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TWIN SEXTIC ALGEBRAS

DAVID P. ROBERTS

0. Introduction. Among all the symmetric groups, only Sg¢ has
a nontrivial outer automorphism group, it being Out (Sg) = {1,¢}.
Because of the exceptional involution ¢, a sextic separable algebra K
over a ground field F has a “twin” K, well-defined up to unique
isomorphism. The double twin K* is canonically isomorphic to the
given algebra K. It may very well happen that K is a field but its twin
K is not.

This paper presents a large number of facts, very useful to have at
hand when one is investigating sextic algebras over a given ground field.
We review the exceptional twinning operation in some detail. Also in
our discussion of other topics, we continue to emphasize the helpful
role played by this operation. The results presented in this paper are
used in [11] for p-adic ground fields F' = Q,, and in [7] for the rational
ground field F' = Q.

Section 1 reviews the categorical approach to Galois theory; it is es-
sential to take this approach because we must deal with algebras, not
just fields. Section 2 centers upon simply giving the classical lists of pos-
sible Galois groups of sextic algebras: there are 40 intransitive groups,
corresponding to nonfields, and 16 transitive groups, corresponding to
fields. Here, in an effort to render the list as intelligible as possible, we
organize the intransitive groups according to their “product closures.”

Section 3 presents group-theoretic facts about the exceptional outer
automorphism ¢ of Sg. Then it discusses a basic formula due to
Girstmair [4]; this formula explicitly associates to a polynomial f
with K = F[z]/f a new polynomial f* which, if separable, satisfies
K' = Flz]/f*. For comparison we also give a new much simpler
twinning formula for an important special case.

Section 4 tabulates a wealth of explicit facts about the conjugacy
classes and characters of the 56 groups in question; here the role played
by t is emphasized constantly. Finally in Section 5 we give a geometric
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collection of examples, intended to complement the p-adic and number-
theoretic examples mentioned above. Here the ground field is F = C(t)
but the presentation is in terms of covers of the complex projective line
P!, ramified only in {0,1, 00}.

1. Categorical Galois theory. Let F' be a field. Galois theory
is usually presented from an “internal” point of view. Namely, one
fixes a Galois extension field F’ of F, often a separable closure, and
studies subfields K of F’ of finite degree over F. Here we review the
less well-known “categorical” point of view, where one studies finite-
dimensional separable algebras over F. The difference between the
internal and categorical viewpoint is very slight, but in many respects
crucial.

Let Alg (F) be the category of finite-dimensional separable algebras
over F. Let Vj(F') be the category of smooth zero-dimensional varieties
over F'. The contravariant functor

Spec : Alg (F) — Vu(F)

is an antiequivalence of categories. Here, out of deference to the
classical point of view in Galois theory, we will work mostly with
Alg (F') rather than Vy(F'). However, the geometric point of view
is better for some purposes; Section 5 is written in this alternative
language.

Let Field(F) C Alg (F) be the subcategory consisting of fields. Via
the spectrum functor this subcategory corresponds to Vo™ (F), the
category of connected zero-dimensional varieties over F. Of course,
every object in Vo(F') is a finite direct sum, i.e., disjoint union, of
objects in Vo™ (F'). In this sense the passage from fields to algebras
should not be considered an increase in generality. Rather it is an
increase in functoriality, the most important point being that Vo™ (F)

is not closed under direct product.

Let F be a separable closure of F. An algebra K with spectrum X
then determines a finite set

X(F) = Homp(K, F).

By post-composition the usual absolute Galois group Gal(F/F) =
Aut(F/F) acts from the left on X (F). The following statement is
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the main theorem of Galois theory. The functor

Smooth zero-dimensional F-varieties — Finite Gal(F/F)-sets

is an equivalence of categories. Under this equivalence, connected
varieties correspond to transitive Gal(F'/F')-sets.

The Galois group Gal(K, F) is by definition the image of Gal(F/F) in
the symmetric group Sym (X (F)). To clarify this definition, let I3 be
the compositum of the images of all F-homomorphisms from K to F
then, as an abstract group, Gal(K, F) = Gal(ﬁK/F) = Aut(?K/F).

By pre-composition, the usual automorphism group Aut(K) acts from
the right on X (F) = Hom(K, F'). So its opposite group Aut(X) acts

from the left on X (F'). The fundamental picture is thus
Gal(K, F) C Sym (X(F)) 2 Aut(X),

the Galois and automorphism groups obviously commuting with one
another; in fact, Aut(X) is the centralizer of Gal(K, F').

Here are two comments which should help clarify the distinction
between Gal(K, F) and Aut(X). First, Aut(X) is a group canonically
associated to the algebra K while Gal(K, F') depends on the auxiliary
choice of F. Second, in some extreme examples the situation is as
follows. If K is a direct sum of n copies of F, then Gal(K,F) = {e}
and Aut(X) = S,. If K is a degree n > 3 field extension of F' with
Gal(K, F) = S, then Aut(X) = {e}.

Suppose now that K is a field so that the Gal(K,F) action is
transitive. Then one has

Gal(K,F)| > [K : F] > |Aut(X)],

the inequalities being either both strict or both equalities. In the

latter case, i.e., in the case when K/F is Galois, the field I is the
image of each of the embeddings in Hom (K, F'). The choice of a point

x € X(F) gives an isomorphism o, : K — F™. So this choice gives an
isomorphism
7, : Gal(K, F) — Aut(X)

o — 0;10710;5.
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Here we are implicitly using the identifications Gal(K, F) = Aut(FK)
and Aut(X) = Aut(K)°PP. Exactly in the case where Gal(K, F) is
abelian do all these isomorphisms 7, coincide; exactly in this abelian
case do Gal(K, F) and Aut(X) coincide as subgroups of Sym (X (F)).

