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ON THE MULTIPLICITY OF TeT®---@T
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To the memory of our friends and colleagues
Constantin Apostol and Doug McMahon

1. Introduction. Let £(X) denote the algebra of all (bounded
linear) operators on a complex Banach space X'. The multiplicity of
T € L (X)) is the cardinal number defined by

— mi . — k, . —
u(T)—lgélggl{cardF.X —\/{T y:yelk=0,1,2,...}},

where \/ R denotes the closed linear span of the vectors in R .

If u(T) is finite or denumerable, then X is necessarily separable.
Throughout this note we shall always assume that X is separable and
infinite dimensional.

If A e £L(X)and B € L(Y), then A ® B denotes the direct
sum of A and B acting in the usual fashion on the hilbertian direct
sum X ¢ )Y of X and Y. It is an easy exercise to check that
max[(A), 1(B)] < u(A® B) < p(A) + u(B).

Let T € L£L(X); for each n > 1, let T denote the direct sum of
n copies of T' acting in the usual fashion of the direct sum & ™) of n
copies of X' . It readily follows from the previous observations that

max [ (T™), p(T™)] = p(TE8XmnDy < gy (pOmtn)y
< (™) + w(T™), m,n > 1.

For which sequences {u,}52 ; of natural numbers satisfying the con-
ditions pmax(m,n] < Hman < Mm + fn,m,n > 1, does there exist a
Banach space operator T such that u(T) = u, for alln =1,2,...7
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446 D.A. HERRERO AND W.R. WOGEN

By combining some well-known examples and some new ones, it is
possible to show that the following sequences are attainable in this way:

N
x>~

{nk}>>, foreach k > 1,

{nk 41}, foreach k > 1,

{nk +2}7°, foreach k >1,

{k + 1,2k, 3k, 4k, 5k,6k,...} for each k > 1,

AAAAAAA
O Q
El ]
=

k
E) Mn =1,
F) tn =2, and
G) i = 00.

Is there any other? Is {u(T(™)}>°, always a convex sequence, either
constant or satisfying (7)) > n foralln =1,2,...7?

The sequence (Ay) is attained by Ay = S*), where S denotes the
unilateral shift in ¢? (defined by Se; = ejq for all j = 1,2,...,
with respect to some orthonormal basis {e;}72,,k =1,2,...): clearly,
p([STFN)Y = 1(S™)) < kn. On the other hand, nul 5=
dim ker §*"" = nk, and therefore the multiplicity cannot be smaller
than nk (see, e.g., [11, Proposition 1(i)]). Similarly, the direct sum
5(>) of denumerably many copies of S satisfies u([S(°)](™)) = oo for
alln=1,2,..., so that (G) is also attainable.

The sequence (F) is attained by a large number of examples, including
the adjoints of all the unilateral weighted shifts in ¢2 [9] (see also

Proposition 3.1 below). In particular, u(S*(n)) =1lforalln=1,2,....

This article grew out of a question of C. Apostol: Is there any Hilbert
space operator T such that u(T?) = u(T*(z)) = 1? (Clearly, neither
T, nor T™*, can have an eigenvector.)

This question is affirmatively answered in §3: there exists a compact
bilateral weighted shift E such that p(E(>)) = M(E*(OC)) = 1. More-
over, if F'= FE @ E*, then an unpublished observation of J.A. Deddens
[7] indicates that u(F) = p(F*) = p(FC)) = p(F*™) = 2 (so that
the sequence (F') is also attainable; see §4).

In §5 it is shown that (1) if the sequences {u,} and {ul} are
attainable, then so is {max[u,, .|}, and (2) a general result that
implies, in particular, that u(S®™ @ R) = u(S*)+ u(R) = k+ u(R) for
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each operator R whose spectrum o(R) is a subset of the open unit disk.

Combining these two results and the previous examples it is easily seen
that (By), (Cx) and (Dy) are attainable.

In [13], the first author completely characterized those sequences
{pn 5%, such that the multiplicity of the n-th power of T is equal
to py, for all n = 1,2,..., for some Banach space operator T: given
a sequence satisfying certain (very simple) necessary conditions, a T’
satisfying u(T™) = pn, for all n = 1,2,..., is constructed by taking
infinite direct sum of suitable operators acting on finite dimensional
spaces.

