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PARTIAL DIFFERENTIAL EQUATIONS
SATISFIED BY POLYNOMIALS WHICH
HAVE A PRODUCT FORMULA

WILLIAM C. CONNETT AND ALAN L. SCHWARTZ

ABSTRACT. The classical families of orthogonal polyno-
mials arise as eigenfunctions of Sturm-Liouville problems. In
1929, Bochner addressed the converse question: Which linear
second order differential operators can have an infinite family
of polynomials, P, as their eigenfunctions? The classification
that he gave showed that there were, up to a linear change of
variables, a unique differential operator associated with each
such family, and the argument did not even require that the
members of P were orthogonal, only that there were “enough”
polynomials in the family (indeed, in some cases, the polyno-
mials are not orthogonal). In this paper it will be shown that
certain families of bivariate polynomials satisfy not just one
but a pair L) and L(® of partial differential operators with
bounds on the order of the operators determined by properties
of P. We also give a simple condition that the polynomials be
completely determined by the pair of operators (up to multi-
plicative constants). This article includes detailed discussions
of five examples of such polynomial families. We shall also
discuss A(P), the algebra of operators which have P as eigen-
functions, and we give sufficient conditions that every member
of A(P) is given uniquely as a polynomial in L) and L(2),
This will be the case in all five examples.

1. Introduction. The classical families of orthogonal polynomials
arise as eigenfunctions of Sturm-Liouville problems. In 1929, Bochner
addressed the converse question [2]: Which linear second order differ-
ential operators can have an infinite family of polynomials, P as their
eigenfunctions? The classification that he gave showed that there were,
up to a linear change of variables, a unique differential operator asso-
ciated with each such family, and the argument did not even require
that the members of P were orthogonal, only that there were “enough”
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polynomials in the family (indeed, in some cases, the polynomials are
not orthogonal).

The condition that there be “enough” polynomials is given here in
terms of bivariate polynomials.

Definitions. We order the pairs {(n, k) : 0 < k < n} by (m,j) < (n, k)
if either m < n or m = n and j < k. We say that the bivariate
polynomial p has bivariate degree (n, k) if

play)= Y, amga™ Iy
(m,7)<(n,k)
with ay, k20; in this case we also say that p has degree n. Let 1I be the
set of bivariate polynomials, and let II,, be the set of polynomials in II
with degree not exceeding n.

If P is a collection of bivariate polynomials, let P, = P N 1II,. We
say P is algebraically complete if P is linearly independent and the
elements of P, span II,, for each n. An algebraically complete family
P is a family of orthogonal polynomials if there is a positive Borel
measure o on R? such that [ pgdo = 0 whenever p,q € P with p # q.

Analogous definitions may be formulated for polynomials in any
number of variables. But in this article, we will limit attention to
bivariate polynomials.

Remark. Algebraic completeness is trivial for univariate polynomials—
there must be one polynomial of each degree. For bivariate polynomi-
als algebraic completeness requires that P contain n + 1 linearly inde-
pendent polynomials of degree n. For polynomials in three variables,
algebraic completeness requires (n + 1)(n + 2)/2 linearly independent
polynomials of degree n.

Bochner’s classification for algebraically complete families of univari-
ate polynomials was used to prove a converse to Gasper’s theorem
about the positivity of the product formula for Jacobi polynomials [3,
5]. Algebraic completeness for bivariate families was also useful in the
classification of canonical Hermitian and canonical non-Hermitian hy-
pergroups given in [4].

The problem we address is: given an algebraically complete family
of bivariate polynomials P, find a system of linear partial differential
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operators which have the polynomials in P as a complete set of eigen-
functions. Except in the following lemma, all linear partial differential
operators will have finite order. Actually we will show how to find a
pair of linear partial differential operators which have exactly P as its
set of joint polynomial eigenfunctions. A sufficient condition for the
existence of such linear partial differential operators is that P have a
product formula of the right sort.

The following lemma shows that the problem becomes interesting
only when we bound the order of the linear partial differential opera-
tors. Theorem 1 finds a bound for the order of the linear partial differ-
ential operators. Theorems 2 and 3 address the issue of showing that
P is a complete set of eigenfunctions for the linear partial differential
operators. We write D, = §/0z and fU*) = D%D’y‘f.

Koornwinder proves a version of the following for a specific family of
polynomials [10, II, Lemma 6.1], but the argument given here is valid
in a more general context, see also [12, Lemma 0.1] and [13, Lemma
3.1 and Theorem 3.1].

Lemma 1.1. Let P be an algebraically complete family of bivariate
polynomials, and let complex numbers {\p}p,cp be given. Then there is
a unique differential operator possibly of infinite order

(1.1) M= Y ami(zy)Dy D]
0<j<m<o0o

with ap, ; € I, such that

(1.2) Mp=Xp, peP

for every (x,y) € R

Moreover, suppose M is given by (1.1), and assume that (1.2) holds
for (x,y) belong to some open subset of R?. Then O, are completely
determined by P and {\p}pep and (1.2) is valid on all of R?.

Proof. Let P and {A,},ep be as in the hypotheses, and suppose
O j € 1, for 0 < j <m < k. P contains exactly k + 1 polynomials
D0, P15 - -+ , Pk of degree k. Let \; = A,,. We can write

k
D= Zcuxk’jyj +lot.,, 1=0,1,... k.
j=0
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Since P is algebraically complete,

Co,0 - Cok

10 - Cik
Cy =

Cko *°° Ckk

is nonsingular. Now the relation

Do AoPo

p1 A1p1

M| .| = .

Dk AkPk

yields

k!O!Oék’O Po )\opo
(k—1)Mlagq | m A1p1
Cy. : —— > aw DD+
. 0<j<m<k : :
O!k!akﬁk Pk Akpk

Thus, since C); is nonsingular, oy ; are determined and belong to 1l
for j=0,1,... k.