One senses a duality between Gal(K, F) and Aut(X) because they
commute with one another. Here is one situation in which this rough
duality is felt very strongly. Consider simultaneously Q and its comple-
tion Q, at a prime p. Choose compatible algebraic closures: QcC Gp.
Then Gal(ap/Qp) is naturally a subgroup of Gal(Q/Q). Now let K be
a Q-algebra with completion the Q,-algebra K. Then one has reverse

inclusions of subgroups of Sym (X(Q)) = Sym (X(Q,)):

Gal(K, Q) 2 Gal(K,, Q,)
Aut(X) C Aut(X)).

In other words, Galois groups decrease under completion while au-
tomorphism groups increase. This duality holds in the setting of an
arbitrary base-field extension F’/F, not just for those extensions like
Q,/Q coming from completion.

A typical situation in practice is that one is given F' and K but one
never chooses a separable closure F. Then one still has a group, now
well-defined only up to conjugation, which we denote by Gal(K): by
definition Gal(K) is just any Gal(K, F). Standard inner invariants,
such as the set of conjugacy classes Gal(K)%, and the set of irreducible

characters Gﬁ(?(), are completely well-defined. In practice, much of
Galois theory takes place at this level.

The point of view towards Galois theory just summarized is in some
ways a throwback to the original point of view of Galois. Suppose that
K is given as usual by a single separable polynomial f:

K = Flal/f.

Then X (F) is naturally identified with the set of roots of f in F. The
Galois group Gal(K, F) is then the group of “allowed” permutations
of the roots, i.e., permutations that preserve all algebraic relations.
To our knowledge, the categorical point of view was first aggressively
pursued by Grothendieck. See [6] or, e.g., the short summary [10, pp.
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39-45]. It is the required point of view when one views Galois theory
as part of Grothendieck’s motivic Galois theory.

2. Subgroups of Ss. Let K be a degree n separable algebra over a
ground field F'. The Galois group Gal(K) then gives a subgroup of S,,,
well-defined up to conjugation. Motivated in part by this connection
with Galois theory, several mathematicians in the 1800’s worked on
drawing up complete lists of conjugacy classes of subgroups of S,,. In
the sequel the words “conjugacy classes of” will not be repeated, being
implicit throughout.

The following table is based on information in [9, pp. 1-9]. It gives for
n < 10 the number of subgroups of various types, the notion “product”
being explained below.

Degrtee n |0 1 2 3 4 5 6 7 8 9 10
Transitive ¢, {0 1 1 2 5 5 16 7 50 34 45
Product p, |1 1 2 4 10 17 42 66 166 285 554
All a, |1 1 2 4 11 19 56 96 296 554 1593

It is somewhat remarkable that the nineteenth century authors focused
on the general case, corresponding to algebras, rather than restricting
to the much easier transitive case, corresponding to fields. For a lively
historical account of this activity, written by one of the principal later
participants, see Miller’s note cited above.

The 40 intransitive subgroups of Sg. The following chart lists the
40 intransitive subgroups of Sg. They are organized firstly according
to the partition of 6 induced by the orbit partition of {1,2,3,4,5,6}.
Throughout we omit superfluous ones; thus 5 stands for the partition 51
and S5 could well be rewritten S557, Cartesian products being always
written as juxtaposition.

The groups are organized secondly according to their “product clo-
sures.” Here suppose G acts on X with orbits X;. Let the image of
G in Sym (X;) be G;; so G; is a transitive subgroup of Sym (X;). The
product closure of G is by definition [[ G;. So according to the above
chart, there are 42 — 16 = 26 intransitive product-closed subgroups of
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Sg. There are thus 40 — 26 = 14 nonproduct-closed subgroups.

The first five lines can be reinterpreted as giving the transitive
subgroups of S7 through S5. Here C stands for cyclic, D for dihedral,
F for Frobenius, A for alternating, and S for symmetric. These
groups exist for every n, the orders being n, 2n, ¢(n)n, n!/2 and n!,
respectively. Here perhaps the least familiar are the Frobenius groups;
F,, is the group of permutations of Z/n of the form z — mz + b
with m € (Z/n)* and b € Z/n. In our setting n < 5 there are
many degeneracies, e.g., Dy = F,;. Past the single further degeneracy
Dg = Fg these five groups are always distinct. The one group on the
above list not of the form so far discussed is V' = Vj, the noncyclic
group of order four.

Each subsequent line beginning with a partition gives the correspond-
ing product groups; these are trivial to obtain from the previously listed
transitive groups. Beneath each product group H are the remaining
groups having H as product closure. The notation A" B means the fol-
lowing: implicitly there is a third group C with surjections h4 : A — C
and hg : B — C; then

A"B ={(a,b) € A x B: ha(a) = hp(b)}

is the associated fiber product.

When the symbol h is “+” the group C has two elements. Both A and
B are odd permutation groups and the homomorphisms h 4 and hp are
the sign characters. These groups have an equally simple alternative
description:

ATB = (AB) N As.

When the symbol h is “A)” then A, B and C are all isomorphic.
Thus, for example, Ss indicates a six-element subgroup of Sg with
orbit partition 3111; on the other hand S?Sg indicates an isomorphic
six-element subgroup with orbit partition 33.

