;2#(Z)is the set of ““analytically’’ singular points of Z. One can also
define

2(Z) = {xe Z: Z, is not an analytic submanifold of codim 1}

which is, for hypersurfaces, the set of “topologically” singular points of
Z. Although X < Yon, in general X # Xon. If 3 is discrete, then
2. = 2 e#if and only if Z is coherent.

THeEOREM 20 ([13] Part 11). Let Z be an analytic hypersurface of a com-
pact, connected algebraic m-manifold M, with Y,*(Z) finite and [Z] €
HZe (M, Z,). Assume that for any x € Y,°Z) there is an algebraic set
A* = M, such that the germs of Z and A* at x are C®-equivalent. Then
Z is globally Ce-equivalent to an algebraic hypersurface of M.

The proof of Theorem 20 uses a criterion of algebraicity formulated
in [13], Part I, Th. 1, and Theorem 2 of this paper. The assumption of
Theorem 20 can be even weakened; it sufficies to assume that for each
x € Y e%(Z) the germ Z, is C»-equivalent to a Nash germ (instead of to
an algebraic one). In particular we have

TuaeoreM 21 ([13] Part II). Let Z be an analytic hypersurface of M.
Assume that Z is semi-algebraic, Y,**(Z) is finite and [Z) e HZ¢(M, Z,).
Then Z is globally C»-equivalent to an algebraic hypersurface of M.

In both Theorems 20 and 21, M can be replaced by R” (assuming Z
compact). Hypersurfaces considered in Theorems 20 and 21 have finite
sets of singular points. There is however a large class of hypersurfaces with
33(Z) of dimension > 0, which are C¢-equivalent to algebraic ones. We
say that a germ of a complex analytic hypersurface ¥, in a complex an-
alytic manifold has a singular point of type L at x, if V, is a normal
crossing at each point different from x and if each irreducible analytic
component of ¥, has an isolated singular point at x (or is regular at x).
We say that a real analytic hypersurface-germ ¥V, has a singular point of
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type L at x if it is so for its complexification germ V, c(observe that sin-
gularities of type L appear precisely in Theorem 5).

ExaMPLE 4. The hypersurface V = {(x2 + y2 — 2z2) (x* — y* + z%) =
0} = R3 has a singular point of type L at 0.

A real analytic hypersurface Z = M is called of type L if the set of
singular points of any global analytic irreducible component of Z is
finite, and if Z, has a singular point of type L at each x € };(Z). (Notice
that };(Z) need not be discrete).

THEOREM 22 [13). Let M be a compact connected algebraic m-manifold.
Then the following conditions are equivalent
(i) any analytic hypersurface of type L of M is C®-equivalent to an al-
gebraic subset of M ;
- (i) Hys(M, Zy) = H, (M, Z,).

The case of C#-equivalence between analytic and Nash hypersurfaces
is less complicated and the Nash version of the Local-Global Problem
always has an affirmative solution, provided };2%(Z) is finite.

THEOREM 23 [13]. Let M be a compact algebraic manifold and let Z <=
M be an analytic hypersurface with Y,*%(Z) finite. Assume that at each
singular point x, the germ Z, is C®-equivalent to a Nash germ. Then Z is
globally Ce-equivalent to a Nash hypersurface of M.

It can also be shown that any hypersurface of type L is C¢-equivalent
to a Nash set.

Also the case of C-equivalence, v < o0, has a satisfying solution for
hypersurfaces with };2#(Z) finite.

THEOREM 24 [13). Let Z < M be an analytic hypersurface of a com-
pact connected algebraic m-manifold M. Assume },°%(Z) finite and [Z] €
HZe (M, Z,). Let y € N. Then there is a C¥-diffeomorphism o: M — M
such that o(Z) is an algebraic subset of M. Moreover ¢ can be chosen arbi-
trarily close to the identity and C> outside of Y;°*(Z).

We do not formulate any theorem concerning the case of global equi-
valence of analytic and algebraic sets of codim > 1, but several results
in this direction are known ([12] and [13] Part II).

6. Global equivalence of analytic and algebraic functions [13], [28], [29].
In this section we shall quote several theorems describing global analytic
functions equivalent to rational, polynomial or Nash ones. The proofs
and more results in this direction are given in [13], [28], [29].

Let M be a compact connected algebraic m-manifold. Most results
concern the class of so-called functions of type L, introduced in [13].
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Let f: M — R be a real analytic function, C; the set of its critical values,
and let Sy = f~1(Cy). We say that fis a function of type L if the set of
singular points of any global analytic irreducible component of S; is
finite and if at each point x € M the germ f, — f(x) € O (M) is weakly
finitely determined (cf. §3 for the definition of this notion).

