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SOME REMARKS ON THE THEORY OF
CYCLOTOMIC FUNCTION FIELDS

PABLO LAM-ESTRADA AND GABRIEL DANIEL VILLA-SALVADOR

ABSTRACT. Let Fy be the finite field of ¢ elements. First
we calculate the Galois group of the extension Fy(T)(Apec)/
F4(T') obtained by adjoining all the Hayes’ modules A pn with
n — oo and P an irreducible polynomial. Next we prove
that for the class of cyclotomic function fields, an analogue of
the Brauer-Siegel theorem holds. Finally we give examples
of Zj-extensions in cyclotomic function fields which show
that an analogue of a conjecture of Gross holds for some Z-
extensions, but not for all.

1. Introduction. There is a close analogy between algebraic
number fields and algebraic function fields of one variable. This analogy
is most pronounced for the class of congruence function fields, that is,
when the field of constants is a finite field.

The class field theory of the field of rational numbers Q is “explicit”
in the sense that one can write down a sequence of polynomials whose
roots generate the maximal abelian extension of Q. These polynomials
define the cyclotomic extensions of Q. The ring of integers in the
ground field, Q, Z, acts on an algebraic closure of Q. The maximal
abelian extension of Q is obtained by adjoining the torsion points of
that action.

Using the ideas of Carlitz [1], Hayes [5] developed a similar descrip-
tion for the class field theory of a rational function field over a fi-
nite field. The Carlitz-Hayes theory goes as follows: let k be the
rational function field over the finite field Fy of ¢ elements (¢ = p”
with p a prime number and r > 1). Fix a generator T' of k so that
k = Fy(T), and let Ry = Fy[T]. Let k% be an algebraic closure of
k. Then k%¢ is an Rp-module under the action. For u € k%¢ and
M = M(T) € Ry, uM = M(p + p)(u), where ¢ : k% — k% is
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the Frobenius automorphism, ¢(u) = u? and p : k* — k% is mul-
tiplication by T, u(u) = Tu. Thus, u™ is a separable polynomial
in u of degree q¢ where d = deg (M), and Ay, the set of M-torsion
points of £%¢ under the given Rp-action, is a finite cyclic Rp-submodule
of k% containing ¢? elements. The field k(Ays) is an abelian exten-
sion of k so that if A is a generator of Ay, as an Rp-module, the
map (Rr/(M))* — Gal(k(An)/k) given by A + (M) — o4, where
oa(A) = A is an isomorphism of the group of units of Ry /(M) onto
the Galois group of the extension k(Aps)/k ([5, Theorem 2.3]). This
extension is a cyclotomic function field that is quite similar to the usual
cyclotomic extensions Q((,,) of Q.

We shall obtain the structure of Gal (k(Apn)/k) with P an irre-
ducible monic polynomial and n > 1. More generally, if k(Ap~) =
Up>1k(Apn), then we shall obtain the structure of Gal (k(Ape)/k)
and as a consequence the structure of Gal (k(A)/k), where k(A) =
UMGRTk(AM)-

In [6] Inaba establishes a partial analogue of the Brauer-Siegel theo-
rem for the class of all congruence function fields with a finite field of
constants F;. More precisely, he proved that

liminf 27 > 1
g—oo glng

b

where the limit is taken from the elements of the class of all congruence
function fields over Fy, g being the genus and h the class number.
Further, Inaba proved that if we fix a positive integer m and we take
the class of all congruence function fields K over F, such that there
exists € K with [K : Fy(x)] < m, then

1
lim nh =1.
g—oo glng
Madan and Madden [9] generalized this last result for the class of

congruence function fields K over F, for which there exists x € K with
[K : Fy(z)] = m and (m/g) — 0; this is

1
im 2P,
(m/g)—0 glngq
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Using this last result, we prove that for the class of cyclotomic
function fields k(A,s), we have