But such an operator can only satisfy u(T™) = oo, or u(T™) = nk
forallm =1,2,... (for some k > 1). Thus, the problem we analyze here
1s intrinsically infinite dimensional. Furthermore, the “infinite power”
of an operator T" does not make any sense, in general; but it makes
perfect sense to consider 7(>), the direct sum of denumerably many
copies of T' € £ (X') acting on the hilbertian direct sum of denumerably
many copies of X'. It will be shown in §2 that

(T = sup p(T™) = lim u(T).

n—oo

That is, either {x(7)} is an unbounded sequence and p(T(>)) = oo,
or {u(T™)} is bounded, and p(T(>)) = max,, u(T™).

The authors wish to thank Professor Gustavo Corach for calling the
attention to “stable ranks” of Banach algebras (an important tool in

§5).
2. The multiplicity of T(>),

THEOREM 2.1. u(T(%)) = sup,, n(T™).



448 D.A. HERRERO AND W.R. WOGEN

ProOF. Clearly, it is enough to show that if (7)) < m < oo for
alln=1,2,..., then u(T()) < m.

Assume m = 1, that is, T is cyclic for all n = 1,2,..., and
let C(TM™) = {(y1,y2,-..,yn) € X - XM = \Thy, . j =
1,2,...,n}72 ,} be the set of cyclic vectors of T,

Since u(T™) < n for all n > 1, and pu(T™) > sup{nul[(\ — T)*(n) :
A € C)l} = nsup{nul[(A —T)* : X € C|} [11, Proposition 1(i)], it
readily follows that T* cannot have eigenvectors. Therefore, by using
[12, Propositions 1(vii) and 1, (vii) and Theorem 1] and [15, Theorem
1] (see also [1 Chapter 11]), we infer that C (T(™) is a Gs-dense subset
of X ™. Thus, if

C T = ()31 € X (u1,02- 1) €CTO)),
then
C =nyz,c(rty
is a Gs-dense subset of & (>,

Let {);}52; be a bounded sequence of non-zero complex numbers,
and let (y;)72,; € X. By construction, M = (Y1, Y2, .. yn) €
C(TM™),n=12....

Let A (T) denote the weak closure of the polynomials in 7" and 1y,
and let M,[A(T)] be the algebra of all n x n operator matrices with
entries in A (7). Since A, = ©J_;\jlx € L(X (")) is invertible and
both A,, and A, ! belong to M,,[A (T)], it follows from [12, Proposition
1, (vi)] that

Ay = (Ay1, Aayz, - Anyn) € C(TM),

n=1,2,..., whence it follows that (\;y;)52, € C.
Claim. If €, | 0, n — oo, fast enough, then (€;y;)32; is a cyclic
vector for T(%°).

Set e = 1, and let {f;}32, be a denumerable dense subset of
X . Clearly, US2 1 {(fiys fins---» fi,,,0,0,0,...)} is a denumerable dense
subset of X ().

Since y; is cyclic for T, there exists a polynomial p(*) (.;1) such that

11 —p"(T; Dy | < 1.
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It follows that
||(f130a 0, 07 oo ) - p(l) (T(OO)ﬂ 1)(61y13 52112, 5393” v )”2

= A = pD (@Dl + D 1IN (T51)(8595)117

=2

< lfy = 2T Dl + [P (T D1 Y 65yl < 1,
j=2

provided 0 < §; < 6;—1),j = 2,3,... (for suitably chosen constants
651),0 << 1).

J
Suppose we have already chosen ¢ = 1,651),j > 2,652),j >
3,V >k and ¢; = min[el? ;i = 1,25~ 1) =

2,3,...,k. Since (ejyj);?:lec (T*)), there exist polynomials p(¥)
(;;41.49,...,1) such that

.. . 1
|(firs fizs---s fir) —P(k)(T(k);lhlz, k) (e, €2y2, - ~'a€kyk)||2 < 7
for each k-tuple (i1, 9, ...,4;) with 1 <45 < k.
Clearly,
H(filvfiw s 7fik’0a0707 .. ) - p(k)(T(oo);ilai% ce 7ik)
(€191, €292, - - -, kY Okt 1¥h+15 Ok2lir2, - - - )|

= (firs Fins o o» fir) = PP(TW i1 0, i) (€191, €292, - - exyp) ||
+ max{[[p")(T;r1,7a,...7%) |2 Z &2 ;|1 -
Jj=k+1
1
(ri,72,..,me) € {1,2,..., k}®} <

Ea
provided 0 < 6; < egk),j = k+1,k+2,... (for suitably chosen constants
eﬁk),o < eg-k) < €g).

