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HILBERT’S PROBLEM 16 (B)

J.-P. FRANCOISE

Dedicated to the memory of Gus Efroymson

Hilbert’s Problem 16 (B) is related to interesting questions of real
analytic geometry and dynamical systems. Let L be the canonical fibre
line bundle on PZ and m be a positive integer. A Pfaff algebraic form
(P.A.F.) of degree m on P is an algebraic section of T(P3)* ® LO mtD),
Let EE be the affine space of dimension 3; a P.A.F. is equivalent to the
data of a 1-form w = wdx; + wedx, + wsdx;, where w; are homogene-
ous of degree m + 1 and 1% ,x,w; = 0. A P.A.F. defines a foliation with
singularities of PZ whose leaves are open Riemann surface. They are
called leaves of the P.A.F. An algebraic ordinary differential equation of
degree m (A.O.D.E.) is a vector field X = f(x, y) 9/0x + g(x, y)9/dy on
EZ whose components are two polynomials of degree m. The flow of X
defined by equations

Ly
@ )
= glx, )

determines a foliation with singularities of EZ. A limit cycle (L.C.) is a
periodic solution of (i) isolated in the set of periodic solutions. After
complexification and compactification, an A.O.D.E. gives a P.A.F.
whose leaves are invariant by the involution (x;, X3, X3) = (X1, X2, X3) of
P& Now we are ready to state the main.

ProOBLEM. What is the relation between the number of L.C. and the
degree m?

We have found a partial solution, i.e.,

THeEOREM (Frangoise-Pugh [2]). For any integer m and real T, there
exists b(m, T) such that the number of L.C. of period less than T of an
A.O.D.E. of degree m is less than b(m, T).

A key theorem in the locat-real study is Bautin’s theorem generalized
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to arbitrary m in [1]. Let #(m) be the set of A.O.D.E. of degree m with
fx, ) =Ax —y+ ---,andg(x,)) =x + Ay + ---.

THEOREM (Bautin). Let X, € #(2) be a center at O € Eg; then the number
of L.C. which may appear in an arbitray small neighborhood of O € E§
for an arbitrary perturbation Xy — X € %(2) is less than 3.

We used the analytic geometry statement that if A4, B are subanalytic
sets, .and f: 4 — B is a sub-analytic proper morphism, then for any
point y, € B, there exist an integer N and a neighborhood U(y,) such
that the number of connected components of f~1(y), y € U(yy) is less
than N.

Of course we had to appeal to dynamical systems, whose methods
begin with Poincaré-Bendixson, and yield proofs that periodic solutions
may accumulate on: i) singular points, ii) periodic solution, and iii)
graphics. A graphic is a union of singular points and adherent trajectories.
L.C. cannot accumulate on a periodic solution because a periodic solution
has an analytic first-return map. A graphic or a singular point limit of
periodic solutions has a first-return map which may fail to be analytic
a priori. Hence there is no simple way to prove that an A.O.D.E. has a
finite number of L.C. Let us say that an A.O.D.E. is generic if its flow is
Kupka-Smale. Then a uniform bound for the number of L.C. of generic
A.O.D.E. of fixed degree m implies the existence of a uniform bound for
all A.O.D.E. of degree m (Pugh). A similar idea in the complex version was
one of the key ideas of Petrowski-Landis’s methods.
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