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ON NEW MAJORIZATION THEOREMS
J. PECARIC AND S. ABRAMOVICH

ABSTRACT. The subject of majorization is treated exten-
sively, see, for instance, [1, 5] and [4] and their references.

In 1947, L. Fuchs gave a weighted generalization of the well-
known majorization theorem for convex functions and two
sequences monotonic in the same sense, see [4, p. 419] or
[6, p. 323]. For other related results, see [4, pp. 417-420]
or [6, pp. 323-332].

In this paper we shall give related results in the case when
only one sequence is monotonic. Moreover, while in Fuchs
results we have real weights, in our results we need positive
weights. These results form extensions of theorems of Kolum-
ban and Mocanu [2], Toader [8] and Maligranda, Pe€ari¢ and
Persson [3], as well as results from [5, pp. 337-338; 350] and
[7, pp. 9 and 145-148].

1. Main results.

Theorem 1. Let g be a strictly increasing function from (a,b) to
(c,d), and let f o g~' be a concave function on [c,d]. Let the vectors x
and y with elements from (a,b) satisfy

k k
(1.1) Zwig(xi) > Zwig(yi), k=1,...,n.
i=1 i=1

(a) If

(a1) f is decreasing

(a2) the vector y is decreasing, then

k k
(1.2) Zwif(xi)§2wif(yi), k=1,...,n.
i=1 i=1
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(1.3) (b1) Z wig(w;) = Z wig(y:), and

(b2) the vector y is decreasing, then

(1.4) Zwif(xi) < Zwif(yi)-

(c1) f(z)is increasing

(c2) the vector x is increasing, then

k k
(1.5) Zwif(ﬂﬁi) > Zwif(yi)a k=1,...,n.
i—1 i=1

(d1) Z wig(z;) < Z wig(yi),

(d2) the vector x is increasing, then
(1.6) Zwif(xi) 2 szf(yz)
i=1 i=1

Proof. Without loss of generality, it is easy to see that it is enough
to prove the special case g(z) = z by substitution

(17 g(z) =ai,  gly)=bi,  f(@i)=7Fog " (@)= fla)
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We will prove case (a). The other proofs are similar.

Because of the concavity of f(

z)
Flu) = F() = F' + (u)(u—v)

hence
k _ _ k _
ZU}Z(f(bz) — f(ai)) > sz(bz a2)f-l|-(b2)

The last inequality follows from (a;), (az), (1.1), (1.7) and the concavity
of f, hence case (a) is proven. O

Corollary. We get a special case of Theorem 1 for f(z) = P, g(z) =
z%, x > 0 and the positive vectors X = (T1,... ,Zn), ¥ = (Y1,--+ ,Yn)-
Part of it appears in [8, Theorem 3.

Remark. In Theorem 1 cases (b) and (d), we may replace the given
condition (1.1) by the condition z1/y1 > Z2/Yz2 > -+ > Zn/Ysn
because it leads to (1.1).

Theorem 2. Let f and g be integrable functions on [a,b], and let w
be a positive integrable function. Suppose that ¢ is a strictly increasing
function and @ o1 is concave. Suppose that f is decreasing and that

t/¢uammwﬁz/"wﬂwmwwm Va € a8

(a) If
b b
/wmwwmz/wwmw%



906 J. PECARIC AND S. ABRAMOVICH

then
| etttz [ plowua,

if g is increasing, the inverse inequality holds.

(b) If p oy~ is increasing, then

b b
/ o(f())w(t) dt > / e(g®))w(t)dt, b>z > a.

Proof. As in Theorem 1, with no loss of generality, it is sufficient to
prove Theorem 2 in case that U(t) = t.

We will prove the theorem for ¢ € C’[c,d]; the general case follows
from the pointwise approximation of ¢ by a smooth function. We will
prove case (b). The other proofs are similar.

Since ¢ is concave on [c, d], it follows that

p(u1) — p(uz) > ¢’ (ur)(ur — uz).

If we set b
F(z) = / (f(t) — g(t))w(t) dt,

then F(x) > 0 for all z € [a, b].
Let b > x > a; then

b

[ 00 - clanude= [ o) - o) de

T

- [ s are
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The last inequality follows from ¢ o 1)~! being concave increasing and
f being decreasing. o

2. Some applications. In [3] the following lemma was proved:

Lemma 1 [3]. Let v(z) be a positive integrable function. If h(z) is
an increasing function on (a,b), then

/z h(t)o(t) dt/bv(t) dt < /bh(t)v(t) dt/zv(t) dt
for all x € [a,b)].

If h(x) is a decreasing function on (a,b), then the reverse inequality
holds.

Also in [3] the following lemma, which is another version of Theo-
rem 2, was proved.