Define €x+1 = min [e,(clll, 612:2421’ e 61(911)1]' It is immediate that
(€11, €292, ... ) is a cyclic vector for T(°); that is, u(T(>)) = 1.
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The case 1 < m < oo can be handled in exactly the same way, with
X replaced by X ™); the set C,,(T™) of all multicyclic m-tuples of
T(™) is a Gs-dense subset of (X ™)(™) for all n = 1,2,.... The details
are left to the reader. O

3. A Hilbert space operator T such that both T(>) and
T are cyclic. In a certain sense, “most” Hilbert space operators
satisfying H = \/{ker T™}°2, satisfy u(T(>)) = 1:

PROPOSITION 3.1. Let T € L(H) (H a separable Hilbert space) and
assume that

0 0 -+ 0 Tipy oo o0 oo Hy

0 0 - i o 0 Ty e Ho

T 0 0 G e s 0 Ty e 7‘[3’
O

where H = @32, H j,{r;}32, is strictly increasing and Tj ., has dense
range for all j = 1,2,...; then T is cyclic. Furthermore, (T*)(*) is
cyclic for allk =1,2,....

(The proof follows by minor modifications of the proof of Theorem 2
of [18], or Lemma 7 of [17]. Observe that (7%)(>) always has a matrix
of the same kind as T; therefore, it suffices to show that T is a cyclic
operator.)

In all these examples, T' has nontrivial kernel and 7™ has no eigen-

x(2) .
vectors. Clearly, T* " cannot be cyclic.

Here is an example in which both 7(°) and 7 are cyclic.

EXAMPLE. Let {e,}>, be an orthonormal basis of the Hilbert space
H, and define F € L(H) by Ee,, = wpeny1,n € Z, where

1, if n(0) :=0<n < n(l),
w, = i if —n(2k) <n< -n(2k—-2),k=1,2,...,

s ifn(2k—1)<n<n@k+1),k=12...,
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for a certain strictly increasing sequence {n(k)}>, tending to infinity
“very fast” (in a sense to be specified later).

Cram. If n(k) — oco(k — oo) fast enough, then

For each h > 0, we have

E"(2h_1)x
~ao
HHEn 2h— 1)6 —n(2h— 1)H

HZ( ) Enh—1)g n(2k—1) L i (h) En(2h—=1), n(2k—1) H
|EnCh=De_, o1 k=h+1

HEn(2h De n(2h— 1)H

B 1\ (21 oo s p\n(2h-1)
gC(h—1)(T) + ) (k) ,
k=h+1

and
hE*n(ml)
n o
HHE* e |
e < /h e
n(2k) ( ) = En(2k) H
- n + n 0
H Z( )E* (2’1)67 (2h) k:;.:,_l HE* (2})en(2h)H
oh —3\"M 2 rop -1\
<C(h-1
sco-n(F=1) > (5)
k=h+1

where C'(h—1) is a constant depending only on h—1 (and n(1), n(2),
n(2h — 2)).

ey

One sees that, if n(2h — 1) > n(2h — 1)’ and n(2h) > n(2h)" (for
sufficiently large n(2h—1)" > 2n(2h—2) and n(2h)" > 2n(2h—1), then

hEn(Qh_l).’I}

2}“1)6—71(2}L—1) |

Iy

1
—eof <7

and
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*<> 1

~al <5

H B e (2h)H
forall h=1,2,....
It readily follows that eg € M L N M _, where

M= \{E 2}72g and M = \/{E"y}72,.

A fortiori, My DH 1 =V{en}s2g,and M _ DH _ = V{e_,}22,.

Let P, (P-) denote the orthogonal projection of H onto H (H —,
respectively). It is easily seen that P_f € M, for all f in M 4. Since,
for each h > 0 and all k sufficiently large,

n(2k—1)—h

2
Hk, H ;PfEn(WC_l)_h(E—ehH
F=0 W—n(2k—1)+j

o n(2k—1)—h

) (N EE T .

i=k+1 =0 —n(2k=1)+j

we deduce that e_1,e_o,... € M.
Hence, M ; =M ; that is, z € C (E).
The same argument shows that y € C (E*).

Define N; = {2771(2r — 1)}2, (j = 1,2,...). Ad hoc modifications
of the above proof show that if

1 1
fi= Z ze-nek-1 and g; = Z 7.En(2k)’
]CENJ' ]CENJ'

then

(fi, far--) €C(E®) and (g1,g2,...) €C(E*).