The converse is a corollary of the above argument. O

Definitions. Assume H is a subset of R?, let M (H) denote the regular
complex-valued Borel measures on H, let M, (H) denote the positive
measures in M (H) and My (H) the measures in M (H) with unit total
variation; these are called probability measures. If u € M(H), let supp p
be the support of u. For z € H, 4, is the unit mass concentrated on
z. Let C'(H) be the Banach space of functions which are continuous
on H with the norm || f||#r = sup(, ,yep [f(z,y)], and let C.(H) be the
functions in C(H) which have compact support in H.

We say an algebraically complete family of polynomials P has a
product formula on H if, for each z,w € H, 0., € M(H) exists such
that

(1.3) pEptw) = [ pdr.. peP.
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We say (1.3) is a strong product formula on H with identity element e
if
Opw € My (H), z,weH

and there is an element e € H which satisfies the following two
conditions

(1.4) =4, z€H,
(1.5) hm diam (supp (0, w)) 0, z,weH

0w are called the product measures.

Some elementary observations are contained in the following

Lemma 1.2. Suppose P is an algebraically complete family of
polynomials which has a strong product formula on H with identity
element e and product measures o .

(i) p(e) =1 for every p € P.

(ii) 02w € M1 (H) for each z,w € H.
(iii) If H is a bounded set, then ||p||g =1 for every p € P.
(iv) e is a boundary point of H.
Proof. (i) For w = e, (1.3) and (1.4) yield p(z)p(e) = p(z).

(ii) Apply the product formula to the constant polynomial in P which
because of (1) must be py = 1.

(iii) From (1.3) and (ii) we have ||p||% < ||pl|lx, so |[pllg < 1. Equality
follows from (i).

(iv) This follows from (iii) applied to P;.
(v) H is bounded by (iii). o

1.1 Strong product formulas and hypergroup product formulas. Sup-
pose P is an algebraically complete family of polynomials with strong
product formula on H with identity e. This gives rise to a convolution
* on M( ) as follows. Let p,v € M(H) and define p * v by its action
on C(H) by setting

[ fatuer) - //[/fdozw}du()dV( ), fec.H).
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The resulting convolution is easily shown to be commutative and as-
sociative, so (M (H),*) is a commutative Banach algebra of measures
with identity . and in which a product of probability measures is also
a probability measure. If (M (H), *) satisfies a number of other condi-
tions, it becomes a hypergroup (or in current usage, DJS-hypergroup);
for more background on hypergroups, see [4, 16, 8] and the references
cited there. We say that P has a hypergroup product formula on H if
(M(H),«) is a hypergroup.

Now suppose (1.3) is a hypergroup product formula. Sometimes the
set of characters of (M (H),#) coincides with P, and P becomes an
orthogonal family. In this case we say that (M (H),x*) is a 2-variable
continuous polynomial hypergroup. The work reported here was origi-
nally motivated by our goal of classifying the members of this category,
see [4, 5, 17] and the references cited there. Theorem 1 provides a
necessary condition that P be the characters of a hypergroup.

1.2 Differential equations. In order to find the differential operators,
it is necessary to understand how the identity element e is situated in
H.

Definition. A path from e to H is a continuously differentiable func-
tion f :[0,1] — H with f(0) = e and a unit speed parameterization,
[f'(s)| = 1. H has a cusp of order r at e if r is the smallest positive
integer such that two r-times differentiable paths f and g exist such
that f*)(0) = ¢ (0),0 < k <r—1and f(0) and g (0) are linearly
independent vectors. For instance, if H = {(z,y) : 0 <y < z" < 1},
then H has a cusp of order  at e = (0,0) as can be seen by choosing f
and g to be paths following the boundaries of H. The situation of e in
H used in [4] is that e is a two-dimensional accumulation point of H;
this is slightly weaker than H having a cusp of order 1 at e.

We can now state the result which guarantees the existence of linear
partial differential operators with P as eigenfunctions. This generalizes
our earlier result in [4]. By Lemma 1.1 any algebraically complete
family of polynomials can be made to be eigenfunction with specified
eigenvalues of a possibly infinite order differential equation. One
important feature of this theorem is that it puts bounds on the orders
of the linear partial differential operators.
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Theorem 1. Suppose that P is an algebraically complete family of
polynomials which has a strong product formula on H with identity
element e and that H has a cusp of order r at e. Then the members
of P are eigenfunctions for a pair LY and L®) of commuting linear
partial differential operators:

1 1 2 2
(1.6) L )p:)\§J )p and L' )p:)\z(, )p, peP.

L™ has order not exceeding 2, and L(® has order not exceeding 2r.
Moreover, if f = (f1, f2) and g = (g1, g2) are paths from e to H as in
the definition of cusp, we can take

(17) AP = FOPH(E) + A0

(1.8) AR = [£"(0) = g” (O)]p(e) + [£57(0) — g (0)]p V) (e).
If r =1 we can take

(1.9) )\I(Jl) = p(l’o)(e) and )\1(,2) = p(071)(e).

The proof will be given in Section 2.

Definitions. Let P be an algebraically complete family of polynomi-
als, and let D(P) be the algebra of linear partial differential operators
with polynomial coefficients which have all members of P as eigenfunc-
tions. Suppose that L(M) | L(2) € D(P). We say that the pair (L"), L()
determines P if every polynomial joint eigenfunction of L") and L(?)
is a constant multiple of some polynomial in P. In this case we also
say that the pair (L), L)) is deterministic.

Remark. The definition could be extended to any set of linear partial
differential operators; indeed, if L") and L(?) are real, P consists of real
polynomials and the pair (L"), L)) determines P, then L) 4 ¢L(?)
determines P.

Theorem 2. Suppose P is an algebraically complete family and
suppose L) and L) belong to D(P) with eigenvalues {Al(jl)}pep and
{/\1(,2)}1,67;. Then (LW, LR)) determines P if and only if

(1.10) p— ()\1(,1), )\22)) is injective on P.
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The proof will be given in Section 2. The theorem is analogous to
[9, Lemma 2.4]; a discussion of the related idea of admissibility will be
given in Sections 1.3 and 5.

