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NORMALITY OF MONOMIAL IDEALS
IBRAHIM AL-AYYOUB

ABSTRACT. Given the monomial ideal I = (w‘fl e, TR™)
C Klz1,...,zn], where a; are positive integers and K a field,
let J be the integral closure of I. It is a challenging problem
to translate the question of the normality of J into a question
about the exponent set I'(J) and the Newtonian polyhedron
NP(J). A relaxed version of this problem is to give necessary
or sufficient conditions on ai,... ,a, for the normality of J.
We show that if a; € {s,l} with s and [ arbitrary positive
integers, then J is normal.

1. Introduction. Let I be an ideal in a Noetherian ring R. The
integral closure of I is the ideal I that consists of all elements of R that
satisfy an equation of the form

" +az" '+ +an 1z4a, =0, a; €l

The ideal I is said to be integrally closed if I = I. Clearly, one has
that I C T C v/I. An ideal is called normal if all of its positive powers
are integrally closed. It is known that if R is a normal integral domain,
then the Rees algebra R[It] = @nenI™t™ is normal if and only if I is
a normal ideal of R. This brings up the importance of normality of
ideals as the Rees algebra is the algebraic counterpart of blowing up a
scheme along a closed subscheme.

It is well known that the integral closure of a monomial ideal in a
polynomial ring is again a monomial ideal, see [5, 6] for a proof. The
problem of finding the integral closure for a monomial ideal I reduces

to finding monomials r, integer ¢ and monomials m,msg,... ,m; in [
such that r* + mymg---m; = 0, see [5]. Geometrically, finding the
integral closure of monomial ideals I in R = K|zg,... ,2,] is the same

as finding all the integer lattice points in the convex hull NP(I) (the
Newton polyhedron of I) in R™ of T'(I) (the Newton polytope of I)
where T'(T) is the set of all exponent vectors of all the monomials in I.
This makes computing the integral closure of monomial ideals simpler.
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A power of an integrally closed monomial ideal need not be integrally
closed. For example, let J be the integral closure of I = (z%,y%,27) C
K|z,y,2]. Then J? is not integrally closed (observe that y®2° € J
as (y%2%)° = yPy%y°272% € I°. Now z2y%2° € J2 since (z%y*2%)? =
(z* - %) (y32% - 27) € (J%)2. On the other hand, we used the algebra
software Singular [8] to show that z?y*25 ¢ J?). However, a nice result
of Reid et al. [4, Proposition 3.1] states that if the first n — 1 powers
of a monomial ideal, in a polynomial ring of n variables over a field,
are integrally closed, then the ideal is normal. For the case n = 2 this
follows from the celebrated theorem of Zariski [7] that asserts that the
product of integrally closed ideals in a 2-dimensional regular ring is
again integrally closed.

In general, there is no good characterization for normal monomial
ideals. It is a challenging problem to translate the question of normality
of a monomial ideal I into a question about the exponent set I'(I)
and the Newton polyhedron NP(I). Under certain hypotheses, some
necessary conditions are given. Faridi [2] gives necessary conditions
on the degree of the generators of a normal ideal in a graded domain.
Vitulli [6] investigated the normality for special monomial ideals in a
polynomial ring over a field.

For a = (o1,...,an) € N7, let I(ax) be the integral closure of
(x7,...,2%") C Klz1,...,2,]. Reid et al. [4] showed that if & =
(o, ... ,a,) with pairwise relatively prime entries, then the ideal I(cx)
is normal if and only if the additive submonoid A = (1/ay,...,1/ay)
of Q> is quasinormal, that is, whenever x € A and z > p for some
p € N, there exist rational numbers yq,...,y, in A with y; > 1
for all ¢ such that x = y; + -+ + y,. Thus, for the case where
ai, ... ,0q, are pairwise relatively prime, the normality condition on
the n-dimensional monoid is reduced to the quasinormality condition
on the 1-dimensional monoid. Another nice result of [4] is that the
monomial ideal I () is normal if ged (o, . . . , @) > n—2. In particular,
if n = 3 and ged(ay, ag,a3) # 1, then I(a) is normal. Therefore, in
k[z1, o, 23] it remains to investigate the normality of I(a) whenever
ged(ay, ag, a3) = 1 and the integers are not pairwise relatively prime.