The groups with product closure D,C5 require a comment. The
transitive subgroup D4 of S; has three surjections to Cs, the sign
character hy, the “canonical character” h., and their product h..
Here h, is distinguished from the others by having a cyclic kernel.

Finally the groups with product closure 555555 also require a special
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comment. Explicitly the three proper subgroups are

SaSF Sy = {1d, (12), (34)(56), (12)(34)(56)}
(S25292)" = {Id, (12)(34), (12)(56), (34)(56)}
S5 5485 = {1d, (12)(34)(56) }.
Only the middle of these groups doesn’t fit nicely in our set-up, being
525252 N Ag.

The 40 intransitive subgroups of Sg

S

Sa

S As

Sy Ay Dy Cy 1%
S As  Fy Ds Cs
22 | 855,

S S,

32 | S35, A3S,

S S,

33 | 5353 S3As  AzAj

S5 Ss Ag Ay

S8S;

42 | 8,45, AySy D4Sy;  C4Sy; VS,
S1S, DSy CfSy VS,
D5S,

DS S,

CU b W | N |

222 | 555,85,
A
(525252)*
SF S5 S,

The 16 transitive subgroups of Sg. The transitive subgroups of
Se fall naturally into four families, according to whether the G-set
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{1,2,3,4,5,6} has G-quotient sets of order 2 or 3. The primitive
case—no such quotients—breaks up into two subcases, associated to
the groups Sg and PG Ly (F'5).

Quadratic quotient | Cubic quotient Quadratic and
Primitive set only set only Cubic quotients
Se C2.Dy S21.53 Dg
Ag €6 C§.C’4 €6 St S3 €6 S3gal €6
PGL>(Fs) C§.V £6E2 V.S3 £3€6 Ce £3
PSLy(F5) e |C2.C2 — S21 A3 €3
Syt A3 e6,€3,€083

In each of the five boxes above, the top group is the largest group in its
subcase. On this group are defined quadratic characters £¢,e3 and/or
€9, the sign characters of the indicated degree.

Nine of the remaining eleven groups have index two in the associated
ambient group. These are kernels of quadratic characters as indicated.
The group here denoted S 1™ A3 has index four in S 1S3, being the
intersection of the kernels of €3 and 4. The lone group not fitting in
this system is C%.Cy which is a nonnormal subgroup of index four in
its ambient group C%.D,.

The ambient group in the quadratic-quotient-set-only box would
normally be written as a wreath product S3?S2. We use the notation
C2.D, instead, just so the notations for the various groups don’t look
too similar. Similarly, a notation for Dg more appropriate to the present
setting would be S3 x Ss.

3. Sextic twinning. Here we first define a canonical operation
which associates to a six element set X its twin X*. This exceptional
operation can be viewed as analogous to taking the dual of a finite-
dimensional F-vector space, V + V*. Then we continue the discussion,
reinterpreting twinning as coming from the exceptional outer automor-
phism of Sg. This is analogous to vector space duality coming from the
natural outer automorphism of GL, (F), represented by the involution
“inverse-transpose.” Finally we present Girstmair’s explicit twinning
operator on algebras [4] and a simpler twinning operator which applies
in a special case.




TWIN SEXTIC ALGEBRAS 349

Set-theoretic twinning. Let X be a set with six elements. A duad of
X is a subset of order 2. So the set S2(X) of duads has 15 elements. A
syntheme of X is a set of three nonoverlapping duads. So there are 15
synthemes. A total of X is a set of five synthemes whose constituent 15
duads are all distinct. Not so obviously there are six totals. We denote
the set of totals by X*. Each pair of totals has exactly one syntheme
in common so that the set of synthemes is naturally identified with
So(X1).

Many aspects of this construction become clearer when reformulated
in group-theoretic terms. Let G = Sym (X). Then there are canonical
bijections

X = {120-element subgroups of G' with fixed
points}

r— Gy

S5(X) — {Odd involutions in G with fixed points}
{a,b} — (ab)

So(X") = {0Odd involutions in G without fixed
points}

{{a,b}, {c. d}, {e, f}} — (ab)(cd)(ef)

X' = {120-element subgroups of G without fixed
points}
Y — Gy,

In particular, there is clearly a) no natural isomorphism X — X and
b) a natural isomorphism X — X*.

Take X = {1,2,3,4,5,6}. The six columns of the symmetric matrix
below explicitly give the six totals of X, thereby giving an identification
Xt ={A,B,C, D, E, F}. The entries of this matrix can be interpreted
as equalities in Sym (X) = Sym (X?*); for example, at the (4, B) place
is indicated the equality (AB) = (15)(23)(46).
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A B C D E F

15,2346 14,26,35 13,2456 12,36,45 16,25,34
15,23,46 12,34,56 14,25,36 16,24,35 13,26,45
14,26,35 12,34,56 16,23,45 13,2546 15,24,36
13,24,56 14,25,36 16,23,45 15,26,34 12,35,46
12,36,45 16,24,35 13,2546 15,26,34 14,2356
16,2534 13,2645 15,2436 12,3546 14,23.56

MmO QW

Here the last column was determined first. It is the total labeled F' and
stabilized by PG Ly (F5) where one uses the alternative notation 5 = 0,
6 = oo. The remaining entries were determined by the simple formula

(UV) = (FU)(FV)(FU)

in the symmetric group Sym ({F,U,V}) C Sym ({4,B,C,D,E, F}).