The question arises whether Theorem 2 can be strengthened to say
that P is the totality of joint eigenfunctions of L) and L. The
answer depends on the definition or “eigenfunction”; we will use the
following and find that the question can often be answered in the
affirmative if P is a family of orthogonal polynomials.

Definition. Let H be a Hilbert space with inner product (-,-); let @
be a complete orthonormal system for H; for f € H and ¢ € P, let
f (¢) = (f, ). Suppose L is a (possibly unbounded) linear operator
on H defined at least on the space of finite linear combinations of
elements of ®. Assume that for each ¢ € & there is a complex
number Ay satisfying Lo = Ay¢p. Let M be any extension of L and
suppose f belongs to the domain of M. Then, for each ¢ € &,

(Mf, ) = (f, M*¢) = (f. Xs®) = Asf (). It follows that

(1.11) > e f (@) < oo,
ped
and
(1.12) Mf=Y" Xsf(9).
ped

Thus the maximal extension M of L has domain D = {f : (1.11) holds}
and M is given by (1.12). We say that f € D is an eigenfunction of L
if there is a complex number X such that M f = Af.

Theorem 3. Suppose P is a family of polynomials orthogonal with
respect to o € M1(R?); let H = supp o be compact. Suppose LW and
L®) are linear partial differential operators which determine P. Let f
be a joint eigenfunction of LY and L. Then f is a constant multiple
of some polynomial in P.

The proof is contained in the next section.
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1.3 Admissibility in the sense of Krall and Sheffer. Krall and Sheffer
introduce the notions of admissibility for ordinary [12] and partial
linear differential operators [13] in order to study the relation between
such operators and polynomial eigenfunctions. We review those two
notions here.

Let L = Y 72 | My(z) Dk where each M, € II;, with leading coefficient
mg. Let A, = nmy +n(n — 1)mg + -+ + nlm,. L is admissible if
n — A\, is injective. (We use admissible-1 to distinguish this from the
term as used for linear partial differential operators below.) L has a
unique monic polynomial eigenfunction of every degree with \,, being
the eigenvalue corresponding to the polynomial eigenfunction of degree
n if and only if L is admissible-1 [12, Lemma 0.1] and [9, Lemma 2.4].

In [13, Section 3], a linear partial differential operator is designated
admissible (we use admissible-2) if there is a sequence of parameters
{52 such that Lp = A\,p has no nonzero solutions in II,,_;, and
it has exactly n + 1 linearly independent solutions of degree n. They
show that if L is admissible-2, then A\g = 0 and n — A, is injective.

Our notion of a deterministic pair of linear partial differential oper-
ators is a natural extension of admissible-1 to the bivariate case and
Theorem 2 is analogue to [12, Lemma 0.1] and [9, Lemma 2.4]. The-
orem 2 shows that when (1.10) holds the individual polynomials are
determined (up to multiplicative constants).

The admissible-2 condition only leads to the determination of the
space V;, spanned by the nth degree polynomial eigenfunctions. An
added disadvantage of admissible-2 is that there are orthogonal poly-
nomial families (which are designated “classical” by Koornwinder [11])
which do not satisfy this criterion. We will return to this issue and
related ones in Section 5.

The rest of the paper is organized as follows. Section 3 is devoted
to five examples. In Section 4 we will give sufficient conditions on
(LM, L?)) that every linear partial differential operator in D(P) can
be represented uniquely as a bivariate polynomial in L") and L(®).
These sufficient conditions hold in four of the five examples; a separate
argument will be presented for the fifth example. Section 5 is devoted
to Krall and Sheffer’s notion of admissibility, and Section 6 lists a few
open questions.
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2. Proof of Theorems 1, 2 and 3.

2.1 Proof of Theorem 1. Assume that P and H are as in the
hypothesis of Theorem 1, and that P has a strong product formula
with identity e and product measures o ,,. Before we turn to a proof,
we introduce moments. We use the following notations: z = (z,y),
w = (u,v) and ¢ = (s,t). The moments are defined by

1

Mj,k(z,w) = W

/ (S_x)j(t_y)kdo—z,w(g)v j,kENo,Z,w€H.
H

Lemma 2.1. Ifn € Ng and j + k > 2n, then for each fixed z,

My(z,w) = O(fw—e[™), w—e, weH.

Proof. Note that there are polynomials ¢,(z) such that
1 .
W(S —z)(t—y)* = Z ep(2)p(¢),

Mji(zw) = > cp(2)p(2)p(w)

PEPj+k
is a polynomial. Let z be fixed. If j + %k > 0, M, x(z,e) = 0, so if
mjk(w) = Mj (2, w),
mjp(w) = O(jw —el), jkeN,
since m;j(e) = 0 and m;,(w) is a polynomial. This establishes the
lemma for n = 0.
Now proceed by induction on n. Assume that whenever j + k > 2n
mjk(w) = O(lw —e["™).

Assume j, k € Ny and j + k > 2(n + 1); we will show

mje(w) = Ojw — e["*2).
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Let © be the greatest even integer such that 4 < j, and let v = 2n+2—pu.
Then either 57 > p or K > v, and since pu and v are both even
(s —x)*"(t—y)” >0, so

mr(w)l < sup s — 2P THE = yM T iy (w),
Cesuppoz,w

and g+ v =2n+2> 2n so my,(w) = O(Jlw —e["™!). Now j —pu >0
ork—v>0so

mje(w) = of|w —e["™) = O(jw — e["*?)

since m;  is polynomial. ]

We now turn to the proof of the theorem. Assume the hypotheses of
the theorem hold, and let f = (f1, f2) and g = (g1, g2) be paths from e
to H as in the cusp definition. We compute p(z)[p(f(s)) —p(g(s))] two
different ways. First we expand the second factor in a Taylor series to
obtain, see (1.8),

(2.1) p(2)[p(f(s)) = p(g(s))] = i—:/\ff)p(Z) +o(s").