REMARKS 3.2. (i) F and E* are compact operators without eigenval-
ues. By using [12, Proposition 1(vii) and Theorem 1] it is not difficult
to check that C (E(*)) N C(E*(oo)) is actually a Gs-dense subset of
H (),
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(ii) Minor modifications of the proof show that, given a two-sided
sequence {w!, }°°_ of positive numbers, we can find F as in the example
whose weight sequence {w,, }>°, satisfies 0 < w,, < w}, for all n € Z.

4. The “transpose” of a Hilbert space operator. Let {e;}52,
be an orthonormal basis of the Hilbert space H, and let T € L (H).
T admits a unique matrix representation (¢;;)75_; with respect to this
basis; moreover, the “transpose” matrix

tr = (tji)ig=1

is also the matrix of an operator acting on this space.

The “transpose operator” tp is not uniquely determined by T'; it
actually depends on T and on the basis {e; 521. Nevertheless, two
transposes of a given operator are always unitarily equivalent. Indeed,
if T = (fi;)75-, is the “conjugate operator,” then T* = T. If
T = (ti;);5=; with respect to the orthonormal basis {f;}32; and
U = (u4)$5~; is the unitary operator defined by Ue; = f;,7 =1,2,...,
then the matrix of UTU" with respect to {e;}32, coincides with
(t::)2%_,. We have

ij/i,j=1"

T = ()5 NUTU*) = (UTU*) = (UTU*) =U'TU",

jidig=1=

where U is the “conjugate” of U with respect to the basis {e; 1

T behaves, in every sense, like the “mirror image” of T'. Recall that
an operator T is semi-Fredholm if ran 7" is closed and either nul T
or nul 7™ is finite dimensional. In this case, the index is defined by
ind 7 =nul T — nul T* (see, e.g., [3]).

The following result resumes the most important properties of the
transpose operators. The proofs are left to the reader.

PROPOSITION 4.1. (i) o(*T) = o(T)

(i) nul(A — *T)* = nul[(A — T)*]* and nul [(A — *T)*]¥ = nul(A — T)*
forall e C and allk =1,2,....

(iii) inf{||(A = *T)z| : |lz|| = 1,2 L ker(A—*T)} = inf{||(A\—T)z]| :
lz]| = 1,2 L ker(A =T)}.
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In particular, ran(\— 'T') is closed if and only if ran(A—T) is closed.
(iv) A — T is semi-Fredholm if and only if X — T is semi-Fredholm;
in this case, ind(A — *T') = —ind(A — T)).

(v) fCT) = Lf(T) and || fCT)|| = || fF(T)|| for each function f analytic
on some neighborhood of o(T).

In [7], J.A. Deddens proved that if T' = (¢;;)75_; and t;; is real for
all (i,7), then T @ T* cannot be cyclic. It is obvious that in this case
T* = *T. Thus, the following proposition is a mild improvement of
Deddens’s result; the proof follows by the same argument. (We include
it here for completeness.)

PROPOSITION 4.2. Let T = (t;5){5_; be the matriz of the Hilbert
space operator T with respect to the orthonormal basis {e; 521, and let
T = (tji)75=1; then T ®'T is not cyclic.

PROOF. Observe that (T*e;,e;) = (ei,T*kej) = (T*ej,e) =
(("T)*ej,e;) for all i,j = 1,2,.... For any f = Y aje; and
g= Z;i1 bje; in H (f, g non-zero vectors), define

o0 o0
f:Zajej and §=ijej;
j=1 j=1

then

(T&'T)*(f,9),(G.—f)) = (T"f,9) — ('T)*g.f)

= (Z aiTkei, Zl_)jej)
i=1 J=1

— (Z bj (tT)kej, Zﬁiei)
j=1 i=1

=Y [aibj(T"ei,e5) — bjai(('T)*e;, ei)] = 0

4,j=1



MULTIPLICITY 455

forall k =0,1,2,....

Hence, (f,—7) is a non-zero vector orthogonal to
VAT &' T)* (£, 9)}72

Therefore no vector is cyclic for T @!T. o

Clearly, the results of Propositions 4.1 and 4.2 remain true if *T is
defined as the transpose of T" with respect to an orthonormal basis
ordered as Z. Hence, we have

COROLLARY 4.3. Let E be the bilateral weighted shift defined in §3,
and let F = E @& E*; then

foralln=1,2,....

Proor. Clearly, E* = '‘E. By Proposition 4.2, F' = E & E* cannot
be cyclic. Since both F and E* are cyclic, we deduce that u(F) = 2.
Since F* = E*@® F is unitarily equivalent to F', we also have pu(F*) = 2.