An important result of Reid et al. [4], which we use to improve
our result in this paper, is as follows. Choose ¢ and set ¢ =
lem (aq,... ,&,... yap). Put @' = (a1,... i 1,05+ C, 041, -« 5 Q).
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If I(e') is normal, then I(e) is normal. Conversely, if I(a) is normal
and «; > ¢, then I(a') is normal.

The goal of this paper is to show that the integral closure of the ideal
(x7*,...,2%") C K[z1,... ,zn]is normal provided that «; € {s,1} with
s and [ arbitrary positive integers. The following theorem provides
us with a technique that we mainly depend upon to prove integral
closedness.

Theorem 1 [5, Proposition 15.4.1]. Let I be a monomial ideal in the
polynomial ring R = K[zy,... ,x,] with K a field. If I is primary to
(1y..-yxy) and IN(I : (z1,... ,2,)) C I, then I is integrally closed.

Proposition 2 [5, Corollary 5.3.2]. If I C J are ideals in a ring R,
then J C I if and only if each element in some generating set of J s
integral over I.

Certain normal monomial ideals. Let (z5,...,z5,9!,...,9.) C
Klz1,... yZm,Y1,--. ,Yn) with K a field, z; and y; indeterminates over
K, and let s and [ be positive integers such that (without loss of
generality) [ > s.

Notation 3. For the remainder of this paper, fix positive integers s
and | with 1 > s and let \, = [a(l/s)] where a is any integer. Also, let
k be any positive integer.

Let x and y be positive integers, and write x = ts+7 with 1 < r < s.
Then

r+s—r s—r x s—r

T
ylz/sl =y =y +y- <y +[y—]
S S S S S

Therefore,

Tz ([5-257):

This inequality helps to prove the following lemma which is a key in
this paper.
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Lemma 4. Ifi € {0,1,...,ks}, then kli(ks —i — 1) + X\; >
(ks —1)(Ars—1 — ((s —1)/s)), where (ks — 1)l =ts+7r with 1 <r < s.

Proof. By Notation 3, we have
[ks(ks —i—1)+ z]l-‘

S

oot

(ksi)q(kssl)q 587«>

= (ks — 1) <Aks_1—s;7">. o

kl(ks—i—l)—i—)\i:{

v

Definition 5. Let Fy, = {;, --- @i, _, Y5, - Yjr, | @ =0,1,2,... ks,

1Si1Si?S"'Siks—aSmaandlSjlSj2§"'§
Jr, < n}, Ji the ideal generated by all the monomials in Fj, and
Ik = (xllcs,‘” ,xlrcns,y{cl,‘” ayle) - K[l‘lv"' y Lmy Y1y -+ 7yn]' AISO, let

J=J1,F:F1,andI:11.
Lemma 6. J; is integral over the ideal Iy, that is, Jy, C Ij.

Proof. By Proposition 2 it suffices to show that every element
of F is integral over Ir. Note that zf'...zFsl ¢ I,i(ksfa) and

yheb. . yksl ¢ I, Also note l(ks—a)+s\, = ksl—la+s[a(l/s)] > ksl.
Therefore, (z;, - -~ iy, _, Yj; - 'ija)kSl € I,’jS’. u]

Figure 1 is an illustration of J3 C KJz,y,2] with s = 2, | = 7 and
I = (2%,9%2"). In this case I3 = (x3%,y%,23) = (2%,4°,2%!) and
Fy = {2iyfzre-G+9) | i+5=0,1,2,3,4,5,6 and \, = [(7a)/2]}. The
elements of F3 are represented by black circles. From the figure it is
clear that the set F3 minimally generates I5.

Later we will prove that Ji is the integral closure of Ij.