As a sample trivial calculation, we show how to use the above chart
to express the action of (123) on X*. The signs “—" below all indicate
conjugation by (123), i.e., g — (123)g(321).

(AF) = (16)(25)(34) — (26)(35)(14) = (CA)
(BF) = (13)(26)(45) — (21)(36)(45) = (EA)
so F— AJA— C,B— FE
(CF) =(15)(24)(36) — (25)(34)(16) = (F'A)

soC+— F

(DF) = (12)(35)(46) — (23)(15)(46) = (BA)
soD— B

(BF) = (14)(23)(56) — (24)(31)(56) = (DA)
so F+— D.

Hence (123) = (ACF)(BED).

The outer automorphism. An element o of G = Sym (X) gives rise
to both a permutation ¢ of X and a permutation ot of X*. Let 7 be
a bijection X = X*. Then ¢” = 7 'o'r is a permutation of X. The
map ¢ — o7 is an automorphism representing the outer automorphism



TWIN SEXTIC ALGEBRAS 351

t. The most important fact about ¢ is that its action on Sg switches
three pairs of partitions
31° «— 33
21% «— 2°
6 — 321

and fixes the remaining five partitions. The classical duad/syntheme
treatment of twinning is based on the switch 21% « 23 while the
equality (123) = (ACF)(BED) illustrates the switch 313 « 33.

A representing automorphism. For computations it is convenient to
pick one of the 720 automorphisms of G = Sg representing t. Here we
pick such a 7 and explain its attractive features.

Firstly, only 36 of the 720 choices for 7 are involutions (in [2] they
form the class 2D in the group Sg.2). These are indexed by pairs (z,y)
with 2 € X and y € X*. The associated bijection is partially defined by
Tzy(x) = y. The definition is completed by the following construction.
Given x7 # x there is one syntheme in the total y that contains the
2-cycle (zz7); this syntheme is contained in just one other total y;.
The rest of the definition is 7, ,(z1) = 3.

Secondly, we have carefully chosen things above so that the alpha-
betical order bijection 1 — A,...,6 — F is one of these involutive
automorphisms, namely, 76 . Let G5, = G, N G,. As (z,y) runs
over the 36 possibilities, G, runs over the 36 subgroups of G having
order 20. The fixed point set of the automorphism 7, , is exactly G ,.
Exactly for g € G, are the two notations for g the same, via 7, . For
example, our choice of 76 p = Too,r identifies G, with the group of
affine transformations of F5. As three examples, one has

“plus 1”7 = (12340)(c0) = (ABCDE)(F)
“times 2”7 = (1243)(0)(c0) = (ABDC)(E)(F)
“times 4”7 = (14)(23)(0)(c0) = (AD)(BC)(E)(F).

These examples illustrate that the conjugacy classes 51, 411 and 2211
are each fixed by the twinning operation.

Girstmair’s resolvent. The group G = Sg acts on the ring R =
Z[ry,. .. ,x6] via 0(z;) = 24(;). Define elements a1, ... ,as in R by the
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formula
6

H(z—xz) =25 +a 2+ +asz+ag.
i=1

Then, by the theory of symmetric functions, the ring R® of invariants
is the polynomial ring Z[a4, ... , ag].

Consider the 15-element set of synthemes. To each syntheme
ab, cd, ef let’s associate two elements of R, namely,
p;b,cd,ef = TaTb + Tckd + Ty
Pabedsef = T104 (Tela + Tely) + 2207 (Taly + Tely)
+ xg:v?c(xaxb + zoxq).
Thus, both p’ and p give G-equivariant maps from So(X?) into R; they
are both clearly injective.
To a total J, let’s also associate two elements of R, namely,

Yr=> 0 Y=Y b

seJ seJ

Here in each case the sum is over the five synthemes s in the total J.
Again both y and 3’ give G-equivariant maps from Xt into R. But here
y’ is a constant map while y is injective. We therefore drop 3’ from
consideration; it was included only for comparison.

The sextic polynomial

R = H(Z—yJ)

Jext

is invariant under S,,. It therefore can be written as

6

R(ah as, ... ,as,ag; Z) = E bj(a/la az,as, a4, as, aG)ZJ-
j=0

For example a special case emphasized by Girstmair is
R(0,0,0,0,as5,a6; 2) = 25 + 18a62° — 135a22* — 32404 2>

+ (93312a] + 3125a8) 2
+ (40625a8as — 186624a).
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Also given there (pp. 794-796) is the essentially general case where only
ap is set equal to zero. Then the polynomials by, ... ,bs have 2, 9, 23,
45, 86, 146 terms, respectively.

Girstmair’s resolvent is an explicit formula for the twinning opera-
tion. Namely, suppose K is an algebra defined by a sextic separable
polynomial

f(2)=2%4+a12° +---+ag

over a ground field F. Suppose also that the polynomial
fi(z) =2 +bi(a1,... ,a6)2° + -+ bg(ay,... ,as)

is separable. Then the dual algebra is defined by f!. This twinning
operation provides a common complicated generalization of many much
simpler classical constructions. For example, suppose f(z) factors as
f3(2)z(z —1)(2 —2) with the cubic field K3 = F[z]/ f3(z) having Galois
group S3. Then f!(z), if separable, is irreducible, defining a Galois-
closed field associated to K3.

Of course one does not have twinning at the level of polynomials;
rather the roots of f* are homogeneous functions of the roots of f of
degree 62 = 36. For the a; € Z one can work numerically with the
complex roots x1,... of f and the complex roots y4(x1,...,xg),... of
Jt, thereby bypassing Girstmair’s rather unwieldy formula.