The same argument shows that all the operators F() F *(n),n =
1,2,...,F() and F* have multiplicity 2. O

REMARKS 4.4. (i) Suppose u(T) = u(*T) > 2. Does it follow that
w(T &'T) > 37 The answer is NO; that is, Proposition 4.2 cannot be
improved in this direction: take T' = F! Then ‘T = 'F is unitarily
equivalent to F and, therefore, T &'T is unitarily equivalent to F(®),
but u(F®) = 2.

(ii) As J.A. Deddens observed in [7], it follows from Proposition 4.2
that S @ S* is not cyclic. (S = the unilateral shift. This was also
observed by N.K. Nikol’skii, V.V. Peller and V.I. Vasjunin; see [9,
p. 283].) By using this result, we can now answer the question in
the last line of [11, p. 98]: Let Ty, = S @ (a + bS*),b # 0; then
Tup is cyclic if and only if |a| 4+ |b] > 1. Indeed, according to this
reference, it only remains to consider the case |a| + |b] = 1. If a = 0
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and |b] = 1, we are done because bS* is unitarily equivalent to |bS*.
Assume that |[b| < 1, and let ¢(\) = @+ bA. If Cy, € L (H?) is defined
by (Csf)(A) = (fo¢)(A\) = f(@+ bA), f € H?, then Cy and C; are
injective operators with dense range and S*C§ = C’;(a + bS*), so that

(SesS)(1ecy) =(1eC))[S (a+ BSY).
Since 1 & Cj has dense range, we see that
2=p(S®S*) <ulS® (a+ BS")] < u(S)+ ula+bS*) =2,

that is, u[S® (a+bS*)] = 2 for |a|+|b] < 1,b # 0 (see [11, Proposition
1(vi)]).

5. New examples from the old ones.

PROPOSITION 5.1. Let T;(T; € L(X ;)) be a finite or denumerable
family of operators, and let

T =271, +47A+ |T1) '] € £L(®;X 5);

then

u(T™) = sup u(T{™) for alln=1,2,....
j

PRrROOF. Let Aj = 2_‘j1){j + 4_j(1 -+ HTJ”)_lT], then T = @jAj
and the spectrum of the direct summand Ay, is a clopen subset of o(T)
included in the band {A € C : 27F —47% < Re A < 27F 4 47F},
Since this band does not intersect o(&,.1A4;), it follows from Runge’s
theorem (see, e.g., [8]) that there exists a sequence {pyn}p>, of
polynomials such that

1, uniformly on a neighborhood of o(Ay)

A
Prald) = {0, uniformly on a neighborhood of o(T)\o(Ax),

k=1,2,....

Therefore, P, = the projection of ®;& ; onto X' along @4, X ; is
a norm limit of polynomials in T'. It follows that, if f = (f;) € ®; X,
then fk = Pkf S \/{Thf}zozo.
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It is easily seen that f is cyclic for T if and only if f; is cyclic for
Ty, for each £k = 1,2,.... More generally, (f(l),f(2),...,f(m)) is a
multicyclic m-tuple for T if and only if (PyfM), Pf® ... Pof™) is
a multicyclic m-tuple for T}, for each k =1,2,....

Thus, p(T') = sup; pu(T5).

The same argument shows that pu(7) = sup; u(T](n)) for all n =
1,2,.... O

COROLLARY 5.2. The sequence (D1) = {2,2,3,4,5,6,...} is attain-
able.

PrROOF.  Apply the above result to T3 = S = shift and T, = F,
defined as in Corollary 4.3. O

The sequence (By) = {nk 4+ 1}22; can be attained as follows: let B
be the bilateral weighted shift defined by

26j+1; lijOa
Bej = €; if j <0
s 7 <.

It is not difficult to check that o(B) = {A € C : 1 < |A\] < 2} and
A — B is a semi-Fredholm operator of index —1 for all A in the interior
of o(B); moreover,

H = \/{Bkeo}‘f’oo =[A%(B)eo] ,

where A4 “(B) denotes the weak closure of the rational functions with
poles outside o(B); that is, B is rationally cyclic. However, B is not
cyclic because {\ € C: ind (A — B) = —1} is connected, but not simply
connected (see [10, 11, 14], or [1, Chapter 11]).