Lemma 7. Jk = J.
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(3s-5,0, %)

\~....’

¥ (0,3s-1, 1)

s=2, =7, k=3 and \=[7a/2]
FIGURE 1.

Proof. We show JyJ = Jgy1. Let ) ---xi,_,yj - yj,, € F
and @i, - iy, Yj, o Yj, € Fk. Multiplying these two monomi-
als, we get Tn, ** Thyy)u (psa) Ve Yty (with 1 < hy < he <

<mand 1 <t < t; < ... < n). This is a multiple of
Thy  Thiesnyeeiora Yin Vi, € Jr+1 as Agrp < Ag+Ap. To show the
other inclusion, let z;, Ui e oY Yine € Fiyy. If a > ks, write
a=ks+r with0 <r <s;then \y = Agsqr = [(ks+7)(1/s)] = kl+ ;.
Thus, this monomial equals z;, -+~ i, ,Yj; " Yjy, 10 Bub yj - -y, €
Frand @i, - i, Yjurir  Yjrgr, € Fas0 < s—r < s. Ifa < ks, then
Liy " " Tigi1ye—aYin """ Ying = Tt1 """ Tty Lhy """ Thyy_oYj1 " " Yija, € JJi
as oy, -y, €J and Tpy c Thy,  Yiy o Yhs, € Jke o

The main goal of this paper is to prove the following theorem

Theorem 8. The integral closure of the ideal (z7*,...,2%") C

K[zy,...,2,] is normal, where o; € {s,l} with s and | arbitrary
positive integers. Or, equivalently, the ideal J is normal.

By Lemma 6 and since I, C Ji, we have

I, CJp CIi, C Jy.



6 IBRAHIM AL-AYYOUB

We will use Theorem 1 to show that J is integrally closed; hence, J
is the integral closure of I. Therefore, we need the following.

Remark 9. Let R = K[x1,... ,Zm,Y1,--- ,Un]. For 1 < i < m, it is
easy to see that (Ji : (z;))/Jk is generated by {z;, ---zi,,_,_,wj, ---
wjxa ‘ a = 0,---,k3—1; 1 < il < i? < -- < iks—a—l <m and
1 <1 <j2 <+ <y, < n} where z; and w; are the images
of x; and y;, respectively, in R/Jy. Also, for 1 < j < n, note
that (Ji : (y;))/Jk is generated by {z;, -2y, ,wj ---wjy, -1 | b =
L. 0ks; 1 <4y <dg < --- Sdgpsp <mand 1 < jy <jp <--- <
Jx, < n}. As the intersection of two monomial ideals is generated
by the set of the least common multiples of generators of the two
ideals, it follows that (Jx : (z1,...,Zm,Y1,--- ,Yn))/Jk is generated
by {Z'L.l"'ziks—ewjl cewy, 1 | e =1, ks 1 <dp <dp < -ee <
iks—e <mand 1 < j; <jp <--- < gy, < nk

Lemma 10. The ideal Jy s integrally closed.

Proof. By Theorem 1 we need to show that none of the preim-

ages, in Klz1,...,Zm,Y1,--- ,Yn], Of the monomial generators of
(Je : (T15-- Ty Y1y -+ ,Yn))/Jk 1s in Jg. Assume not, that is, as-
sume o = i, -+ Tiy, Y, Yjr,—1 € Ji for some e € {1,...,ks}.

d d

This implies o

€ J,‘j for some positive integer d; thus, o
¢ 2d .. g

5 Te iks_gy;ll ---yfxfl equals the following product of products
of the generators of J

T
B I iws -y
1<ii < <jr<n
ot iy, Q15010 0dn,
(Tir Y51 Yo y])‘ks—l) ket
1<ii<m
1<j1<<jr,,_, Sn

l

91,982,715+ ’j>‘k:s—2

—

(l‘i1 LisYj1Yjo * yjAk372)
1< <ia<m
1<j1<SJags_o S
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lilaiz,---,ik 25 d1see 50N
H CIAE Ligs—2Yjr """ ijz) ° 2
1<143 <ia <+ <igs—2<m