Separability. The separability of f does not in general guarantee
the separability of f!. For example, note that the five synthemes
of B are switched with the five synthemes of C' via the involution
(BC) = (12)(34)(56). Suppose the roots of f in some F satisfy the
algebraic relations

X1 = —X2, T3 = —T4, Ty = —Te,

forcing the Galois group of K to be in S9! Ss. Then, for all J €
{A, D, E, F}, one has equality

piB(x1,...,x6) =psc(T1,... ,26)

in F. Accordingly, two roots of f? coincide,

yp(r1,... ,26) =yo(x1,...,T6),
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giving the nonseparability of f?.

The situation however is not too bad. Firstly, from the general theory
of resolvents, one knows that a generic choice of f defining K gives a
separable f!. Hence, if F is infinite, an f can always be chosen so that
f! is separable. Secondly, Girstmair proves [5, Theorem 6] that if 5
divides the order of Gal(K) then any choice of f gives a separable f*.

Mini-twinning. When a six-element set X is given an appropriate
extra structure, one can sometimes use this structure to give a simpler
description of the twin set X*. Here we just give one example.

Suppose quite generally that Y and Z are nonempty finite sets with
m = |Y|/|Z| integral. Let S(X,Y) be the set of fibrations from Y to
Z, i.e., the set of surjections with all fibers having m elements. The
symmetric groups Sym (Y) and Sym (Z) act by composition on S(Y, Z)
on the left and right, respectively.

This general set-theoretic situation is of theoretical importance in
Galois theory. Let K = F[z]/f(x) have root set Y and L = F[z]/g(x)
have root set Z. Corresponding to the Gal(F/F)-set S(Y,Z) is an
algebra I(L, K). The trivial factors of I(L, K) are in bijection with the
embeddings L — K.

Let {oy }yey and {B.}.cz be the roots of f and g, respectively. Then

r@= I (o= X avsun) € Flol
peS(Y;2) yey
if separable, defines the algebra I(L, K).

Now take |Y| = |Z| = 3 and put X = Y [[Z. Then the set S(Y, Z)
is naturally identified with X*. Namely to an isomorphism ¢ : Y — Z
associate the total

Ty = ATy, Ty,
Hyr, o) o {y2, yz}, {(vy2), é(ys)}},
{{y2, d(y2) }, {ws, 1}, {o(w3), (y1)}
{{ys, o(y3)}, {yr, w2}, {o(w1), d(y2)} 1}

Here 1, and vy are the two isomorphisms @ from Y to Z which
are different from ¢ but such that 1)~ o ¢ is an even permutation
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of Y; 'y, and I'y, are their graphs, considered as synthemes. Also
Y = {y1,y2,y3}. Applying the theory of symmetric functions we get a
“mini-twinning” formula.

Proposition 1. Suppose
f(z) = (23 + asx + a3)(2® 4 box + b3)
defines the sextic algebra K. Then

[T (x) = 2% — 6agbax* — 27azbza® 4 9a3bia®
+ 8lagazbobsx — (4adbi 4 27a3b3 + 27a3b3),

when separable, defines the twin algebra K¢.

In practice one can also use this formula for K with Gal(K) C C3.Dj.
Namely let K = Flz]/f(z) with f(z) factoring as indicated over a
quadratic extension F” of F. Then the polynomial f7(x) is still in F[z]
and still defines K*.

4. Conjugacy classes and characters. When one is studying an
algebra extension K/F with Galois group G = Gal(K), it is useful to
have the character table of G at hand. Since we are considering 56
situations at once we will just present partial information about each
situation, so that the situations can be easily compared.

So that the tables fit on a page we divide the 56 groups into two
classes. The first class consists of the 28 groups G such that at least
one of G and G! is transitive. This class is discussed at some length
in [3, especially p. 298]. The second class consists of the remaining
28 groups. For groups of the first class, information about conjugacy
classes is presented in the first table, and information about characters
in the second table. Our first table is essentially a considerably more
detailed version of the sextic table in [1]. The groups of the second
class tend to be smaller; so the corresponding information is put all on
the third table.

Table 1. A given row of the first table goes as follows. The first entry
is the order |G|. The second entry G is a transitive subgroup of Sg.
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The third entry is blank if and only if G = G! and G* otherwise; in
this latter case G* is always intransitive.

Let A be the centralizer of G and A? the centralizer of Gt. The fourth
entry gives A® when not the trivial group. Here we print A? rather than
A because it is often completely obvious how G* and A* commute with
one another, and sometimes not quite so obvious how G has a nontrivial
centralizer.

The printed numbers in the last 11 columns give the masses u(c) of
the conjugacy classes of ¢ € GY. If ¢ induces the partition \ of 6, then
w(c) is printed in the A column.

Suppose any representative g of ¢ has order e. Then for i € Z/e the
element g’ represents a well-defined class ¢'. If, for all i € (Z/e)* one
has ¢ = ¢, then the class ¢ is called rational; then p(c) is printed in
plain type. If ¢=! = ¢, then the class is called real; if c is real but
nonrational, then p(c) is printed in italics. The remaining classes c are
nonreal; u(c) is printed in bold face.

Frobenius elements. An important use of tables such as the one
above is the following. Suppose, for example, FF = Q and K is
given by a sextic polynomial f with discriminant D and Galois group
G = Gal(K). Then for all primes p not dividing D there is a Frobenius
class Fr, € Gal(K)?; the Cebotarev density theorem says that they are
equidistributed according to the indicated masses. As an element of
SEL, Fr,, is just the factorization pattern of f modulo p.