Inh
lim n

=1.
g—oo glng

Next, we consider again a finite field F with ¢ elements (¢ = p"),
a field K of algebraic functions of one variable with F as its exact
field of constants. Let K.,/K be a Z,-extension with Galois group
I' = Gal (K /K), and let S be the set of ramified primes of K in K.
We denote by C s(p) the p-primary part of the S-ideal class group
of Ko. The topological group I' acts in a natural way on Cs s(p).
Is the subgroup consisting of invariant classes finite? In the number
field case, if Ko /Ky is the cyclotomic Z,-extension of fields of C'M-
type, Gross’s conjecture states that the number of invariant S-classes
under the action of I' on the minus part of the p-class group of K, is
finite, if S is the set of ramified primes [7]. This conjecture has been
verified for absolute abelian fields [2], [3]. Villa and Madan analyzed
the finiteness of the group Cs(p)! in [12] for congruence function fields.
Assume that for p an odd prime number, K. /K is either a purely
constant extension or one with no new constants such that when no
new constants are introduced, S is a finite set for which each prime
divisor in S is fully ramified. If K. /K is a constant Z,-extension,
then the group Cu g(p)! is finite. When K. /K is a geometric Z,-
extension, Villa and Madan use a formula of Witt [13] for the norm
residue symbol in cyclic extensions of p-power degree of local fields of
characteristic p, and they give necessary and sufficient conditions for the
finiteness of the group Ci s(p)! in terms of norms of S-units. These
norm conditions are reflected in a certain square matrix C' of order
|S| —1 with coefficients in Z, such that the nonsingularity of C' implies
the finiteness of Cwo s(p)t. The converse holds if C has coefficients in
Q.

In the case of Carlitz-Hayes extensions, we give examples of Z,-
extensions which show that the analogue of Gross’s conjecture holds
for some Z,-extensions, but not for all.

2. Galois groups of cyclotomic function fields. In this section
we shall use the notation given in the introduction and in general in [5].
Furthermore, we shall assume that M = P™ where P is a nonconstant
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monic irreducible polynomial in Ry of degree d and n is a positive
integer. Also ¢ = p” for some r > 1, where ¢ is the number of elements
of Fy,.

We shall determine the structure of the multiplicative group of units
t
of Ry modulo PP for any ¢ > 1.

Proposition 1. If M = P", then
(1) (Rr/(M))" = Hy @ Cga_,

where Hyy is a p-group of order ¢*"=Y) and Cyi_y is a cyclic group of
order g% — 1.

Proof. Let ®(M) denote the order of (Ry/(M))*. Then the statement
is an immediate consequence of that ®(M) = ¢¥ =Y (g? — 1), the
natural map ¥ : (Rp/(M))* — (Rr/(P))* is onto, and (Rr/(P))*
is a cyclic group of order ¢¢ — 1. O

Our objective is to give the structure of the abelian group Hjs
t
obtained in Proposition 1 for M = PP with ¢ > 0. If ¢t = 0, we
have that Hp = {0}. Therefore we shall assume ¢ > 1.

Thus, if M = P™, then the Galois group of the extension k(Aps)/k is a
direct sum of a Sylow p-subgroup of order ¢*"~1) and a cyclic subgroup
of order ¢¢ — 1, that is, Gal (k(An)/k) = (Rr/(M))* = Hy @ Cpa_y
with Gal (k(Aar)/k(Ap)) = Hy and Gal (k(Ap)/k) = Cpa_;.

The proof of the following two lemmas is straightforward.
Lemma 1. If M = P", then the elements of Hy; are of the form
14+ CP° + (M),

where 1 < s < n and (C,P) = 1. Furthermore, for a fized s,
1<s<n-—1, Hy has

qd(n—s) _ qd(n—s—l)

elements of the form 1+ CP* + (M) with (C,P) = 1.
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Lemma 2. Let M = P™ and let t be the positive integer satisfying
pt=t < n < pt. Letng be the integral part of n/p'~t. Then the elements
in Hyr of mazimal order are exactly those of order pt. Furthermore,

(i) if ng = n/p'=1, then the number of elements of order p* in Hyy
18
qd(nfl) _ qd(nfno);

(i) if no < n/p'=1, then the number of elements of order p* in Hps
18
qd(n—l) _ qd(n—no—l).