Furthermore, by combining the results in these references with [11,
Propositions 1(i) and 2], we infer that A “(B(™) has multiplicity n and

,u(B(")) =n+1 foralln=1,2,....
Thus, By, = B satisfies

p(BM) = w(B™)) = nk +1 foralln=1,2,....
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Unfortunately, the above results cannot be modified to obtain the
sequences {nk 4+ 2}2° ;. This can be done by using the following
quantitative version of [11, Proposition 4].

THEOREMb5.3. Suppose T € L(X),R € L(V),X = \V{Try; :
J=1,2,...,m}2,, and there exist a Jordan curve v C {\A € C :

nul(A —T)* =m} and a function ¢ : v — X *(m),¢ = (P1,02,. -, m),
such that

(i) ker(A = T)* = \/{di(A) }1q for each X\ € ~;

(ii) [[¢(N)[| < C and |det(¢i(N)y;)i=1] = 6 > 0 (for some positive
constants C,0) for all A € v; and

(i) o(R) is included in interior(y) (= the bounded component of
C\7)-
Then
(T ® R) = u(T) + p(R) = m + pu(R).

We shall need an auxiliary result:

LEMMA5.4. Let v and R be as in Theorem 5.3, and let

A(v) ={f : fiscontinuouson¥,analytic oninterior(y)}

(supnorm,y = U interior(y)). If My = “multiplication by A” on
A7), then p(Mx @ R) = p(R) + 1.

PRrROOF. It is obvious that pu(My & R) < u(My) + p(R) = p(R) + 1.

Assume that p(M, & R) = m < oo, and let (fi,11), (f2,y2),-..,
(fm,ym) € A(v) &Y be a multicyclic m-tuple for My ¢ R, that is,

A eY =\ o R (f.y) 5 =1.2,... . m},.
Then Y = V{RFy; : j = 1,2,...,m}, and A(y) = V{(M\)*f; -

J=1,2,...,m}3,, and therefore the ideal generated by fi, fa,..., fm
coincides with A (). It follows from [5, Theorem 1.2 or Theorem 3.11]
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or [16] that there exist functions hq, ho, ..., hy € A () such that by is
invertible and

hifi +hofo 4+ hi fm = eo,

where eg(A) =1 on 4.

Observe that h;(My & R) = h;j(My) @ h;(R) (where h;(My) =
“multiplication by h;,” and h;(R) defined via functional calculus,
j=1,2,...,m) is a well-defined norm-limit of polynomials in M) @& R;
moreover, since hy is invertible in A (), so is the operator hq (M @ R).
Hence the m x m operator matrix

hl(M)\EBR) hQ(M)\@R) hg(M)\@R) hm(M)\@R)
1e1
L= 11 0]
0 .
141

(€ L([A(y) @ Y]™)) is invertible, and both L and L~' belong
to Mp[A(Mx @ R)]; therefore (by [12, Proposition 1,(vi)]), the
coordinates of

(f1,91) (e, 21)
(f2,92) (f2,2)

L . = . ’
(frms Ym) (fm>Ym)
(where 21 = > 7L, hj(R)y;) form a multicyclic m-tuple for My @ R.

Similarly, the m x m operator matrix

11
—fo(My®R) 11 o)
—f3(M, & R) 1ol

N = .

—fm(Mx ® R) 1o1
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(€ L([A(y) @ Y]™)) is invertible, and both N and N~! belong to
M, [A (M) & R)]. Therefore the coordinates of
i (607Z1) ] —(EOazl)_
(f2,92) (0, 22)
(f3:3) (0,23)
N . — :
-(fﬂ’hym)— _(O,Zm)_
(where z; = y; — f;(R)z1,j = 2,3,...,m) form a multicyclic m-tuple

for My ® R. In other words,
AQ)SY = \{MLER) (c0,21); MR (0, 2,):) = 2,3,...,m}7y.

In particular, (0,21) € A(v) @), and therefore there exist sequences
{p,(g)}g"zl of polynomials, j = 1,2,...,m, such that

[ @0 © Ry(eo, 21) + > p (Mr @ R0, 25) = (0, 21)
j=2

m
= @ > p (R)z) = (0,20 = 0,k — oo
j=1

It readily follows that p,(cl)()\) — 0,k — oo, uniformly on 4, and

therefore ||p§€1)(R)H — 0,k — oo, and

— 0, k — o0.

m
H > p(R)z — =1
j=2
Since ¥ = V{R*z;: j =1,2,...,m},, we conclude that

Y =\{Rr:j=23,... m},

(because this last closed span actually contains z1!).