Suppose for example that one has computed three Frobenius elements
in Sg finding them to be 42, 411 and 6. Then the Galois group is
necessarily S5 1S3 or Sg. Suppose f! has nonzero discriminant D! and
moreover factors nontrivially, f* = fffi. Then the factors must have
the indicated degrees and G = S3 1 Ss.

Suppose still that G = S51.S3. Then computation with f alone lets
one see Frobenius classes only in an eight-element set. Computation
with f1f% lets one see Frobenius classes where they really live, the 10
element set {1111,22,31,211,4} x {11,2}.

In general, let G be the quotient of G? by the power action of
Z/|G|*. Then the use of resolvent polynomials like above allows one to
compute Galois groups always, but Frobenius elements only in Gt
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In our current special case F' = Q one can use cyclotomic reciprocity
to resolve some of the remaining ambiguities. Namely, G2 is identified
with a quotient group of (Z/D)* such that Fr, = p. In the cases
covered by Table 1 the map G? — G x G?P is injective except in
the cases G = As, PSLy(F5), and Ag, where the unique ambiguity
remains. Once again, a main purpose in our presenting of Table 1 is
to show at a glance how all these well-known generalities apply in the
current particular case.

Table 2. The next table gives for each of the 16 transitive groups
G, the degree of its irreducible characters. The first number printed
is always 1; this corresponds to the trivial character. If G is an odd
group, then there is a second distinguished one-dimensional character,
the parity character .

For G one of the groups Sg, PG Ly(F5) or C2.Dy the 1 corresponding
to ¢ is printed in the first column of character degrees. Two characters
are printed in the same column if and only if they differ by multipli-
cation by e. The restrictions of X and Xe to the even subgroup Ag,
PSLy(F5) or C2.Cy agree. This restriction is either irreducible or the
sum of two irreducible characters, as indicated by the entry for the even
subgroup in the same column.

For G* one of the six groups with a canonical product structure, the
order of the printed character degrees respects this structure. Thus,
for example, the entry for Gt = 5353 is better displayed

11 2
11 2
2 2 4
For the groups with G* = HA3 the entries in a given column

correspond in order to X, X¢ and X¢ for X € H and A = {1,¢,9}.
Similarly for the groups with Gt = H S5, the entries in a given column
correspond to X and X¢ with X € H and Sy = {1, ¢}.

Characters taking only rational values have their degrees printed in
plain type. Characters taking only real but some nonrational values
have their degrees printed in italics. Characters taking some nonreal
values have their degrees printed in bold type. The familiar dual-
ity between characters and conjugacy classes says in particular that
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|G%| = |G| for * running over “rational,” “real-but-nonrational,” and
“‘nonreal.” These equalities are all seen easily when one compares
Tables 1 and 2. Similarly, the Frobenius-Schur theorem says in partic-
ular that the sum of the degrees of the real characters is the number
of involutions in G; we’re using that all real characters for the groups
here are orthogonal rather than symplectic. Again this can be checked
case-by-case by comparing Tables 1 and 2.

TABLE 2. Character degrees of G and G* with G transitive.

|G| | G G* Degrees
720 | Sg 1,1 55 55 99 10,10 16
360 | Ag 1 5 5 9 10 88
120 | PGLy(F5) Ss 1,1 4,4 55 6

60 | PSLy(F5) As 1 4 5 :

48 | S3153 S48y | 1,1 1,1 2,2 3,3 3,3

24 | Syt S SfS, | 1 1 2 3 3

24 | Sy ¢ S3 S, 1 1 2 3 3

24 | 521 A, AgSy | 1,1 1,1 1,1 3,3

12 | St As Ay 1 1 1 3

72 | C2.Dy 1,1 1,1 2 44 4,4

36 | C2.C,4 1 1 1,1 14 4

36 | C2.V S3S3 | 1,1,2 1,1,2 2,24

18 | C3.5, S3A3 [ 1,1,1 1,1,1 2,2,2

12 | Dg S38y | 1,1 1,1 2,2

Cs AzSy | 1,1,1 T1,1,1
6 | Sagal S§Sy | 1 1 2

The final information contained in Table 2 below is the following.
Consider the given degree 6 permutation character ¢ of G and the twin
character ¢!. Each of these decomposes as a sum of irreducible linear
characters. The nonunital constituents of ¢ are indicated by overbars
and the nonunital constituents of ¢’ by underbars. Thus, for example,
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in the case G* = S353, one has

¢=14¢e189 + X1 X2
' = (1+X1) + (1 +X2).

Here X; and X» are the two-dimensional characters of the factor S3’s
and €1 and e, are their respective determinants.

Table 3. The next table presents its information in a way similar to
Tables 1 and 2. It may at first seem excessive to treat these quite small
groups in such detail. Recall, however, that the principal application
we have in mind is to Galois groups G of sextic number fields and
their decomposition groups D,,. In this application G, being assumed
transitive, certainly is covered by Tables 1 and 2; but each D,, being
typically very small, usually is one of the groups of Table 3.

From a twin pair of groups, we take G to be the subgroup with fewer
orbits on X = {1,2,3,4,5,6}, in the spirit of Table 1; the only tie is
(G,G") = (V,(525252)T), each group having three orbits. Otherwise,
the format requires no further explanation.