We also have by expanding p(¢) in a Taylor series around (s,t) = (x,y)

p(2)p(w) = /H p(C) dos(0)
= / > ﬁ(s — ) (t = y)* ") (2) dou (C)

H j{k<deg (p)

> Mjg(zw)p P (2),

j+k<deg (p)

(2.2) p(2)[p(f(s)) — plg(s))]
= > [M(z £(5) = Mik(z,9(s)p"") (2)

Jj+k<deg (p)

= 3 [Mjulz £(5) = Mz, 9()p5 (2) + o(s")

jHk<2r
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because, according to the lemma, if j + k > 2r,

(2.3)
M;i(2, f(s)) = Mjk(2,9(s)) = O(| f(s)—e["* 1) +O(lg(s) —e[")

o(s").

Now equate the coefficients of s”/r! in (2.1) and (2.2) to obtain

Y AP (z) = APp(z)

J+k<2r
where

Aji(z) = Di[M; (2, f(s)) — Mji(z,9(5))|s=0
= [£7(0) — g ()M (2 ) + [£57(0) — 987 (0)] MGV (2, €)

and )\,(,2) is given by (1.8).

We also obtain a second linear partial differential operator of order 2
or less by performing a similar computation on p(z)p(f(s)) and equat-
ing the coefficients of s in both expressions. The result is

ST AWM (2 0) + £0)MGH (2, 0)]p9H) (2) = ADp(2)
J+E<2

where )\1(,1) is given by (1.7).

LMWL and L LM have polynomial coefficients and they have P
as eigenfunctions with the same eigenvalues, so they are equal. This
establishes the theorem. O

Remark. Similar results can be obtained for more general classes
of functions than polynomials, but this would involve more technical
assumptions. See [3] for a treatment of the univariate case.

2.2 Proof of Theorem 2. Suppose that P is an algebraically complete
family with L), L) € D(P) such that

LUp=2Pp, j=1,2andpeP.
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Assume (1.10) holds. Suppose that f is a polynomial and that for j =
1,2, LU f = AU f for some AY) € C. Since P is algebraically complete,
there are constants ¢, such that f =3 5 c,p with E = {p: ¢, # 0}
being a finite set. We have for j = 1,2,

DS ep= A0 f = LO)f = LO) {Z cpp] ~ Y e .

pEE pEE peEE

Thus, for all p € E, A\U) = )\éj); hence, by (1.10), E consists of a single
element ¢ and f = c4q.

For the converse, assume there are p, ¢ € P with p # ¢, but )\éj) = )\((Zj)
for j =1,2. Thus p+ ¢ is a joint polynomial eigenfunction of L") and
L® which is not a constant multiple of any member of P.

2.3 Proof of Theorem 3. Suppose that P, H,o, L'V, L) are as in the
statement of the theorem and that )\1(71) and )\1(,2) are as in (1.6). There
is no loss of generality in assuming that P consists of orthonormal
polynomials. P is a complete orthonormal system by the Stone-
Weierstrass theorem. Define f(p) = [, fpdo.

Suppose f is a joint eigenfunction of L) and L) with eigenvalues
A1) and A(?). This means that Epep(|/\§,l)|2 + \)\22)|2)|f(p)|2 < oo and
Y A @=LV =20 =D fpp, j=1.2

pEP pEP

Thus ()\(j) - )‘z(ij))f(P) = 0, whence f(p) = 0 unless \) = ,\éj) for
j = 1,2. Hence by (1.10) there is a unique g € P such that f(q) # 0,
whence f = f(q)q as required.

3. Examples. In this section we discuss five examples of alge-
braically complete families of bivariate polynomials related to the nor-
malized Jacobi polynomials (a more extensive discussion of these can
be found in [11]:

P(a7b) 1—
R (z) = ?T)(aj) :F<—n,n+a+ﬁ+1;a+1;—x).
P (1) 2
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We make a few observations that are common to all five examples.

1. Each example is actually a category of examples with parameters
named «, 3, or §. For certain values of the parameters each family is
a set of orthogonal polynomials.

2. Each example satisfies a strong product formula (indeed a hy-
pergroup product formula) for certain values of the parameters. This
guarantees the existence of a pair of linear partial differential operators
by Theorem 1. The differential operators and eigenvalues are given
explicitly.

3. In all five examples, the polynomials, the eigenvalues, and the
coefficients in the linear partial differential operators are all rational
functions of the parameters «, 3,7 and 6. Thus the validity of the
partial differential equations will extend to a larger range of parameters
(including complex values; see [18, Section 4.22] for a discussion of this
in the case of the Jabobi polynomials) where there may not be a strong
product measure. Thus the condition that an algebraically complete
family of polynomials have a strong product formula is a sufficient, but
not necessary, condition for the existence of linear partial differential
operators with the polynomials as eigenfunctions.

4. In each case it is easy to check that (1.10) holds so Theorem 2 can
be invoked to assert that the pair of linear partial differential operators
determine the family of polynomials.

5. For many values of the parameters, the families of polynomials are
orthogonal, so Theorem 3 guarantees that the family of polynomials is
the complete set of joint eigenfunctions of the linear partial differential
operators.

3.1 Products of Jacobi polynomials. Let a,B3,7,6 € (—1,00) and
define

ERe iy ; 6
pa(@,y) = ol (@,y) = R (@) RO (y).
These are orthogonal polynomials and are the eigenfunctions of a pair

of linear partial differential operators which are obtained from the
standard differential equations for Jacobi polynomials [18]:

(3.1) TDMpui] = i) puk, j=12and0<k<n,
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with eigenvalues
i =m—k)n—k+a+f+1)
G = k(k+~v+8+1)
and linear differential operators
JO = @2 - 1)D2 + [(a+ B +2)x+a—[]D,
J® = (> —1)D2 + [(y+ 6 +2) + v — 6]D,,.