Hence, u(R) < m —1= pu(My ® R) — 1, whence the result follows. O
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PROOF OF THEOREM 5.3. Clearly, m = nul(A=T)* < u(T) < m,\ €
7, so that u(T") = m; moreover, (T & R) < u(T) + p(R) = p(R) +m.

According to [11, Theorem 1] (see also [12, Theorem 1], [15, Theorem
1], or [1, Chapter 11]), conditions (i) and (ii) are actually equivalent
to the existence of an intertwining mapping X : X — A (7)™ with
dense range such that Xy; = (0,0, ...,0,e9(j-th coordinate), 0, ...,0),

j=1,2,...,m,and XT = M{"™X.
Define Y : X @Y — A(7)™ @Y by Y = X @ 1y; then

Y(T®R) =M™ e R)Y.
Since Y has dense range,
u(M™ @ R) < (T ® R) < p(R) +m

(See [11, Proposition 1(vi)]). Thus, it suffices to show that M(Mim) &
R) > p(R) + m.

If m = 1, this follows from Lemma 5.4. If m > 2, then we construct
m Jordan curves 41 = 7,72,73, - - - » Ym, such that o(R) C interior (v,,)
and 7; C interior (v,;_1) for j =2,3,...,m.

The “restriction operator” C; : A(y) — A(v;) (defined by C;f =
f135, f € A(v)) is an injective mapping with dense range and satisfies

CiMy (onA(y)) = My (on A(v;))Cj, j=1,2,....m

(Cy1 = identity on A ()). Therefore

m

(@ CHMI™ (on A(y)™) @ (on A (3))(ED C;)

J=1

u(M™ @ R) > (@7, My (on A(y;))] @ R).

o([EP Mr(on A(y;)]© R) =4n, h=1,2,...,m,

Jj=h
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and 4y, C interior(ys—1) for h = 2,3, ..., m, by repeated use of Lemma
5.4, we obtain

u(T @ R) > p(M™ & B) > ([ Ma(on A (1)) & R)

= ([P Ma(on A (7;))] & R) + 1

Jj=2

m

= ([P Ma(on A (v;))] © R) + 2

j=3
== p([Mx(on A(3n))] ® R) + (m — 1) = p(R) + m.

Hence, u(T ® R) = p(T) + u(R). O

COROLLARY 5.5. For each k > 1, the sequences

(Br) {nk + 131011,
(Cr) {nk + 2372,
(Dy) {k + 1,2k, 3k, 4k, 5k, 6k, ... }

are attainable.

PROOF. (By). Apply Theorem 5.3 with 7 = S*) (S = unilateral
shift) R = F as in §3 and v = {\ € C : |A] = 1/2}. (Observe that
o(E) ={0}.)

(Cy). Apply Theorem 5.3 with T = S*) R = F as in Corollary 4.1
andy={\eC : |\ =1/2}.

(Dg). If k = 1, this is the result of Corollary 5.2. If k > 2, apply
Proposition 5.1 to Ty satisfying (Ax) and T satisfying (Ck—1):

max[(k—1)+2,k] =k +1,

but
max[n(k —1) +2,nk] =nk foralln>2.0

REMARK 5.6. The following simple criterion (somehow related to the
proof of Theorem 5.3) can be used to estimate multiplicities of certain
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operators: suppose T' € L (X ), (T) = m and nul(Ag — T)* = p (< m)
for some \g € C. If (y1,92,...,ym) is a multicyclic m-tuple for 7 and
S=V{y1,y2,- -, Ym}, then S = R + L, where L = SN[ran(\o—T)] ,
dimR =p,X =R +[ran(\o—T)] and R N[ran(Ao—7)] =RNL =
{0}. Clearly, we can directly assume that R = \/{y1,y2,..-¥p}-

Let M = \V{T%y; = j = 1,2,....p}320 = V{(o —T)Fy; : j =
1,2,...,p}2,, and let T° € E(X /M) be the operator mduced by T
on the quotient space (defined by 7°(z%) = (T)?, where 2° = x+M);
then

w(T) =m —p.
Indeed, it is easily seen that u(T|M) < p and
m = p(T) < p(T|IM) + u(T°).

On the other hand, (y;)* = y; + M = M for j = 1,2,...,p, and
therefore X = \/{T*y; : j =1,2,...,m}$°, implies that

X M =\{T) ()’ =p+1,p+2,....,m},

whence we obtain u(7°%) < m — p.

Thus m < p(TIM) + u(T°) < p+ (m — p) = m, and therefore
p(TIM) = p, u(T%) = m — p and w(T) = u(TIM) + p(T°).