Corollary 1. With the notations of Lemma 2, let
Hy = (Z/p'2)* x Z)p™Z x - <X Z/p™Z

witht >mny > --->ng > 0. Then
(i) a =rd(ng — 1) if ng = n/p'=1,
(ii) a = rdng if no < n/p'~1,
where 1 is given by q = p". In particular, if n = pt, then o = rd(p—1).

Proof. We have that Hjy; has p®+™ — pa(t=D+m elements of order
pt, where m = ny + -+ + ng. Thus the corollary follows immediately
from Lemma 2. a

For each t positive integer, let pH ,+ denote the subgroup of H,+ of
all elements v? with v € Hp,:.

Proposition 2. The map ¢ : Hp,t-1 — pHp,t, defined by
1/)(1 L CP+ (PP“)) _ (1 +CP + (Ppt))p,

with (C, P) =1 and 1 < s < p'~1, is an isomorphism for every positive
nteger t > 2. ]
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The proof of the following theorem is easy.

Theorem 1. We have
(i) Hpr = (Z/pZ)** where a; = rd(p — 1);
(ii) For each positive integer t > 2,

¢
Hp = [[(2/0'2),
i=1
where a; = rdp' =" (p—1)2 if 1 <i<t—1 and oy = rd(p —1).

Theorem 2. If P is an irreducible polynomial of degree d in Ry
and Cya_q 18 a cyclic group of order q¢ — 1, then
(i) Gal (k(Apr)/k) = (Z/pZ)** x Cya—r with ay = rd(p — 1);
(ii) For each positive integer t > 2,

t

Gal (b(A e ) /1) = [ [ (/9'2)% % Cy_s,

i=1

where a; = rdp' =" p—1)2 if 1 <i<t—1 and oy = rd(p —1).

Proof. 1t follows immediately from Proposition 1 and Theorem 1.
O

We have that Ap C Ape - C Apn C -+, so that k C k(Ap) C
E(Ap2) C -+ C k(Apn) - is a tower of field extensions. In
particular, for each n > 1, there exists ¢ > 1 such that k(Apn) C
k(A pyt). We denote by k(Ape) the union of the fields k(Apn), n > 1.

C ..
-

Theorem 3. With the previous notation, we have

t

Gal (k(Ap=)/k(Ap)) 2 lim Hpyr = lim (H(Z/piz)ai)

i=1

where a; = rdp* " (p—1)?2 if 1 <i<t—1 and oy = rd(p —1).
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Proof. For t > 2, let ¥; be the composition of the homomorphism

HPPt — pHPPt — HPpt—l
£ t P t—
1+CP5+(PP)H(1+CP5+(PP)) H1+CPS+<PP 1).

t_pt—1y
Let A be a generator of Ap,:. Then APV "isa generator of Ap,e-1.
Let 0 € Hp,+ and A € Ry be such that (4, P) = 1 and o(\) = A\,
t_ . t—1 t_ t—1
We have that a(/\P(p ! )) = ()\P(p ! ))A. Therefore, ¥, is the
homomorphism
prt i HPpt—l

g — O .
|k(APpt—l)

Hence, the homomorphisms W,, ¢ > 2, induce the projective system of
the groups Gal (k(Ap,t)/k(Ap)), and consequently

Gal (k(Apoo)/k(Ap)) = gﬂ Gal (k(APpt )/k(Ap)) = @prt .
The second isomorphism follows from Theorem 1. ]
As a corollary to Theorem 3, we have

Theorem 4. If C,a_y is a cyclic group of order ¢ — 1, then

Gal (k(Ap=)/k) 2 lim Gal (k(Apye ) /K(Ap)) X Cya_y
i
~ lim (H(Z/pizw) X Cpa_y
i=1
= Zgo X qufl,

where o = rdp'~ "t (p—1)? if 1 <i <t —1, ap = rd(p— 1) and Z;°
denotes direct product of a denumerable number of copies of the ring of
p-adic integers Zy,.

We denote by Kg, to the composite of the cyclotomic function fields
k(Apr) in the algebraic closure k% of k, with M € Ry. We have that
the Galois group of the extension Kg,/k is the inverse limit of the
multiplicative groups (Rp/(M))*.
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The main result in this section is

Theorem 5. Let M be the set of all monic irreducible polynomials
in Rp. Then
Gal (Kg, /k) 2 2 x [ Cyar-r,
PeM

where Cpap-1 is a cyclic group of order q?? =1 with dp = deg(P) for
each P € M.