The last seven lines of Table 3 can be immediately translated into

algebra-theoretic terms. For simplicity, take char (F) # 2. For
a,b e F* put

F, = F[z]/(2* — a) (= F(ya))
Fa,b,ab :F[:Ly]/(xQ _a,y2 _b) (:F(\/aa \/E))

The algebra F, depends only on a € F*/F*2. Similarly, the algebra
Fyp,c depends only on a,b,c € F*/F*? satisfying abc = 1 € F* /F*2.
The parenthetical definitions are also correct, provided one understands
them in the sense of algebras, e.g., F(v/1) = F x F. The last seven
lines all correspond to algebras of the form

K = Fab7bc7ac X Fabc
Kt!=F, x Fy, x F..

The first of these lines is the generic case of this situation; it is followed
by the specializations indicated on the table.
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Here are some supplementary details about characters for the second
block of groups. Let K = K4 x K5 be a sextic algebra. Here K, is a
quartic field with a unique quadratic subfield Ly. On the other hand,
K> is allowed to be either a field or F' x F. Let e4,646. and €9 be
the discriminant characters of Ky, Lo and Ks, respectively. Then the
sextic permutation character of G has the form

¢=(1+X+esec) + (1 +e2).

Here the two-dimensional character X is irreducible in the cases involv-
ing Dy, reducible in the cases involving Cy; in both cases its deter-
minant is £.. The twin algebra has the same form: K' = K} x K},
LY C K}. Its characters are given by

t
€4 = €4E¢, €9 = €28&¢

t
¢ = €c» X" = Xéag.

We have given this situation special mention because the 2-adic sextic
algebras appearing in [7] very often have this form.

From conjugacy classes to characters. The next table illustrates how
one goes from the printed conjugacy class information to the printed
over- and under-barring on the character degrees. Let ¢ be the standard
degree six permutation character on Sg and ¢! the other degree six
permutation character. Their values are printed below. Consider as
an example the last group G = V'S, and its twin G* = 55555,. They
induce the partitions 42 and 222 of six, respectively; hence, ¢|G and
#*|G have respectively two and three copies of the unital character 1.
Accordingly, it is more useful to print (¢ — 2)|G and (¢' — 3)|G. One
sees

/ (¢ - 2)2MHaar =4
an
/ (¢t - 3)2MHaar =3
Gt
[ (6= = s =0,
Gt

The first equation confirms the clear fact that ¢ — 2 is the sum of four
distinct characters; similarly the second shows that ¢! — 3 is the sum of
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TABLE 4. Identification of permutation characters in two sample cases.

16 2212 313 32 51 42| 21% 23 412 321 6
¢ 6 2 3 0 1 0|4 0 2 1 0
@t 6 2 0 3 1 0|0 4 2 0 1
164Haar | 1 9 4 4
S3ySs  ¢—2 4 0 1 -2
SiSs -2 |4 0 2 1
Sutaar | 1 3 1 3
VSy b—2 4 0 2 -2
S$25998y ¢t —3 |3 -1 301

three distinct characters. The third gives the information one seeks:
the first four characters are pairwise distinct from the last three. This
corresponds to the printed information 11111111.

Similarly, the table above justifies the printed data 112222 for G =
S Ss.

Self-twins. An algebra K is isomorphic to its twin K* if and only if
its Galois group Gal(K) is one of the seven groups printed in bold face
below.

Fs DSy V (Identity)
D5 C;Sz (525:5:)"
Cs Ca SIS,

One sees this as follows. First, a necessary condition for K = K is that
the characters ¢ and ¢' agree on G = Gal(K). This condition can be
checked from the conjugacy class information above: ¢ = ¢! if and only
if G maps into the partitions fixed by ¢, namely, {16,2212 51,42, 41%}.
Equally well, it can be checked from the character information: ¢ = ¢!
if and only if the overlining and underlining coincide. The ten groups
printed above are exactly those satisfying ¢ = ¢*. Then inspecting
these ten groups individually, one finds that in the bold-faced seven
cases the permutation representations X and X* underlying ¢ and ¢
are isomorphic.
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Actually the more interesting situations are those with ¢ = ¢’ and
X 22 X*t. The first of these is the case G = D] S5. Then

dp=(1+X+ee)+(1+¢)
' =(1+X+e)+ (1+e)

by the general DySs twinning formulas given above, with € = g5 = ¢4.
Here in each case the two terms are the characters corresponding to
the two orbits; the lack of agreement shows that the two permutation
representations X and X* of G are not isomorphic.

The second case with ¢ = ¢! and X 22 X! has G = V and
G? = (825255)". This is the first example of “Chebotarev ambiguity.”
Namely, V and (525252)" are nonconjugate subgroups of Sg inducing
the same probability measure on Sg. The first examples from transitive
subgroups of S,, appear in n = 8.

5. Geometric examples. Let m € Z>;. Let S be a set of m points
in the complex projective line P* = C][{oc}. Let T = P! — S be the
complement. For notational ease, we’ll assume S is given in standard
form

S = {07 1332,833 cee 78m73700}

and moreover use the resulting ordering on S.

Choosing a base point ¢t € T and loops s around the s appropriately,
one gets an identification

m(T,t) = (00,01, .. ,000]|0001 - O = €).

Thus m (T, t) is a free group on any m — 1 of these generators; however,
it is better to keep the points on the same footing and give the group
by m generators and 1 relation as we’ve done.

If X is a degree n cover of T, then the fiber X, is an n-element
w1 (T, t)-set. In fact, this taking of fibers identifies the category of finite
covers of T' with the category of finite 1 (7, t)-sets.

