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UNIVALENT FUNCTIONS HAVING UNIVALENT DERIVATIVES
HERB SILVERMAN

ABSTRACT. For functions of the form f(z) = z — X5, a,z”,
a, = 0, that are analytic and univalent in the unit disk, we inves-
tigate subclasses of functions having some or all of their deriva-
tives univalent. Sufficient conditions are given for the functions to
be in the various classes and a sharp upper bound for the second
coefficient of functions whose derivatives are all univalent is found.
Surprisingly, there is no function in the class whose second co-
efficient attains this sharp upper lound.

1. Introduction. A function f(z) = z + X3, a,z" is said to be in the
family S if it is analytic and univalent in the unit disk 4 = {|z| < 1}. If
f may further be expressed as

N fle) =z — i’ a,z", a, =z 0.
n=2

v

then f'is said to be in the family 7. In [6] it is shown that functions of the
form (1) are in T if and only if };32, na, < 1. This enabled us to show

that the extreme points of Twere zand z — z#*/n(n = 2,3, ...).

Denote, by Tj, the subfamily of T consisting of functions f for which
f’is also univalent in 4. Since the second coefficient of a function in 7}
cannot vanish, the only extreme point of T that is also a member of T}
is z — z2/2. Although Ty, unlike 7, cannot easily be characterized by its
coefficients, we do find separate sufficient and necessary conditions that
lead to various coefficient bounds. We also investigate subfamilies of T
for which higher order derivatives are univalent and obtain a sharp upper
bound for the second coefficient when all derivatives are univalent.

2. The family T .
THEOREM 1. If f(z) = z — 325 a,z" € Ty, then a; £ 1/2 and
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r—rRSIf@ISr+ 22 (d=r<),
I~ rSIf@IS1+r, (2 = r < D).

FEquality holds only for f(z) = z — z2/2.

PRrOOF. In [6], it is shown that these bounds are valid for 7, and, con-
sequently, for the subfamily 7.

We now give a sufficient condition for functions of the form (1) to have
a univalent derivative.

THEOREM 2. If f(z) = z — Y s a,z"€ T, a; > 0, then fe Ty if
2 i(n — Dna, £ 2a,.

ProoF. The function f'(z) = 1 — X2, n a,z*! is univalent in 4 if
and only if the normalized function

g2) = IT‘];(Q=Z +'§2—(n—+ﬁ)%’i2u=z+éb”2”
is in S. The result follows upon noting that >;2, n b, < 1 is a sufficient
condition for g to be in S.
Inequality (2) is sharp in the following sense: Given ¢ > 0, there exists
a sequence {a,}, 0 < a; < 1/2, such that };224(n — Dn a, = 2a; + ¢
and f(z) =z — X2sa,2€ T — T;. To see this, set f(z) = z — ayz?
— ((2az + ¢)/n(n + 1))z#*1, where n is large enough to insure that 2a,
+ (2a, + ¢)/n £ 1. Then fe T, but g(z) = (1 — f'(z))/2a; is not in S
because g'(z) = 1 + (1 + ¢/2ay)z#1 = 0, for a point z, |zo| < 1.

COROLLARY 1. If f(z) = z — 22, a,2" (a, 2 0,0 < ay, £ 1/3), then (2)
is a sufficient condition for f to be in T}.

PROOF. In view of Theorem 2, we need only show that f€ T. Since
2¥2sna, < YN2s(n—1n a, < 2a,, we have 3 32,na, < 2a, + a; S 1,
for a, < 1/3.

COROLLARY 2. If {a,} is a complex sequence, a, # 0, and a,la; < 0 for
n z 3, then f(z) = z + X325 a,z” has a univalent derivative in 4 if and
only if 324(n — Dnla,| £ 2lay. If, further, |ay| < 1/3, then both f and
f' are univalent in 4.

PrOOF. We have f’ univelant in 4 if and only if

(gl

1=/ = (14 1) gyl s
= — L 7 = 7 — -~ 7 ATl 2% = 7 — b,,z 4
83 = 5, D TP M

isin T. Since Y2, n b, < 1 is necessary and sufficient for g to be in T,
the result follows. As in Corollary 1, f'will also be in Sif 2 |a,| + |ap] = 1.
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3. Necessary Conditions for T;. We next prove that (2) is necessary, as
well as sufficient, for fin T 'to be in 77 when fis a cubic polynomial.