Proof. Let M € Rp be a nonconstant polynomial with M =
aP[™ .- P its factorization into powers of monic irreducible poly-
nomials. We have that k(Ap) = k(Aplnl,... ,Apn+). Therefore Kg,
is the composite, in the algebraic closure k¢ of k, of the fields k(A pe)
with P € Ry monic irreducible polynomial. Furthermore, for each
P € Ry monic irreducible polynomial, P is fully ramified in the ex-
tension k(Ape)/k and unramified in the extension k(Age)/k for all
@ € Ry monic irreducible polynomial with @@ # P. Thus, if P and
@ are distinct monic irreducible polynomials in Ry, the extensions
k(Aps)/k and k(Age)/k are linearly disjoint. Then the result follows

immediately from this. i

3. Zeta functions and an analogue of the Brauer-Siegel
theorem. We shall denote by F = F, the finite field of ¢ elements and
by K a function field of one variable with constant field F. It is well
known that the divisor class group of K/F of degree zero is finite. We
denote the order of this group by h which is called the class number of
K/F. The genus of K/F is denoted by g.

We first prove that the analogue of the Brauer-Siegel theorem holds
for the class of cyclotomic function fields.

Theorem 6 (Madan and Madden [9, Theorem 2]). Let C be a class
of congruence function fields over the finite field of constants F. For
each field K in C, let m be the least integer such that there exists x in
K with [K : F(z)] =m. If limy_,.c m/g =0, then

. Inh
lim
g—oo glng

:17
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where h is the class number and g is the genus of K/F.

We shall prove that in the class of cyclotomic function fields over the
finite field of constants F,

(M
lim (—) =0.
g—oo g

Therefore, in this class of function fields, the conditions of Theorem 6

are satisfied and
. Inh
lim

=1
g—oc glng

Let M = [[;_, P/" be the factorization of M € Ry \F, into powers of
irreducible polynomials with n; > 1 and d; = deg (P;) > 1,i=1,... ,t.
Let gas be the genus of k(Ajps). Then from [5] it follows that

@ o= ﬂ(; (rate - ) - )+

Now, if d = deg (M), we have

t
gy S O(M)d+1=d]]qg" " (g% —1)+1
i=1

t
< qudm"' +1=dqg?+1.
i=1

Suppose that d is sufficiently large, d > 4¢q/(¢—1). If n; = d; = 1 for
some i € {1,...,t}, we have

(M) = (q-1) [] o).

(RS
—

N

Since we want to estimate the quotient ®(M)/gys when gps is suffi-
ciently large and the number of irreducible polynomials of degree one
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in Rp is finite, let us assume that n; > 2 or d; > 2 fori =1,...,t.
Hence for i = 1,... ,t, we have that n;(¢% — 1) > 2. Therefore,

di > nidi

(3) nidi —

fori=1,...,t

From (2) and (3), we obtain

gm 1 d; q
> > = A — )y o4
gM_‘P(M)_2(.Z<nZ ’ qdi‘l) q—l)

Therefore we have the following

Proposition 3. In the class of cyclotomic function fields k(Anr)
over the finite field of constants F,, we have

gy — 00 & d — 0

where M € Ry \ Fy, d = deg(M) and gn is the genus of k(Axr).
Furthermore,

(M
lim (M)
gM =00 gpp

=0.

Corollary 2. In the class of cyclotomic function fields k(Apr) over
the finite field of constants F,

. lnhM
lim =
gu—oo gprlng

where has is the class number of k(Anr)/F .

Proof. It follows immediately from Theorem 6 and Proposition 3.
O
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As a consequence of Corollary 2, we may rewrite Inaba’s result [6] as
follows.

Theorem 7. In the class of the congruence function fields over the
finite field of constants F,, we have

lim inf In

=1
g—oo glng

Now we establish an equivalent form of the analogue of the Brauer-
Siegel theorem.