Lemma 2 [3]. Let w > 0, f and g be integrable functions from |[a, b]
to [c,d]. Suppose that ¢ : [c,d] — R is a convex function, and let

/I f@)w(t) dté/mg(t)w(t) dt  for all x € [a, b,
and
b b
/f(t)w(t)dt:/ g(t)w(t) dt.

(i) If f is decreasing on [a,b], then

b b
[ e [ oot

(ii) If g is increasing on [a,b], then

b

b
/ olg(t))w(t) d < / o) wlt) d.

a
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From both Lemma 1 and Lemma 2 we get the following

Theorem 3. Let f be an increasing function on (0,1) and f/g a
decreasing function on (0,1). Let w > 0, and let g > 0 or f > 0. Also
let fw and gw be integrable functions on [0, 1].

1 1
Z:/ fwdt// gwdt > 0.
0 0

Let ¢ be a convex function; then, for every k > 0,

/0 (R () w(t) dt < / o(kZg)wl(t) dt.

Proof. Let g(x) > 0. Using Lemma 1 [3] with
v(t) = g(H)w(t),  h(t)=f/g,
we obtain

T 1 T 1
/0 o(t)wi(t) dt / F(tyw(t)dt < / F(tyw(t) dt / o(t)wl(t) dt

and, according to the definition of Z,

/w kZg(t)w(t) dt < / kf(t)w(t) dt
0

0

and therefore, as f(t) is increasing we get, as a result of Theorem 2,
that

/0 ok Zg(t))w(t) dt > / (ke (1) () dt

the case where f > 0 is proved by defining h = g/f, v = f - w, where
h is increasing. i

Examples. Let h(z) be increasing on (0, 1], w > 0, and

/1 th(t)w(t) dt > 0.
0
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Define

Z—/lth(t)w(t)dt//l to(t) dt;

then, if ¢ is convex,

1 1
/0 o(Zt)w(t) dt < / o (th(t))w(t) dt,

the inequality obtained by defining f = ¢, g = th(¢). This last
inequality is satisfied especially by all convex functions g on [0,1]
satisfying 0 > ¢(0)

/ gwi)dt > 0,

and because g(t)/t is increasing on (0, 1].

Moreover, if h(t) > 0, then 1 > a > 8 > 0,

/01 o(Zta+ h(t)H(1 — a))w(t) dt < /01 o(Zt8 + h(H)t(1 — B))w(t) dt.

As for positive concave functions f(z), f(x)/x is decreasing. Therefore,
we get for increasing positive concave functions f and for convex
functions ¢, the following inequality:

1 1
/ o(Ztyw(t) dt > / o(F(B))w(t) dt,
0 0

where

Z—/Olf(t)w(t) dt//ol to(t) dt.

In this case we get Theorem 1 [3], which is an extension of Favard’s
theorem quoted in [3] as follows:

Theorem. Let f be a positive, continuous concave function on [a, b,
and let ¢ be a convexr function. Define

_ 1 b
F=ims [ r0




910 J. PECARIC AND S. ABRAMOVICH

then
1t v
s | etmas [ pef i
Of course, there are non concave functions f that satisfy the same
inequality. For instance,
f(z) = (1 +aP)l/P, p>0, >0

because for such f, f(z)/z is decreasing.
The extension of Theorem 3 and Theorem 2 [3] is as follows:

Theorem 3*. Let f be increasing on (a,b) and f/g be a decreasing
function on (a,b). Let w > 0, and let g > 0. Suppose that fw and gw
are integrable functions on [a,b], ¥ is a strictly increasing function and
oo~ is concave.

Let Z be such that

[ vzsua= [ uauoazo
Then . X
/0so(f(t))w(t)dt‘Z/0 o(Zg(t))w(t) dt > 0.

Proof. Because f/g is decreasing and 1 is strictly increasing, and
because

| vt = [ u(zg@pu) a,
0 0
there is an xp € [0,1] such that f(z)/g(z) > 1, 0 < z < =z and
#(z)/9x) <1, 20 < = < 1, hence
[ wzsmed < [ o

1

and as @ oY~ is concave and f is increasing, we get from Theorem 2

1 1
/sa(Zg(t))w(t)dtS/ o(f(t)w(t)dt. u]
0 0
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This is an extension of Theorem 2 [3] for g(t) = ¢ where f(¢) is a
positive concave function. Theorem 2 [3] is an extension of Berwald’s
theorem, which is quoted in [3] as follows:

Theorem. Let f be a positive continuous concave function on [a,b)].
Let ¢ be a strictly increasing function on |a,x). Assume that ¢ o1
is a conver function on [a,x). If

| na= = [uma,

then

1 b
| etz 2 [Cetronae
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