Remarks. 1. It follows from Gasper’s product formula [6] that this
algebraically complete family of polynomials has a hypergroup product
formula on the square Q = [—1,1] x [—1,1] if and only if («, ) and
(7, 9) belong to

E;={(a,B): > > —1 and either 8 > —1/2 or a4+ 3 > 0}.

There are values of the parameters outside this region where the
polynomials have a product formula, but the product measures are
not always positive (and the polynomials may not even be orthogonal),
yet (3.1) still holds.

2. @ has a cusp of order 1 at (1,1) and the eigenvalues above are
2 4 2o times the eigenvalues in (1.9), so J1) and J®) are essentially
the linear partial differential operators guaranteed by Theorem 1.

3. (JM,J@) is a deterministic pair by Theorem 2.

4. These polynomials play a special role with respect to the square Q.
If P is an algebraically complete family of polynomials with a strong
product formula on a set H which has infinitely many points in each
of the set {1} x [~1,1] and [-1,1] x {1}, and if P; = {1,a(z — 1) +
1,b(y — 1) + 1} then, up to an affine change of variables

P={p)0<k <n}
for some (a, B) and (v, d) belonging to E; [4, Theorem 4.4].

3.2 Disk polynomials. These are defined and dealt with extensively
in [4, 7, 17] and the references cited there. Let v > —1 and identify
(z,1) with = + iy = re?®. Define the disk polynomials by

R (z,y)= r'"_mlei("_m)engl,meD(27"2 - 1),

n,m
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where n A m is the minimum of n and m. These functions are
polynomials on the unit disk which are orthogonal with respect to
the measure (1 — 22 — y?)Ydx dy. If v > 0, they have a hypergroup
product formula so they are the eigenfunctions for a pair of differential
operators:

(3.2) U(j)[R’Y }:u(j) RY

n,m n,m=tn,m»

j=1,2and n,m € Ny
with eigenvalues

2mn

o = Da[RY, ] = m +n+
s ) ’Y"_]-

Ut = DylR), )] = i(n —m)

and linear differential operators

1
W = —— (2 +y* —1)(D? + D2) + aDy + yD
U 2(7+1)(x +y )(D; + D) +xD, +yD,

U® =D, —yD,.

Remarks. 1. These operators were first given explicitly in [4] in which
a form of Theorem 1 with a weaker condition than cusps of order 1 was
proven.

2. Theorem 1 guarantees the existence of a pair of linear partial
differential operators of order not exceeding 2; in fact, the pair of linear
partial differential operators, which we believe were first obtained in [4]
have order 2 and 1.

3. (UMW, U®) is a deterministic pair by Theorem 2.

4. The product formula holds for v > 0, but the differential equations
hold as long as v > —1.

5. These polynomials play a special role for the disk. Suppose P is an
orthogonal family of polynomials. Suppose z +iy € P and assume also
that, for each p € P, p(1,0) = 1, p(x — y) = p(z,y), p € P. Assume
further that the polynomials in P are joint eigenfunctions of a pair of
second order linear partial differential operators L(!) and L, and that

LD (p) =p,(1,0)p and LP(p) =p,(1,0)p, p€E P
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Then P = {R) ,, : 0 < n,m} and LU) = UU) for some v > —1 [17,
Theorems 3.2 and 3.3].

3.3 Parabolic biangle polynomials. Let
e Btk , -
Ry (a,y) = R 20 - 1) 2RI (071 7y)

where «, 3 > —1 and n and k are integers such that 0 < k < n. These
functions are polynomials in x and y and they are orthogonal on the
parabolic biangular region

B={(z,y):0<y’ <z <1}

with respect to the measure (1 — z)*(z — y2)? dz dy.

Theorem 4. If o, > —1 the parabolic biangle polynomials is a
complete set of eigenfunctions for a deterministic pair of second order
linear partial differential operators. That is,

BYRSH = B9 R, j=1,2and0<k<n

n,k >’

with eigenvalues

2 2
(1): D Rﬂ(aﬁ 1.1) = n +(20¢—|—25+3)n_ k
B = (D23 ](1,1) (a+1) 2(a+1) 4(8+1)
_ (4aB+4P% + 30 +108+5)k  nk
Y a+1)(B+1) a+1
@) — 1D, R*P1(1.1 _ k(k+26+1)
ﬁn,k [ Y n,k](7 ) 2(/6+1)
and linear partial differential operators
B T e Ty,
a+1 " a+1 7Y
(a+ﬁ+2)x—(a+1)y2—ﬁ—1D2
Har)(F+1) v
(2@—1—26—1—5)35—25—31)
2(a+1) *
2
B =Y "% p2iyp,
2(8+1) Y5y
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Proof. When o > +1/2 > 0, these polynomials satisfy a hypergroup
product formula with e = (1,1) [14]. The region B has a cusp of order 1
at e so Theorem 1 and Lemma 1.1 predict that these polynomials
are the joint eigenfunctions for a pair of linear second order partial
differential operators. The eigenvalues given by (1.9) are computed
with Mathematica or using the expression for the derivative of Jacobi
polynomials given in [18]. The differential operators were computed
with the aid of Mathematica, though the recursion given in the proof
of Lemma 6.1 in [10] or in the proof of Lemma 1.1 would also do the
job. The resulting differential equations are still valid in the full range
of the parameters o, 3 > —1 and, since the polynomials are orthogonal
for these values, Theorem 3 applies. To check that (B(l),B(Q)) is a

deterministic pair suppose 6((531 k) = ﬂgil kyy fOr j =1,2. When j =2,

it follows that k1 = ks; to show n; = ns observe that for n > 0,

o8} /on >0. 1o
3.4 Triangle polynomials. Let
Ri’f”(:ﬂ, y) = Rgfljvﬁkﬂ@x —1)- kaf”@x_ly —1)

where «, 3,7 > —1 and n and k are integers such that 0 < k < n.
These functions are polynomials in x and y and they are orthogonal on
the triangular region

S={(y):0<y<a<1)
with respect to the measure (1 — 2)%(x — y)?y” dx dy.