The number of integer divisors in a given class of divisors C' of K/F

equals
qdim (c) _ 1
q—1
Thus, if A4,, denotes the number of integer divisors of K/F of degree n,

we have
dim (C) _ 1

deg (C)=n
In particular,
n—g+1 _ 1
. pmn(2 )
q—1
forn >2g — 1.

With the substitution u = g%, the zeta function of the function field
K/F is given by
L(u)
(1 —u)(l—qu)’
where L(u) = ag + a1u + - + agyu?? is a polynomial with rational
coefficients.

Z(u) =

If k = F(x) is the rational function field over F, we denote the zeta
function of k/F by (o(s) and Zy(u). We have in this case g =0, h =1
and

1 1
, Zo(u) = ——————.
i N R (T Ty

Cols) =
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For Re(s) > 1, |u| > ¢!, we have

1 1
(5) ((s) = 1;[ 1-N(P)—> = 1;[ 1 — ydes(P)

where P runs over the prime divisors of K /F and the product converges
absolutely.

Theorem 8. Let N; be the number of prime divisors of degree i in
K/F. Then

n
T + Ni — 1
A= > II( )
1 42rg A nrp=n i=1 ¢
ri>

where the sum runs over the partitions of n, that is, over the elements
(riy...,rn) € Z"™ with r; > 0, and

n
E ir; = n.
i=1

Proof. We have
1 = (n—l—p—l) n
— = E ™ for |z| < 1.
(I—a)p =\ p-1

Now for s € C with Re(s) > 1 and v = ¢~*, we have

2 n=1
o] 1 Ny, o] o] n—l—Nn—]_ .
“I () IS (7))

r1+2ra+-+nr,=n i=1
T4 20
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where P runs over all the prime divisors of K/F and N,, is the number
of prime divisors of degree n in K/F. That is,

iAnun_ —1+Z< S }f[l(””—l))un.

= r1+2ra+-4nr,=n i

r; >0

Comparing coefficients in the series above, we obtain the theorem.
O

Now for n > 2g — 1, we have

() ()

p(n) i=1

where p(n) is the set of partitions of n. For n = 2¢g — 1, we obtain

()= 2 (),

2g 1 1=1
Let
2g—1 ) N -1
M = max (Tz + Vi ) )
p(29—1) -~ T
Then

¢? -1
M <h T ) < Ip2g = DIM.
q—

It is well known that [p(2g — 1)| < exp(Ty/2¢g — 1) with T = 7/2/3.
Thus we have

¢ -1
M<h . <exp(T+/2g9 —1)M.
q-—
Therefore,
(©) In M < Inh n In(¢? — 1) —In(g—1) T\/2g 1 lnM

glng — glngq glng ~  glng glnq'
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It follows

Theorem 9. Let C be a class of congruence function fields over the
finite field of constants F. Then in the class C

. Inh . InM
lim =1<«= lim =
g—oo glng g—oc glng
where o1
g—
M = max (Ti—’_Nl_l)
p(29-1) T

4. Analogue of a conjecture of Gross in function fields. We
first fix the notation for this section, which is given in [12]. Let F,
denote the finite field of ¢ elements, ¢ = p”, p > 2 a prime number.
Let Ky be a field of algebraic functions of one variable with field of
constants F,. For each n > 1, let K,,/K( be a cyclic extension of
degree p™ such that

(i) K, C Kpy1 with [K,41 2 K] = p for each n > 1;
(ii) The field of constants of K, is Fy;
(iif) Koo = U, Koy,

and if S is the set of ramified primes in the extension K, /Ky, then
these are fully ramified. Let s = |S|. We have that Ko /Ky is a Z,-
extension, that is, I' = Gal (K /Ky) = Z,. The S-classes group Cu g
of the extension K., /Ky is defined by

= lim
Coo,S gy On,Sv

where C,, s is the S-class group of the extension K, /Ky. In this
situation, the p-primary part of the S-class group of K, is given by

Coo,S’(p) = h_I)n Cn,s(p)

The topological group I' acts in a natural way on Cos s(p).

