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ON THE MINIMAL FREE RESOLUTION
OF GENERAL k-GONAL CURVES

E. BALLICO

ABSTRACT. Here we study the minimal free resolution of
general embeddings of a curve in P"; the curve may be a
general k-gonal curve and the embedding linearly normal (the
aim is to prove condition N, for suitable degree, genus and p)
or not linearly normal (for low p the embedded curve has the
same type of minimal free resolution).

0. Introduction. The main aim of this paper is to show that (as
remarked in [5]) the proofs in [5] may be used to obtain several other
nontrivial results. The topic is the minimal free resolution of a closed
subscheme Z of P™. Here (as in [5]) we consider the case dim (Z) = 1.
We stress that [5] owes very much to [11]. To state our results we fix
some notations and definitions. Let Z be a closed subscheme of P™,
and let

(1) r—FEy—FE,— - — F —1;—50

be the minimal free resolution of the ideal sheaf of Z. By definition
this means that (1) is an exact sequence of sheaves with each E; direct
sum of line bundles, with E; = 0 for j > n and such that for every ¢
if a line bundle, L, is a direct summand both in E;;; and E; the map
L — L induced by the map E;{; — E; is zero.

Definition 0.1. Let C C P™ be a reduced curve; fix an integer
p > 1. We will say that C satisfies the property N, if C'is arithmetically
Cohen-Macaulay and for every integer ¢ with 1 < ¢ < p the ¢th-sheaf
appearing in the minimal free resolution of the homogeneous ideal of
C is the direct sum of line bundles of degree —i — 1.

For instance, if we say that Ny means C is arithmetically Cohen-
Macaulay, then N1 means that the curve C is Ny and its homogeneous
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ideal is generated by quadrics. Furthermore, if p > 0, then IV, implies
Np_1. For more on this concept, see [8] and [11].

Definition 0.2. Let Z C P be a closed subscheme; fix an integer
p > 1. We will say that Z satisfies the property aN, if, for every integer
t with 1 < ¢ < p, the ith-sheaf appearing in the minimal free resolution
of the homogeneous ideal of Z is the direct sum of line bundles of degree
—i—1.

Hence, if Z is a reduced curve, property N, is equivalent (for our
conventions) to alNp+ arithmetically Cohen-Macaulay.

We recall the following result [5, Theorem 0.2]; we will use often the
notation G(p,n) defined in its statement.

Theorem 0.3 [5, Theorem 0.2]. Fiz an integer p > 1. For every

integer u, set:
ap(u) == (u?)/(2p +2) — (u/2).

Fiz an integer n > 3 with n > p+ 1, and set

G(p,n) == ap((p+ Dn/(p+1)])

where [y] is the greatest integer < y. Then for every integer g < G(p,n)
the general linearly normal nonspecial curve C C P™ with p,(C) = ¢
and deg (C) = g + n satisfies the property Np.

Here in Section 1 we will consider the same problem (see Theorems
1.1 and 1.2) not for curves with general moduli but for general k-gonal
curves.

For the result about property alN,, see Section 2 (Theorem 2.1). The
main point to insert here in this section is to stress to the reader that
sometimes it is possible to prove this kind of result using a hyperplane
section containing embedded points (hence which is not the zero locus
of a nonzero divisor of the homogeneous ring of the curve).

1. General k-gonal curves. In this section we will show (see
respectively Theorems 1.1 and 1.2) how to extend for every integer
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k > n, respectively £k < n, Theorem 0.3 to curves not with general
moduli, but just to general k-gonal curves.

Theorem 1.1. Fix integers n, k and p with k > n > p and n > 3.
Then for every integer g < G(n,p) the general linearly normal k-gonal
nonspecial curve C C P™ with p,(C) = g and deg (C) = g + n satisfies
the property Np.

Fix integers p, n and g in the interval covered by Theorem 0.3 and
an integer k > n. Note that in each inductive step of the quoted proof
of 0.3 given in [5] for the integer (p,n,g) the rational normal curve,
D, meets the other component in at most k& points. We claim that
the same proof gives that a general nonspecial embedding in P" of a
general k-gonal curve has the property IV,. To prove the claim, it is
sufficient to show that at each inductive step the reducible curve is the
limit (in the ambient projective space) of a family of smooth k-gonal
curves. In principle, this was checked, for instance, in [1, Section 2J;
here we will give the only changes needed. Everything goes as in [1, pp.
338-339], until we need to use the theory of admissible coverings. Now
we have the following reducible curve. A smooth curve (call it W) of
genus a with a fixed gj, hence a map u: W — P!, a point P € P! such
that the fiber A := f~*(P):={P,..., P} is reduced, plus a smooth
rational curve D intersecting W only at s points with 3 < s < k, all
in A (say Pi,...,Ps) and with B := W U D with only ordinary nodes
as singularities. Hence B is a stable curve of genus a + s — 1, and we
want to prove that it is in the closure of the set of smooth k-gonal
curves. Take another copy of P! and call T the union of it with the
first P! glued at the point P, i.e., let T' be a reducible conic and call P
its singular point and 7" one component and see the morphism u as a
morphism v : W — T’; call T” the other component of T. We choose
a noncomplete g! on D with {Py,..., P,} as one of its group of points.
We take k — s disjoint copies of P!, say A;, s +1 < j <k, and we call
Y the reducible curve with only nodes as singularities and union of B
and all A;’s, with BN A; = P; for every s +1 < j < k. We extend
the morphism v : W — T’ to the following morphism v : ¥ — T;
v sends D to T" using the given g!; v sends isomorphically every A
onto T". The triple (Y, T,v) (plus a choice of a few points on T') is an
admissible s-covering in the sense of [9, Section 4]. Note that B is the
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stable reduction of Y. Hence, by the theory of admissible coverings,
i.e., the irreducibility of the corresponding moduli space, Y is in the
closure of the set of smooth genus a + s — 1 k-gonal curves, as wanted.