Theorem 5. If o, 3,7 > —1, the triangle polynomials is a complete
set of eigenfunctions of a deterministic pair of second order linear
partial differential operators. That is,

SRS =D\ ROPY, j=1,2, and0<k <n
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with eigenvalues

n=—k)n+k+a+f+v+2)
a+1
_k(k+B8+y+1)
B+1
E(k+p+~v+1)
B+1

and linear partial differential operators

ol) = [D,R2P7)(1,1) =

+k

2 a,f3,
o) = [DyRP(1,1) =

(1) _ a? — 2(zy —y)

a—+1 a—+1
+y((a+6+2)x—(a+1)y—ﬂ—1)D2
(a+1)(B+1) Y
+(a+ﬁ+’y+3)x—ﬁ—7—2D
a+1
+(v+1)((a+ﬂ+2)x—(a+1)y—6—1)D
(a+1)(B+1) v
oy =2y o, B+y+2)y-(v+ 1=
S® =551 Do+ G

D2 + D,D,

x

D,.

Proof. When a > f++v+1>0and 8 > v > —1/2, these polynomials
satisfy a hypergroup product formula with e = (1,1) [14]. The rest of
the argument is very similar to the proof of Theorem 4. ]

3.5 Parabolic triangle polynomials. The polynomials

SIRCD @) RED (y) + B (@) R ()]
where o,3 > —1 and n and k belong to Ny are orthogonal on the
square region [—1, 1] x [—1, 1] with respect to the measure (1 —z)*(1+
2)?(1 — y)*(1 + y)? dz dy. These are symmetric polynomials in = and
y so they are also polynomials in the elementary symmetric functions
u=2x+y and v = ay, see [10, Section 3]. The resulting polynomials

« 1 « «, «, «
Qi (w,0) = SR @RS () + B (@) RO ()], 0<k<n
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are orthogonal on the parabolic triangular region
T ={(u,v): |u| =1 <v<u?/4 and |u| < 2},

with respect to the measure (1 —u+v)*(14+u+v)?(u? —4v)~ 2 dudv.
These differ only slightly from Koornwinder’s polynomials ng "V with
v = —1/2. When («o,3) € Ej;, see Example 3.1, these polynomials
satisfy a hypergroup product formula with e = (2,1) [4, Example 4].

Koornwinder showed [10, II (4.4), (5.14)] that the polynomials pz’f”
are eigenfunctions of a pair of differential operators; indeed, when
~v = —1/2, his result becomes

DYVQY =60
where

DW = (—u® 4 204 2)D2 + (2u — 2uw) D, D, + (u* — 2v* — 2v) D?
+ [—(a+ B+ 2)u+ (26 — 2a)|D,
+[(3 - a)u— (2a + 28 + 4)v] D,

D® =D, D_

with

D_ = D? +uD,D, +vD?+ D,
Di=0-u+v)*A+u+0)?D_(1 —u+v)*" (1 +u+0v)* !

and
=-nn+a+0+1)—klk+a+5+1)

=k(k+a+p+nn+a+p+1).

T has a cusp of order 2 at e as can be seen by considering the two
boundary curves ending at e. Thus, by Theorem 1,

TR = r0Q%), j=12 md0<k<n,

n,k
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where T and T are linear partial differential operators of orders
at most 2 and 4, respectively, and

= %([Ducz;?ﬁ](e) + 10.,Q](e))

-1
) = (DR () ~ DR
-1

= Rt Dagyntatfthnmtatf+l) =5

Yk(k+atB+D)(k(k+atB+1)—p)

+16((114+1)2n(n+a+5+1)k(k+04+ﬂ+1).

Now the relation between the two sets of eigenvalues is

(1) 1 1)
T = é
mE A2+ 1) ™

2 1 2
78 = o(01),01))

where the polynomial ¢ is given by

 (2a+3)y P +
B3 @) = T Rt Dt
Thus 1)
__b ®) = ¢(DW, D?
Tl 4_\/5(0( n 1) and T ¢(D 7D )

are the second and fourth order operators as expected.

It is elementary to check that (D™, D®)) is a deterministic pair;
hence, so is (T, T()) which holds for (1.10) because of the injectivity
of the mappings (n,k) — (57(112:7 551211) and (x,y) — (z/(4V2(a +
1)), oz, y))-
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4. The algebra of linear partial differential operators with
polynomial eigenfunctions P.

Definition. Let A be an algebra of linear partial differential operators
with polynomial coefficients. A pair of operators L") and L in A
are generators of A if every differential operator in 4 has a unique
representation as a polynomial of L") and L(?).

Our main concern in this section is to show that if P is any of the
five examples given above, the two linear partial differential operators
obtained in the proof of Theorem 1 are generators of D(P). We begin
the discussion in general terms.

Lemma 4.1. If P is an algebraically complete family of polynomials,
then D(P) is a commutative algebra.

Theorem 6. Suppose the algebraically complete family of polyno-
mials P are all eigenfunctions of one of the following pairs of partial
differential operators

LW = a(z)D? 4 b(x,y) DD, + c(x, y)Di +lo.t.
L® = e(x,y)Dz + lo.t.

or
LW = a(z® 4+ y?)(D? + D;) +lo.t.
L® =gD, —yD,

where none of a(x), e(x,y) and a(x)e(x,y) is the square of a polyno-
mial. Let {)\,(,1),)\1(,2) :p € P} be the eigenvalues associated with L)
and L®) | and assume that A = {()\1(71))”()\1(,2))]“ :n,k € No} is a linearly
independent set of functions on P. Then LV and L®) generate D(P).