Remark 1. If we consider a cyclic extension L/K of local fields
of degree p™ determined by the Witt vector (8o, S1,...,0n—1), then
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K is isomorphic to a “Laurent series” field k¥'((T)), k' a finite field.
Let « € K. Let F be the unramified extension of Q, such that
Op/Mp =2 k', where O is the ring of integers of F and M is the
maximal ideal of Op. Choose A, By, Bi,...,B;,... ,Bp_1 in Op((T))
such that A = a mod Mg, B; = ; mod Mg, 0 < ¢ < n — 1, where
the congruence is defined coefficientwise. From the Grunwald-Hasse-
Wang theorem ([10, Theorem 5]), there exists a normal extension E/Q
with Gal(E/Q) = Gal(F/Qp), that is, p is inert in E/Q. Also,
Op/Mg = Op/Mp (|4, p. 143]) and Op C Op. Hence we may
assume that the elements A, By, By, ..., B,_1 are chosen in Og((T)).

Let S = {P1, Ps,...,Ps} be the set of ramified prime divisors in
the Z,-extension K. /Ko. We consider integers a;, b;, h; such that the

divisor v
(7)
Py
is of degree zero and (P*/PP)" = (§;) is principal in Ko. Let 7,
be a representative in characteristic 0 of §; when we complete at F;,
1 <4, j<s—1,as in Remark 1. Also, if K. /K is determined
by the Witt vector (8o, 81, -, Bn-1,-..), let By, ; be a representative

in characteristic 0 of 8, when we complete at P;, i = 1,...,s — 1,
n=20,1,.... Then we define
(n,m) dmj,i o .
a;; " =TrRes — By €4y 1<4,j<s—-1
s
Let
anl) Cgfl T Cgri)1,1
(n) (n) (n)
C1,2 Co 9 Tt Cs 1,2
C, = ' ' . ' S M(sfl,sfl)(z(p));
ans) 1 Cg,ls)—1 Cgri)1,s—1
where
n—1
n n—t—1
e =D pla Y nz1
t=0
We have

(7) D = C;Z.) —|—p”a(?’0) mod p".
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Therefore, the sequence {C),}72, is Cauchy in M(;_1 _1)(Z,). Let
C =1lm0C,.

Proposition 4 [12, Proposition 3]. If C is invertible, then the
analogue of the conjecture of Gross holds.

Proposition 5 [12, Proposition 5]. If C' has rational coordinates,
then the analogue of the conjecture of Gross holds if and only if C is
invertible.

The following examples show that, in the class of cyclotomic exten-
sions of Carlitz-Hayes, there exists Z,-extensions for which the analogue
of the conjecture of Gross holds and Z,-extensions for which it does
not.

Example 1. Let fy = 1/(T — 1)(T — 2) and 8; = 0 for all
i > 1. It is ecasy to see that By ¢ {a? —a | a € Ko} where Ky =
F,(T). Therefore the Witt vector (8o, 01, .. ,On-1,...) determines
a Z,-extension K, /Ky where the only ramified prime divisors are
P, =(T-1)and P, = (T —2). Let Ky be the completion of Ky
at P;. Since deg (P;) = 1, we have that Ky = F,((z)) = F,(T - 1)).
Let F/Q, be an unramified extension such that Op/Mp = F,. Let
01 =(T-1)/(T—2), and let 71,1, respectively By, 1, be a representative
of &1, respectively [3,, in characteristic 0 when we complete at Py,
n=20,1,.... We may take B, ; =0 for all n > 1. We have

5 _T—l_ x
L A RV |

=—2(l4+z+z>+--).
Therefore,
ma=—x(1+z+z>+---).
Similarly we have

1 1 1 ,
b= =9 “s@-n - Utete )

and B, 1 = 0 for each n > 1.
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The matrix C,, associated to each level K,,/K( of the Z,-extension
K /Ky is of order 1 x 1 and its coefficient is given by

n—1
cgnl) = tagf’lnftfl) n>1,
t=0
where J
al" ") = Ty Res [—7”’1 -B{“{“]
' i1 ;
If ¢t > 0, then agt”lnftfl) = 0. Therefore
(n) _ (On=1) _ dmiy  ppn
ci{=0ay; =TrRes |——-By, |.
: : T1n ;
Now
dmy 1 Pl 1 n—1
= . =—— b, dz
T 0,1 z(l—z) O
- P (1+:C+x2+ )pn e
Hence,

Res {dm@ ~B§Z—1} € Z\ {0}.