1<51 < <ga, <n

iy ig,ees viggs—10d1see 3
H (mil T T 1 Y5 yj)\l) ° !
1<iy <io < <igs—1<m

1<j1<<jxr <n

| I liyyig e si
T k
(l‘lleZ xlks) ¢

1<d; <in < <igs <

where 3 is some monomial, c;, .
t < ks) are nonnegative integers. For 1 < t < ks, let L,

2o 1<inSia < <iv<m big o igygayen ing, > @nd let C =305 o o
1<j1 < <Jag,_ S

Cji,... jw- By summing powers, we have

o and lilﬂ"vihjla---aj)\ksft (with 1 <
X

(1) Lis+Lps 1+ +Ls+ Lo+ L +C =d.

Also, by the total-degree count of the monomial z;, ---x;,,__, we have
the following equality

(2) (ks)Lys+ (ks —1)Lgs—1+---+3Ls+2La+ Ly +e = (ks—e)d
where ¢ is the total-degree of the monomial z;, ---z;,, _ in 8. By the
total-degree count of the monomial y; - - - y,,, we must have the following

inequality

(3) AMLks—1+ AaLgs—2 + -+ Ags—3L3 + Ags—2La + Ags—1L1 + Ckl
< (o — 1)d.

We finish the proof by showing that (1), (2) and (3) cannot hold
simultaneously.

From (1) and (2),
(4) C = (kS*l)LkS+(k572)Lks_1+' --+2L3+ Lo -H?f(ksfefl)d.

Recall (ks — 1)l =ts+r with 1 <r < s and Ags_1 < Ags = kl. Now
consider the lefthand side of (3),
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MLgs—1 4+ AoLgs—2 4 -+ + Ags—3L3 + Ags—2Lo + Ags—1L1 + Ckl

ks—1
- lz [kl(ks — 1 — i) + M| Lpsi | + ekl — kl(ks — e — 1)d (by (4))

=0

ks—1
> lz (ks — )Mot — ——)Lps—i| + ekl — kl(ks — e —1)d

: S
1=0

(by Lemma 4)

> (,\ks_l ° T) (ks — e)d — kl(ks — e — 1)d (by (2))
~1

M(ks —e)d — kl(ks —e —1)d

= (Sl)d
> (Ae — 1)d.

This is a contradiction to (3) as required. O

Proof of Theorem 8. The proof follows by the above lemma and
Lemma 7. ]

We have already proved that if &« = (aq,...,a,) € N™ with the
entries of a consisting of two positive integers, then (), the integral
closure of (z7*,...,2%") C K[z1,...,®,], is normal. Noting that the
ideal I(z*v®% 27) C Klz,vy,z2] is not normal, the following question
arises: when is I(a) normal provided that a consists of three distinct
positive integers? In the proposition below we give a partial answer for
this question.

Theorem 11 [4, Theorem 5.1]. Let o = (a1,...,a,) € N”, ¢
lem (a4, ... ,an—1). Let I(ax) be the integral closure of (x{*, ... ,x%m)
K[z1,... ,z,] and I(c) the integral closure of (x*,... ,zp 1" ainte
C Klzy,...,z,]. If I(&') is normal, then I(a) is normal. Conversely,
if I(a) s normal and a,, > ¢, then I(a') is normal.

Nl

~

Proposition 12. If a = (ay,...,a,) € N™ with o; € {s,l} for
i=1,...,n—1 such that s divides | and | divides o, then I(c) is
normal.
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Proof. We proceed by induction on the integer ¢ = «,/l. By
Theorem 8 the ideal I(ex) is normal whenever ¢ = 1. Note ! = lem {s,1}

as s divides . Assume I(«) is normal for a = (e, ... ,an_1,¢l) with
a; € {s,l} fori =1,... ,n— 1. Then, by Theorem 11, I(a’) is normal
where &' = (ai,...,a,-1,ql +1). o
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