ExaMPLE 5. If dim M < 2, then any analytic function on M is of type L.

THEOREM 25. [13]. (1) Any analytic function fe O(M) of type L is
Ce-equivalent to an entire rational one if and only if HZ&(M, Z,) =
H, m—l(M > ZZ)

(ii) Any analytic function of type L is Ce-equivalent to a Nash function.

COROLLARY 6. [13],[29]. If dim M = 2 then the following conditions are
equivalent:

(i) any analytic function on M is C®-equivalent to an entire rational func-
tion;

(i) H's(M, Zy) = H\(M, Z,).

COROLLARY 7 [13]. Given a smooth compact connected manifold X, we
may find an algebraic manifold M < R* diffeomorphic to X such that
any analytic function fe O(M) of type L is Ce-equivalent to an entire
rational function on M.

ProoF. Follows from Theorem 25 and Corollary 5.

It would be very interesting to decide whether any rational function
f€ R(M)is Ce (or even CP) equivalent to a polynomial. This is not known
even for dim M = 2 (except for M = S%or P%R), cf. Theorem 27 below).

THEOREM 26. Let X = R* be a connected (not necessarily compact)
algebraic manifold and let f: X — R be an analytic function. Assume that
the set Q of critical points of f is is finite and that at each point x €
the Milnor number of the germ f, is finite. Then [ is globally C®-equivalent
to a polynomial in each of the following cases:

() if X is compact [12}, or

(ii) if f is proper and X = R*, n # 4, 5 (or, more generally, if X has
a good behaviour ““at infinity’) [29].

THeoreM 27 [13], [29]. If M is an algebraic manifold homeomorphic to
S2 or P%R), then any analytic function on M is C®-equivalent to a poly-
nomial.

Now let us consider the Local-Global Problem for functions.

Let fe O(M) be a function, which is at each point x € M locally Ck-
equivalent to a rational (resp. polynomial) function 4 on M (h* depends
on x). Is f globally Ck-equivalent to a rational (resp. polynomial) function
on M?
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THEOREM 28 ([13] Part II). Let f: M — R be an analytic function on a
compact, connected algebraic manifold M. Assume that the set of critical
points Y, of [ is finite and that for each x € ¥ there exist a Zariski open
neighborhood U, of x, a rational function ¢*€ R(U,) with X, = {x},
and an orientation preserving local C® diffeomorphism o: (M, x) - (M, Xx),
such that f,, o ¢ = ¢% Then fis C® equivalent to an entire rational function.

Theorem 28 also holds true for M = R”, assuming f proper and m # 4
or 5[29]. For k < oo one can show

THEOREM 29 ([13] ). Let /- M — R be an analytic function and let k € N.
If the set of critical points of f is finite, then fis Ck-equivalent to a poly-
nomial function.

Finally we have

THEOREM 30 [28). Let f'€ O(M) be a function with a finite set of critical
points. If at each critical point x the germ f, is C%-equivalent to a Nash
germ, then f'is globally C®-equivalent to a Nash function.

The proofs of the results of this section are quite complicated. Without
going into the details let us mention only that they are based (among other
things) on a global version of Theorem I of §1, (formulated in [13] as
Theorem 10), and on the following criterion of equivalence.

THEOREM 31 [13]. Let f: M — R be C=-function, ay, ..., a, €R, S; =
fHC) =S, U -+ US,, where each S; is a union of some connected
components of Sy, S; N S; = @ for i # j, f(S;) = a;. Assume that there
exist rational functions A; € R(M) (resp. Nash functions A; € N(M)), i =
1, ..., k, such that f = A; in a neighborhood of S; and 27X (a;) = S;. Then
f is C>-equivalent to a rational (resp. Nash) function. If A; € P[M] and
Aida) N A;d(a)) = @, i # j, then [ is C=-equivalent to a polynomial.

In the last statement A,¢ is the complexification of 4, i.e., the canonical
polynomial extension of A; onto the algebraic complexification My =
Crof M = R~
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Added in proof.

1. The problemstated at the end of section 3 has been negatively solved by R. Pellika-
an. He has shown that the germ f: (K?, 0) - (K, 0) defined by f(x,y,z) = xyz(x* + y* +
x*yz + x%y°z)e* is not analytically equivalent to a polynomial (preprint University of
Utrecht 1984).

The question remains open whether any Nash germ (K*, 0) — (K, 0) is C® equivalent
to a polynomial.

2. Theorem 12 has been proved independently by Akbulut and King in [46]. “The
topology of real algebraic sets””, L’Enseignements Math. 29 (1983), 221-261.

3. H. King has shown that Corollary 4 is valid also in domlnsion 3 (cf. “Topology
of real algebraic sets”-preprint 1982).