THEOREM 3. If f(z) = z — ayz%2 — a3z8 (a; > 0, a3 2 0), then fe T, if
and only if

]—2(12

3a; £ min
az

PrOOF. We have 3a; < 1 — 2a, if and only if f € T. On the other hand,
f"is univalent in 4 if and only if g(z) = z + (3as/2a;)z% € S. But a neces-
sary and sufficient condition for g to be in S is that 3a3/2a, = 1/2. This
completes the proof.

COROLLARY. If f(z) = z — ayz? — azz3€ Ty, then a3 = 1/9. Equality
holds if and only if f(z) = z — (1/3)z2 — (1/9)z8.

ProoF. By Theorem 3, we must have 3a; < a; < (1 — 3a3)/2, which
means that a; < 1/9. The only time this double inequality can hold, when
as = 1/9, is when a; = 1/3.

From Theorem 3 and its corollary, one might be led to believe that
(2) is both necessary and sufficient for a function to be in 7 and that 1/9
is an upper bound for the third coefficient. We shall show that neither of
these is the case for quartics. But first we need a result due to Brannan
and Brickman.

THEOREM A [1] The function g(z) = z + byz? + b3z, by, and bs real, is
in S if and only if
bl = (1 + 3b3)/2, —1/3 £ b3 £ 1/5, and
bol < 24/b3(1 — b3),  1/5 = b3 = 1/3.
Note that g in Theorem A4 cannot be in S if |b5| > 1/3 because g’ would

then have aroot in 4. We are now ready to prove

THEOREM 4. If f(z) = z — @22 — a3z8 — ayzt € Ty, then a3 £ (4/2 — 1)
/3. The result is sharp, with equality for

f)=z-3Q- vz - (@) A= <2—_1«6/Z>Z4

Proor. For a; > 0, a3 = 0,and a, = 0, we have f” univalent if and only
if g(z) = z + (3as/2a;)z2 + (2a4/az)z® € S which, according to Theorem A4,
is equivalent to

3a3 < a, + 6ay, 0 < a4 = ay/10, and

3a3 £ 4 V2ay(a, — 2a), a,/10 £ a; < ay/6.
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For fto be in 7, we must also have 3a3 < 1 — 2a, — 4ay. Thus, fe T,
if and only if

a; + 6(14
(3) 3(13 é min N 0 § ay é [12/10
1 — 202 - 404
and
4+/2ay(a; — 2ay)
4) 3a; < min , a,/10 = a4 = a,/6.
1 — 2a, — 4a,

The right side of (3) will be maximized at a point where a; + 6a; = 1
— 2a; — 4ay, i.e., where

©) 3ay + 10a, = L.

Setay = ayt/10,0 < ¢t < 1, and note that (5) yields a; = ax(t) = 1/(3 + t).
Now h(t) = ax(t) + 6ay(t) = (1 + 3t/5)/(3 + t) < k(1) = 2/5, so that

(6) 3a3 = 2/5, 0 = a4 £ ay/10.

Similarly, the right side of (4) will be maximized at a point where

™ 4/ e = 3@y = 1 - 25 — da
Setting
®) a, = ayt/6, 355t L1,

we see that (7) is equivalent to

_3 1
®) “2‘7[(3+t)+2w(3—r)]’ Wer=l

With a, = ay(2), defined by (9), and a4 = ay(¢), defined by (8), either side
of (7) is maximized with ¢t = 1. Thus, from (4), we have

(10) 3a3 =1 — 2(12(1) - 4614(1) = 1/7 -1, (12/10 <a= 02/6.
Combining (6) and (10), it follows that as < (4/2 — 1)/3 when f'is in T.

Equality holds if and only if f(z) = z — ax(1)22 — ((«/2 — 1)/3)23 —
(ax(1)/6)z*.

Before giving an upper bound for the third coefficient in the entire
class 7, we state a result due to Pick [3].

THEOREM B [3]. If f(z) =z + X2y a,z” € S with [f(z)]| £ M, forzin 4,
then |as] £ 2(1 — 1/M).

THEOREM 5. If f(z) = z — X2, a,z" € Ty, then az < 1/6.
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Proor. If fe Ty, then g(z) = (1 — f'(2))[2a, = z + 232((n + Da,+;
[2a5)z" € S. Since |g(2)| = g(1) £ 1 + (1 — 2ay)/2a, = 1]2a,, for z in 4,
according to Theorem B, we have 3as/2a, < 2(1 — 2a,), or

(11) 3613/4 é 02(1 - 2(12).