In the same way (but adding only rational curves meeting the previous
component in at most k points) we obtain the following result.

Theorem 1.2. Fizx integers n, k and p withn > k > p and n > 3.
Set G(p,n; k) :== max(0,G(p,n — k)) + (k — 1)(n — k). Then for every
integer ¢ < G(p,n;k) the general linearly normal k-gonal nonspecial
curve C C P™ with p,(C) = g and deg (C) = g+n satisfies the property
Ny.

2. Nonlinearly normal embeddings. In this section we will
consider the case of nonlinearly normal embeddings and study the
property alN,. We will explain why the proofs of Theorem 0.3 (given
in [5]) and of [3, Theorem 2.3] (which depends heavily upon [2]) give
the following theorem.

Theorem 2.1. Fiz integers n, p, g, g’ and k withn > 3, 4n < g <
g <Gpn), 39 —9)<g,2(¢ —9)+p+2<n,k>0,2k+1<g,
g+n>2+nn+1),9+n>('(k+1)/k)+k+1. Then a general
nonspecial degree g’ +n embedding into P™ of a general curve of genus
g has the property alN,.

Unfortunately Theorem 2.1 has two defects: its proof and its state-
ment. Its proof is just to see that the quoted proofs of Theorem 0.3
and [3, Theorem 2.3] produce (under the very strong numerical con-
ditions of Theorem 2.1) a reducible nonreduced but smoothable curve,
Z, satisfying both the statement of Theorem 0.3 (for aV,) and the one
of [3, Theorem 2.3] in the following sense. We have deg (Z) = ¢’ + n,
Pa(Z) = g, Pa(Zrea) = ¢’ and Z is the schematic union of Z,.q and
g’ — g suitable zero-dimensional schemes (see [3, Section 2]). Zieq
satisfies N, (see later) and the homogeneous ideal of Z is generated
by a subset of the quadrics which generates the homogeneous ideal of
Zred ; hence, the inclusion holds for higher syzygies and Z satisfies a.Vp,.
Since Z is smoothable inside P™ and it has nonspecial hyperplane line
bundle, we obtain in this way Theorem 2.1. Z,.q is built as partial
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smoothing of two reduced reducible curves, say A and B, with A given
by the proof of [3, Theorem 2.3] and B given by the quoted proof of
Theorem 0.3. Z,..q is the union of a smooth nondegenerate curve W
of degree ¢ +n —3(9' —g), ¢ —g lines G;, 1 < i < ¢’ — g, each G;
secant to W, and ¢’ — g pairs of lines (L;, L), 1 < i < g’ — g such
that every line L;, L’ intersects G;\(G; N W), every line L; intersects
W\(W N G;) at one point and quasi-transversally, every pair (L;, L})
has a common point P(7) and the components of Z..q have no other
intersections; the names of the lines of Z..q are the same as the names
of the corresponding lines in the proof of [3, Theorem 2.3] except that
now we use (easier but more expensive numerically) ¢’ — g lines G;
instead of one line G; all the other components of the reduced curve
constructed in the proof of [3, Theorem 2.3] are smoothed obtaining the
curve W. Each of the nilpotents of Z is supported by a different point
P(i) (asin [3]). To obtain B with Z,.q as partial smoothing, note that
at each step of the quoted proof of Theorem 0.3 we may take a bunch
of lines (see, e.g., [13] or [10]) with a common vertex as curve D; at
a later step we add something meeting one of these lines (and call it
L) so that, after the partial smoothing L, intersects W. Then we may
repeat the construction ¢’ — g — 1 times; each time we get G;, L; and
L; only at the very last step we link the curves L; to save steps. As in
the proof of Theorem 0.3 we start the construction inductively starting
from PP*!; hence, we need the condition n > p+1+2(g’ —g) + 1. The
main drawback of the statement of Theorem 2.1 is just the very strong
assumption n > p+2+2(g' — g), which, as seen, comes because we add
in one step only part of one pair (L;, L;) and not a part of several such
pairs. In particular cases we are able to do that obtaining stronger
statements, and we see Theorem 2.1 just as a “philosophical” state-
ment showing that the proofs (and in particular to be able to carry it
over without smoothing except at the very end of the proof) may give
very good information on these kinds of problems. In particular, the
interested reader may try new cases or just consider (as in Section 1)
general curves with a certain gonality.
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