Proof. The method here is inspired by [10, II, Theorem 6.5]. Suppose
first that L) and L(®) are the first pair of operators. Assume by way
of contradiction that M € D(P) cannot be expressed as a polynomial
of LM and L® | suppose that m is the lowest order of any such linear
partial differential operator. Thus, M can be assumed to have order m
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and have the form

m

M =Y dj(x,y)D} D) +lot., di #0,
=k

where d;(z,y) are polynomials. Let M be chosen so that, when
represented as above, k is as large as possible.

Now MLW — LM M and ML® — L2 M are linear partial differential
operators of order m + 1, thus

m—+1

MLW — LOM = 3" fi(x,y) D17 DI + Lot.
j=k
m+1 o

ML® — @ = Z gj(x,y)D;n+1_3D§ +lo.t.
j=k

Thus we obtain with the use of Lemma 4.1
fr = di(m — k)aH® 4 kdyb©
~2ad"® — pd"" =0
Jk+1 = kdke(o’l) — 26d5€071) =0.

The solution of the second equation is
di(w,y) = e(x,y)*/*h(@)

for an arbitrary differentiable function h; substitution of this expression
in the first equation yields

(4.1) [2(m—k)ea™0 4+2keb®Y —kbe® Y —2kaetOh —4aeht?) = 0.

Now the coefficient of w2 in LM (L®(w)) — LE(LM (w)) is
be(®D) 4 2¢e(1:0) — 2¢b(0:1) which vanishes by Lemma 4.1.

This can be used to simplify (4.1) to obtain

(m —k)a'h — 2ah’ =0
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(mfk)/27

whence h = Ka SO

dk (1[,', y) = K@(.’b, y)k/2a(x)(mik)/2'

Thus d, = 0 if k is odd or m is odd since a, e and ae are not perfect
squares, while if k and m are even

M _ KL(l)(mfk)/2L(2)k/2
belongs to D(P) but cannot be expressed as a polynomial of L(*) and

L(?); this violates our choice of M.

Now we turn to the second pair of linear partial differential operators
which we express in polar coordinates:

LW = a(r?)(D? +r2D}) + Lo.t.

L® = Dy.
Assume by way of contradiction that M € D(P) cannot be expressed as
a polynomial of L") and L), suppose that m is the lowest order of any

such linear partial differential operator. M given in polar coordinates
by

m
M = Zgj (r, G)Dv’fb*jDé +lo.t.
j=k

We assume M to be chosen so that, when represented as above, k is as
large as possible. Now

ML® — LM =" Dylg; (r,0)] DI D} + Lo.t.;
j=k

hence, by Lemma 4.1 each g;(r,8) = g;(r) is a function of r only.
Now in the same way we examine the coefficient of D™*+'=*Dk in
ML®M — LM to obtain

2(m — k)rd' (r¥)gr(r) — 2a(r*)gp(r) =0, 0<k<m,

and
2a(r?)g!, (r) = 0.
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When 0 < k < m, we obtain gx(r) = Ka(r?)™=*)/2 where K is a
constant so that m — k must be even and M — K LM~
choice of M. When k = m, we get a similar violation from M — KL
for an appropriate constant K.

violates our
2)m

To establish uniqueness, it suffices to show that the only polynomial
é(z,y) such that ¢(LM) | L)) = 0is ¢(x,y) = 0. Now ¢(L™M), L)) has

eigenvalues gzﬁ()\g,l), /\,(,2))7 and by the linear independence assumption,

this can only vanish if ¢(x,y) = 0. i

The following technical lemma gives us a simple way to establish the
linear independence of A in the examples. In each example except
the disk polynomials, P = {pn, i : 0 < k < n}. In the disk case, let
k =n —m so in that case P = {p,x : n € No,k € Z}. For v =1, 2, let

)\S’,)c = Al(jl;)k In the examples )\S’,)c are polynomials in n and k.

Lemma 4.2. Suppose that {()\Sé)m :m € N} is a linearly
independent set of polynomials, assume )\532) =0 but /\SL #0 fork #0.

Then A = {()\SL)"I(ASL)J :m,j € No} is a linearly independent set of
polynomials in (n, k).

Proof. Suppose A(n, k) = EZJ:O am,j(/\g;c)m(/\gii)j = 0. We can
write

N N
AR =3[ 3 ans 0007 02
=0 tm=0
so 0= A(n,0) = Zz:o amp(/\siz))m, hence a0 =0 for 0 <m < N.
Now assume oy, ; =0for0 < j<l—1land 0 <m < N, thenif k #0

_ A [y (1) ym | (@) )it
0= 6 =2 | 2 e G
n,k j=l =0
Since the expression on the right is a polynomial in k for each fixed n,
it must also vanish when k& = 0, whence a;,; =0 for 0 <m < N. a

The result alluded to at the beginning of the section can now be
stated as
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Theorem 7. Let P denote one of the five examples discussed
above. Then the pair of linear partial differential operators obtained
in Theorem 1 generate D(P).

Proof. Theorem 6 includes as special cases all of the examples except
the parabolic triangle polynomials.

We now present an argument for the parabolic triangle polynomials.
It is clear that D) and D® are polynomials 1, and ty in T
and T®. Koornwinder shows [10, II, Theorem 6.5] that each linear
partial differential operator M which has the polynomials {ng,f )} as

eigenfunctions can be expressed uniquely is a polynomial in D) and
D®). Uniqueness follows, since if ¢ (T, T(?)) = 0 for some polynomial
1, then

D
D, p@) = (— D@ ) _ o(TM, T2 = g,
9D, D) = o [ 6(DD®) ) = (T, 1)
where ¢ is given by (3.3) which contradicts Koornwinder’s result. O

5. Admissibility. In this section we investigate which of the five
examples admit an admissible-2 linear partial differential operator; two
do and three do not. We begin with two lemmas, the first of which
requires no proof.