If X is a degree n cover of T', then the action of o, on X; determines
a partition Ay of n. This partition depends only on X and s € S, not
on our auxiliary choices so far.
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Let X be the canonical smooth completion of X. So X has the
structure of ramified cover of P'. Important numerical global invariants
of X include the pairs (nj,g;) indexed by the set J of connected
components of X. Here n; is the degree of X; — P! while g; is
the genus of X;. The local invariants A; do not determine these
global invariants in general. They do, however, determine the Euler

characteristic .
X(X) =) (2-2g5)
J

via the Riemann-Hurwitz formula

X(X)=n(2—-m)+ Z length (As).

Of course, in many cases, the As force |J| = 1; in this case, the unique
(nj,g;) is determined, being (n,1 — X(X)/2).

Let C = C(M\o, AM1,-.. ,Axo) denote the set of isomorphism classes of
covers of T' with ramification indices As. Specializing the formula [12,
Theorem 7.2.1] (by taking the ambient group G to be S,,), one gets a
mass formula

_ olldal-- - Ao T X(Ao)X(A1) -+ X(Aso)

1
2. ? =
= [Aut(X)] n! s

To describe the set C more explicitly, it is useful to have the complete
list of subgroups of .S,,. Suppose, for example, that m = 3. Suppose g
is, for example, a given odd partition; suppose A1 and A, are allowed
to vary over even and odd partitions, respectively. Let

Cho+, =)= J] €A1, Ae0)
A1, o0

Then one can describe C(A\g, 4+, —) as follows. Choose gy € S,, repre-
senting A\g. Let Cent (go) C S,, be its centralizer. The group Cent (go)
acts on A,, by conjugation; the orbits are naturally indexed by the set
C(ho,+,—):
A, = H Gen,.
c€C(Xo,+,—)
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Namely, let g1 € Gen.. Then the subgroup of S,, generated by the
pair {go, g1} corresponds to a curve X indeed representing the class
c. Also the associated Galois group, acting on the fiber X; is just
Gal(X,t) = {(go,91), and |Aut(X)| = |Cent (go)|/|Gen,|.

In the following table we have carried out the above procedure for
n = 6 and A\g = 411. Each box gives firstly the Euler characteristic
computed from the above formula, whether or not C(411, A1, A\so) is
nonempty. Secondly, as X runs over representatives of C(411, A\, Aso),
the box gives the corresponding groups Gal(X).

TABLE 5. Classification of certain covers of the projective line.

Moo | 214 23 412 321 6
16 |8 6 6 .Cy 6 4
2212 |6 .Dy 4 .DY |4 F5sF5.C4 |4 S5.54 2 St.st,
312 |6 .54 4 4 S5.S4 4 S585 2 S
32 |4 2.5 |25t 2 S 0 Stst
51| 4 S5 2 Sé 2 SsSgF5F5 2 SS6S6S6S5S5 0 SsSeSeSeSgSg
42 | 4 .Cy2 2 .Cyo | 2 S6Se 2 S6S6S656.S42 0 S(;SGS@SG.SZQ

Here we have adjusted our notations slightly so that every group is
given by a single main letter together with sub/superscripts. The only
changes are Sys = 5492 and Cyo = C4S3. The next four paragraphs
explain how the above table illustrates various general phenomena.

Mass formula. We have not printed the mass of each box since it
can easily be read off from the given data. Conveniently for each
(A1, Axo) there is at most one ¢ € C(411, A1, Aso) with |Aut(X)| > 1.
The corresponding Gal(X), if it exists, is printed after a decimal point.
The fractional values appearing are

S4,S£,S42,Sf12 — .5
Dy, D} — .25
04,042 La— .125,

as follows from the tables in Section 4.

Genera. The possibilities for the degree sets {n;} are {4,1,1}, {4, 2},
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{5,1},{6}. If n; € {1,2}, then g; = 0. If n; € {4,5,6}, then g; €
{0,1}. A group is printed in boldface if and only if the corresponding
large degree component has g; = 1.

Twinning. The existence of the sextic twinning operator forces the
evident symmetry of the table, emphasized by our drawing of horizontal
and vertical lines. For example, C(411,3111, 321) is represented by two
covers X and X, both with Galois group Ss; each of these is a disjoint
union of two genus 0 curves. Necessarily the C(411, 33, 6) is represented
by the twin curves Yﬁ and 7; with Galois group S¢ = PGLsy(F5); each
of these is a single genus 1 curve.

Rigidity. When a mass 1 group appears just once in a given box
the corresponding cover is rigid. This implies that the cover of P&
is the base-change of a cover of P(IQ. For example, in general one has
|C(n — 1,2,n)| = 1, the cover being given by the remarkably simple
equation 2™ — ntx 4+ (n — 1)t = 0 with Galois group S,. This general
fact is illustrated by our boxes (3111,21111) and (51,21111) for n = 4
and n = 5, respectively. All the remaining cases where no elliptic curves
are present are mentioned in [8]; remarkable number fields appear as
fields of moduli.

One reason we have presented the above table is for comparison with
the results of [11] and [7]. A central role in [11] is played by a p-adic
mass formula, due to Serre and Krasner. This formula is similar to the
above formula in that automorphism groups appear but Galois groups
do not. In [7] playing the role of P! is a “compactified version” of
Spec (Z). Playing the role of {0, 1, 00} are the three “primes” {oo, 2, 3}.
In this number-theoretic setting there is no known mass formula; the
complete list of sextic algebras is found by an exhaustive computer
search.
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