6. Rational multiplicity, etc.

(1) Clearly, the multiplicity of the algebra A (T') coincides with u(T).
Similarly, if A(T)™ = {A™ : A € A(T)}, then plA(T)™] =
(T n=1,2,....

In addition to A (T'), we can consider the other three algebras nat-
urally associated with T' : A%(T) (mentioned in §5), A'(T) = {A €
L(X) : AT = TA} (= the commutant of T) and A”(T) = {B €
L(X): BA= AB for all A€ A'(T)}(= the double commutant of T').
We always have A(T) c A*(T) c A"(T) C A'(T), and therefore

PIA(T) ] > plANT) ] > plA"(T) ] > plA"(T)™)]

foralln=1,2,....
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What can be said about the sequences {u[A*(T)™]}2,, {u[A"
(7)™} and {p[A"(T) M]3, ?

Of course, the three of them satisfy the inequalities pimaxim,n] <

Umtn < fm + fn,m,n > 1; moreover, each of the examples A, =
Sk E F=EoFE"SMaE S®aF satisty A(T) = A%T) (because
the spectra have no holes), whence it readily follows that each of the
sequences (Ag), (Bg), (Ck), (D), (E), (F) and (G) are attainable for
ANT).

On the other hand, by using the examples of [19], we can easily check
that (Ag) can be attained by A"(T) and A'(T), for each k > 1.

(2) Theorem 2.1 remains true if A (T) is replaced by A%(T) (same
proof, with polynomials replaced by rational functions with poles
outside o(T)).

The “rational version” of Lemma 5.4 follows by the same argument
by using [5, Theorem 3.1], [6]: let 2 be a bounded open subset of
C whose boundary consists of finitely many pairwise disjoint Jordan
curves, let A(Q) = {f : f is continuous on  and analytic on
Q}, and let R € £(Y) be an operator such that o(R) C ; then
w(My ® R) = u(R) + 1. By using this result, we obtain the “rational
version” of Theorem 5.3.

THEOREM 5.3% Suppose T € L(X),R € L(V),X = V{Ay, :
A e AYT),7 = 1,2,...,m} and there exist Q as above such that
N C{AelC :nul(A—T)*=m} and a function ¢ : IQ — X*(M),d) =
(¢1, b2, ..., Om), such that

(i) ker(A = T)* = VV{é: (A}~ for each X € 9%

(ii) lp(M < C and |det(di (M) (y;))i%=1] = 6 > 0 (for some positive

constants C,0) for all A € 09;

(iii) each bounded component of C\Q includes a bounded component
of C\o(T); and

(iv) o(R) C Q.
Then
WAN(T & B)] = ulA°(T)] + p[A°(F; Q)] = m + ul A°(B; Q)]

where A“(R; ) is the weak closure of the rational functions in R with
poles outside 0 .
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(3) The final section of A. Atzmon’s article [2] contains some in-
teresting results about the sequence {u(7(™)}%% ;. We hope that his
technique of multilinear mappings will shed some light on our problem.

(4) If the sequence u,, = m is attainable for all m > 1, then so is every
convex sequence satisfying u,, > n for allm = 1,2,... : use Proposition
5.1 and Theorem 5.3 as in the proof of Corollary 5.5. Indeed, a sequence
like this satisfies u, < nu; (for all n > 1), and therefore p, = nk + m,
for some k > 1, for all n large enough. It is not difficult to deduce
that w, = max[nk; +m; : j = 1,2,...,p] for some finite family with
m1>m2>~-~>mp:mandk1<k2<~-~<kp:k:.

ADDED IN PROOF: Professor N. K. Nikol’skii wrote several articles
about sufficient conditions for (S @ T) = u(S) 4+ p(T), and related
problems. We list these articles below with the hope that they will
help to complete the analysis begun in the present article:

1) Selected problems of weighted approximation and spectral analysis,
Proc. Steklov Inst. Math. 120 (1974); English transl. Amer. Math.
Soc., Providence, R.I., 1976. (See especially Section 3.4.)

2) Methods for calculating the spectral multiplicity of orthogonal
sums (Russian), Zap. Nauchn. Sem. Leningrad. Otdel. Mat. Inst.
Steklov (LOMI) 126 (1983), 150-158.

3) Ha-plitz operators: a survey of some recent results, Operators and
Function Theory (Lancaster, 1984), NATO Adv. Sci. Inst. Ser. C:
Math. Phys. Sci. 153, Reidel, Dordrecht-Boston, Mass., 1985, pp.
87-137.
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