Lemma 5.1. Suppose P is an algebraically complete family and
suppose LV and L® generate D(P). Suppose further that

LWp=\J)p, peP, j=12

then P has an admissible-2 linear partial differential operator if and
only if there is a polynomial ¢(x,y) such that (;5()\1(71), )\1(72)) is a function
which depends only on deg (p). In this case the linear partial differential
operator ¢(LM), LR)) is admissible-2.

Lemma 5.2. Suppose ¢(x,y) is a polynomial, and suppose either

(5.1)
A(n, k) = an® 4+ ck® + Lo.t. and B(n, k) = dn’k* + lo.t.
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or

(5.2)
A(n, k) = an® + bnk + ck* + Lo.t and B(n, k) = dk* + lLo.t.

where a,b,c and d are nonzero. Then ¢(A(n, k), B(n,k)) is a function
of n alone if and only if ¢(x,y) is a constant polynomial.

Proof.  Suppose A and B are given by (5.1), that ¢(z,y) is a
polynomial such that ¢(A(n, k), B(n,k)) is a function of n only, and
assume by way of contradiction that ¢ has minimal bivariate degree,
say (m,7), thus

d)(xa y) = Z ar,sl'r_sys

(r,8)<(m.35)

with m > 0 and ., ; # 0. The coefficient of k*™ in ¢(A(n, k), B(n, k))
is
J

Z(Cm_sds)am,sn28~

s=0
Thus, since ¢(A(n, k), B(n, k)) depends only on n, this must vanish, so
Ot ; = 0 which contradicts ¢ having minimal bivariate degree.

Now suppose A and B are given by (5.2) and assume by way of

contradiction that ¢ is as above. ¢(B(n, k), A(n,k)) is a polynomial in
n and k of degree 2m and the portion of it which is degree 2m is

J
(5.3) > ami(dk?)™ " (an® + bnk + ck?)".
=0

Case 1. j = m. The coefficient of n?™~1k in (5.3) is (ma™ 1b) vy m,
thus since ¢(B(n, k), A(n,k)) depends only on n, @um = 0, which
contradicts the minimal degree of ¢.

Case 2. j < m. Since we are assuming o, ; = 0 for ¢ > j the only
term in (5.3) which involves n?k*™=27 is (d™ T a?) vy, jn® JK>m"2
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thus since ¢(B(n,k), A(n,k)) depends only on n, @, ; = 0, which
again contradicts the minimal degree of ¢. ]

Combining the last two lemmas, we have

Theorem 8. Suppose P = {pnr : 0 < k < n} is an algebraically
complete family with degp, = m, and suppose LW and L® belong
to D(P) such that

LWp, = A, E)pur and LPp, = Bn,k)par, 0<k<n

where A(n, k) and B(n,k) are given by (5.1) or (5.2). Suppose that
every linear partial differential operator in D(P) can be expressed as
a polynomial in LY and L. Then P does not have an admissible-2
linear partial differential operator.

We now turn to discussions of the five examples.

5.1 Products of Jacobi polynomials. There is no admissible 2-linear
partial differential operator because the eigenvalues satisfy (5.2).

5.2 Disk polynomials. First observe that the disk polynomials of
degree n are RZ—k,k for —n < k < n. Krall and Sheffer show [13,
(4.22), (4.23), (5.14)] that the disk polynomials have an admissible-2
linear partial differential operator

L= (2* —1)D2? 4+ 2zxyD,, + (y* — 1)D§ + (2v+3)(zD, +yD,)

with eigenvalue A, = n(n+ 2y +2) for all disk polynomials of degree n.
(There is a small misprint in equation (5.14) of Krall and Sheffer.) By
Theorem 7 we know L can be expressed as a polynomial of U and
U®): the easiest way to do this is first to express A, as a polynomial

in uill ;,; and ugz ;;- It is easy to discover that the desired relation is
— e (2) 12 — 1 2)]2
An = (27 +2)u,? o — [uy,” ]2, thus L= (2y+2)UD — [UP]2,

5.3 Parabolic biangle polynomials. There is no admissible-2 linear
partial differential operator because the eigenvalues satisfy (5.2).
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5.4 Triangle polynomials. Let

A= (a+ 1ol + (a+B+2)0l) =n(n+a+f+y=2),
then \, # A\, when m # n, and so (a + 1)SM 4 (a + 3 4 2)S®?)
is an admissible linear partial differential operator for the triangle
polynomials with eigenvalues A, by Lemma 5.1.

Remark. —M\, agrees with the eigenvalues corresponding to [13,
(5.51)] by Theorem 3.1 so the partial differential equation [13, (5.52)]
coincides with (a + 1)S™) = (a + B + 2)S®? following the change of
variables (z,y) — (1 —z,1 — 2z —y).

5.5 Parabolic triangle polynomials. Since the eigenvalues 62136 and 57(336
satisfy (5.1), Theorem 8 implies that the parabolic biangle polynomials
do not have an admissible linear partial differential operator.

6. Some open questions. We conclude the article with a
number of questions. We assume P is an algebraically complete
family of polynomials which satisfy a strong product formula with
identity element e. Let L(") and L(® be the differential operators with

eigenvalues )\,(,1) and )\1(,2) guaranteed by Theorem 1.

Question 1. Must the pair (LY, L)) be deterministic and must
(1.10) hold? When H has a cusp of order 1 at e, this is equivalent to
asking whether the mapping p — (p9(e), p(>1) (e)) must be injective.

Question 2. If M € D(P), must M have a unique representation as
a polynomial in L") and L()?

Question 3. Is there M € D(P) so that every polynomial in P has
a distinct eigenvalue? In particular, this asks in the case of a cusp
of order 1 where there is a polynomial ¢(z,y) such that the mapping
- (;5()\,(,1), )\,(,2)) is injective. One solution would be L") + L) if the
pair (L™, L) determines P provided both linear partial differential
operators and the members of P are real.

Question 4. In the disk example, L has order less than 2. Is this
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because the disk has a smooth boundary at e?
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