)

Thus cﬁ"f € Z\ {0}. Since C,, = (cgnl)), we obtain the C' = lim C), is
invertible, that is, the analogue of the conjecture of Gross holds.

We note that in this Z,-extension, the infinite prime is not ramified.

Example 2. Let §y = (27 — 1)/T(T — 1) € F,[T]. We have that
o —a# Poforallae K. Let P =T —1and P, =T. Let K, be the
completion of Ky at P. As in Example 1, we obtain that Ko = F,((z))
with x = T — 1. Let 6, = (T — 1)/T and let m 1, respectively By 1,
be a representative of d1, respectively (B, in characteristic 0 when we
complete at P;. We have that 61 = z/(z + 1) so that 711 = z/(z + 1).
Similarly, we have

2T —1 2z +1

Box = T(T—1) z(@x+1)
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Therefore

Hence

Thus cgli = ag?io) = 0, that is, C; = (0). Assume we have constructed
By1,Bi1,...,Bp_1,1 such that C; = 0 mod p? foreachi=1,2,...,n,
where C; = (ng)l) From (7) and from the fact that C,, = 0 mod p", it
follows that ¢! = p"(an + by) where a, = a(ffl’o) and b, € Z,. We
have

0577’1*1) =0mod p"™! <= d, € Z, exists s.t. p"(an + by,) = p" i,

< ap +b, = pd,

< a, + b, = 0 mod p.

Let B, 1 = rp/rx(xz + 1) where r, € Z and ¢ = p”. We shall choose a
suitable r,,. Since

n d
ap = ag,l,o) = TrRes [ L Bn,l},

1,1
where J )
.1 : Bn 1= : In dz
1,1 ’ z(x+1) rz(z+1)
_ (T_g_%ﬁﬁ_...)m
rT rT r
we have that a, = —2r,. Since p is odd, we can choose 7, € Z such

that 2r,, = b,, mod p.

Thus for this Zp-extension C' = limC, = 0, and therefore the
analogue of the conjecture of Gross does not hold.

We note that in this Z,-extension, the only ramified prime divisors
are P, and Ps.

Hayes gave an explicit description of the maximal abelian extension
of the field of rational function k = F,(T) over the finite field F,
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in terms of cyclotomic function field extensions over k, constant field
extensions of k£ and some extensions of k£ in which the infinite prime
is wildly ramified. In cyclotomic function field extensions over k, the
infinite prime is tamely ramified (see [5]).

A particular consequence of this construction is the following result.

Any finite abelian extension of k in which the infinite prime is
tamely ramified is a subfield of a constant extension of k(Apy)
for some M € F,[T].

Therefore, if L/k is a geometric cyclic extension of degree p™, that is,
where there are not new constants, the infinite prime is not ramified,
and if Pj,..., Ps are the finite primes of k£ ramified in the extension
L/K, then there exists a polynomial M € F,[T] such that L C
E(Apr). Since the finite primes of k ramified in the extension k(Aps)/k
are exactly the prime divisors corresponding to the monic irreducible
polynomials dividing M (see [5]), we have that P, | M for each
1=1,...,s.

Assume that there exists a monic irreducible polynomial P such that
P divides M and P # Pi,...,P,. Let N € Fy[T] be such that
M = NP™ with (P,N) = 1. Since the extension k(Ay)/k is linearly
disjoint from the extension k(Apm)/k, we have that L C k(An).
Therefore, we may assume P | M if and only if P = P; for some
t=1,...,s. Let My = P;---Ps. Then there exists t € N such that
M | Mg, and hence L C k(Apy).

Now, in particular, let My = T(T — 1)(T — 2) and let

E(Aage) = [ B(Apgr)-

>0

Let Ko,1/k and K 2/k be the Z,-extensions obtained in Examples 1
and 2, respectively. We have

Koo,i C k(AMgO) 1=1,2.

Therefore, in the cyclotomic extension k(Apge)/k, there exist Z,-
extensions for which the analogue of the conjecture of Gross holds and
Z,-extensions for which it does not.
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