But the right side of (11) is maximized when a, = 1/4, from which we
conlcude that a; < 1/6. Suppose a3 = 1/6. From (11), 1 = 8a, (1 — 2ay)
=1—(1 —4ay? So a;-= 1/4. Since fe Ty, 124 na, = 1 — 2a, — 3as
= 0. Hence, a, = 0 for n = 4. But then the corollary to Theorem 3 shows
that a3 < 1/9. Therefore, it can never be that a3 = 1/6. This completes
the proof.

Combining Theorems 4 and 5, we have the following

COROLLARY. Set 8 = sup {as: fe T1}. Then (/2 —1)/3 < B £ 1/6.

4. Higher order derivatives. We now look at functions in 7 for which
derivatives of higher order are also univalent.

A function f(z) = z — X2, a,2%, a, = 0, is said to be in T, if f and
its first m derivatives are univalent. If f'e T, for every integer m, then f
is said to be in T,.

THEOREM 6. If f(z) = z— Y32, a,z7 € T with T[4 a, # 0, then f€ T,
if
(12) Y =K —k+1D - na, <k + D! ag,
n=k+2
fork=1,2,...,m

PrROOF. The case m = 1 was proved in Theorem 2. For k > 1, f®(z) is
univalent in 4 if and only if

(FP@D+kla) . & (1) (142) - (14h)
TUE+ Diagn YL o+ Diag,

=z + ) bzreS.
n=2

glz)= #Z"

The result follows upon noting that Y52, nb, < 1 is a sufficient condition
for g,(z) to be in S.

COROLLARY. If f(z)=z— X5 sa,27€T, a, # 0, and (12) holds for
every k, then fe T,

In [5] Shah and Trimble investigated the family E consisting of functions
in S having univalent derivatives of all orders. They showed that fin E
must be an entire function and that a = sup{|a,|: f€ E} must satisfy
/2 £ a < 1.7208. They further conjectured that @ = 7/2, with extremal
function f(z) = (e™ — 1)/x. This conjecture sas disproved by Lachance
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[2], using a perturbation of e?2. The best known lower bound for a may
be found in [4].

We close with the sharp upper bound on the second coefficient of a
function in T, for which, surprisingly, there is no extremal function.

THEOREM 7. If f(z) = z — X 2sa,z"€ T, then a; < 1/2. The result is
sharp in that the value 1/2 may be replaced by any smaller constant.

ProoOF. The function z — z2/2, which is not in T, is shown in Theorem
1 to be the unique extremal function in T(> T..)for the second coefficient.
It thus suffices to show, for ¢( > 0) arbitrarily small, that there exists a
function in T whose second coefficient is (1 — ¢)/2. For any ¢, 0 < ¢
< g = (2e12 — 1)1, set

F(2) =

22 e
,,;3 273! "
Then F, € T because

2(1 — ¢) S n _ N

= 6,,;3—2"—%! <l-—e+ 5,,;:3_2”‘2 1.
In view of the corollary to Theorem 6, F. is in T, if its coefficients satisfy
(12), for every k. Now, f € Ty, because

< n(n — N | 1 —e
eZ (2” 3n' 26£W=25(e1/2—1)§2( - >,

when ¢ £ ¢
For k > 1, we have

i n—-k(n—-k+1)-na, = i (n—KkK(mn—k+1)---ne

nEEt2 nRt2 273!
S 1 5

<e g = aee = (k + D! gy

B =gt =k D

Hence, (12) is satisfied, for every k, and F, € T, for every ¢, 0 < ¢ = ¢,.
Since (1 — ¢)/2 — 1/2 as ¢ — 0, the proof is complete.

REMARK. That there is no extremal function in Theorem 7 shows that
T, is not a compact family. In fact, the sequence {f,(z)} defined by

_ 1—1/k> 1e
D) = 2 = (5152 B I=m

is in T, for every integer k 2 3, yet {fi(z)} converges uniformly on com-
pact subsets of 4 to f(z) = z — z2/2 ¢ T,. In particular, in the general
class E of functions in S with all derivatives univalent, which was inves-
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tigated in [5], there need not, a priori, be an extremal function for sup
{lazl: fe E}.

It would be of interest to determine a sharp upper bound on the third
coefficient for functions in T... We know from the bound on T; o T,
given in Theorem 5 that the third coefficient cannot exceed 1/6 and, since
F,,, defined in Theorem 7, is in T, that an upper bound on the third
coefficient is no less than ¢,/6 ~ .076.
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