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ALGEBRA OF DIFFERENTIAL FORMS WITH
EXTERIOR DIFFERENTIAL & =0
IN DIMENSIONS ONE AND TWO

N. BAZUNOVA

ABSTRACT. In this paper, we construct the algebra of
differential forms with exterior differential satisfying d3 =
0 over an associative algebra with one and n generators
satisfying quadratic relations. Supposing d? # 0, we introduce
the second order differentials d22*. We also assume that the
homomorphism defining a first order differential calculus is
linear in variables, and that there are no relations between the
terms (dz?)? and d?z7. A graded g-differential algebra with
d3 = 0 is constructed by means of the Wess-Zumino method.
The commutation relations between generators z*, dzJ, d?z*
of the algebra of differential forms in pairs and themselves
are found. In the case of the algebra with n generators, the
commutation relations between noncommutataive derivatives
0; and generators d2zJ also are found, and the consistency
conditions are described.

1. Introduction. An idea to generalize the classical exterior
differential calculus with d> = 0 to the case dV = 0, N > 2, arises
in a recent series of papers [2—4, 6], where the different approaches to
this idea are developed, and these generalizations have been proposed
and studied. In the paper [5] such a generalization is provided by
the notion of graded g¢-differential algebra which is, according to the
definition given in [2], an associative unital N-graded algebra endowed
with a linear endomorphism d (g-differential) of degree 1 satisfying
d" =0 and the graded ¢-Leibniz rule

(1) d(wt) = d(w)T + & @y d(r),

where w, 7 are arbitrary elements of the algebra; gr(w) is the grade of
an element w; ¢ is a primitive cubic root of unity.

In the paper [5], a g-differential calculus with d® = 0 is constructed
on a classical smooth n-dimensional manifold. We construct the g-
differential calculus on an associative algebra generated by one variable
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x and on an associative algebra generated by n variables zh a2,z
satisfying quadratic relations 2’2/ = BJz*2!,i,4,k,1=1,... ,n. Thus

we deal with noncommutative geometry.

For construction of generalized differential calculus with d3 = 0, we
apply the Wess-Zumino method [8]. Assuming that d?> # 0, we have
to introduce the second order differentials d?z®. Supposing that there
are no relations between the terms (dx?)? and d?x* and differentiating
the commutation relations relating the right and left structures of a bi-
module of first order differential forms 4 M 4, we get the commutation
relations between z' and d?z7, and between dz¥. The assumed and
obtained commutation relations completely determine a multiplication
law of the constructed algebra. Furthermore, in the case of algebra with
quadratic relations, diffrentiating the commutation relations between
dr' and differentiating three times the quadratic relations between gen-
erators ', we obtain the Wess-Zumino-like consistency conditions. The
Yang-Baxter equation appears as a solution of the obtained quadratic
consistency conditions [8].

In Section 2, we consider the case of an algebra with one generator
and show that in this case we can construct the two different graded
g-differential algebras with d® = 0.

In Section 3, we consider the case where the homomorphism ¢ defining
a first order differential calculus is linear in variables. Our construction
of an exterior differential calculus with d® = 0 naturally includes the
exterior calculus on the quantum plane, with d?> = 0, obtained by Wess
and Zumino in [8].

2. Algebra of differential forms in dimension one. In this
section, we construct a graded g¢-differential algebra with exterior
differential d satisfying d®> = 0 over an associative algebra with one
generator. Let A be the associative unital algebra generated by one
variable . An arbitrary element of A is a polynomial in x of some
degree p, p e N

(2) f:ao+041$1+~-'+oszp, ag, a1, ... ,ap €C.
Let 4M 4 be the bimodule freely generated as a right module by the

differential dzx, i.e., every form w € 4M 4 has a unique representation
w =dxh, h € A. Let d: A — gM4 be a linear map satisfying the
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ordinary Leibniz rule

(3) d(fg) = d(f)g+ fdlg), Vf.ge€A

Following [1], we define a coordinate differential calculus over A by
(4) df =dzo(f), VYfeA,

where the partial derivative @ is the linear map A — A such that

(5) d(x) =1,
d(fg) =0(f)g+&(f)a(g), Yf.geA,

where £ : A — A is a homomorphism defining a left module structure
of the bimodule 4M 4 by means of the right module structure

(6) xdr = dz&(z).

Assuming that d? # 0, we introduce the second order differential d?z.
Let Q¢(.A) be the right free module over the algebra A generated by
the monomials (d?z)*(dz)!, k,l = 0,1,.... Further, we shall call the
elements from ¢ (A) differential forms. The module ¢(A) becomes
an N-graded module if we introduce the grade one and two to the
differentials of first and second order respectively and the grade zero
to the elements of algebra A. Then the module Q¢(A) splits into
direct sum Q¢(A) = @522 (A), where Q¢ (A) is a submodule of
homogeneous differential forms of degree p, and p = 2k + 1.

Now we find commutation relations between z and d?z and between
dz and d*z. If we differentiate the commutation relation (6) supposing
that (1) holds, we get

d(x dx — deé(z)) = dov de + v d*x — d*x€(x) — gdr dzd(¢(z)) = 0.

Since we assume that the terms dx dz and = d?z must cancel separately,
it follows that

(7) dx dr = qdx dzd(&(x)),
(8) rd’r = d*z¢(x).
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The relation (7) has two solutions: (dz)? = 0 and 9(£(x)) = ¢ L.
Consider the second solution. Since d(z) = 1, from this solution we get

£(z)=q =

Thus £ is completely determined and we can rewrite (6) and (8) in
the form

9) rdr=q 'drz,
(10) rd’z = q¢ td*r .

The relation between dz and d?z can be obtained immediately from
(10) by the differentiation under the assumption that dz = 0:

(11) dx d*r = qd*z d.

Further, since 0 and ¢ are related by (5), the direct calculation gives
us that d(x3) = 0. It implies 23 = 0. Then an arbitrary element of
algebra A is a polynomial in x of degree < 2, that is,

(12) f=ao+aiz+ ax?,

and we have 93(f) = 0, for all f € A. By direct calculation, we get
d®f=0forall fe Aand d®w =0 for all w € Q¢(A). In fact,

df = d*x0f + [3],d*x dxd* f + ¢ dx dx dzd® f = 0.

Here and later, we use the notion [k], = 1+qg+¢*+---+¢*1. In our
case, [3], = 0.

In order to prove d3w = 0, we calculate d* of the form w,, € QL (A)

we =Y (dPx)*(da) fu.

2k+Il=p

Using the equality
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we get

3¢ 2.0k l gPRHD 3\2(1—1)
_ q2l(1 _ q2(l71) [3]q)(d2$)k+3(d$)l73fkl

2k+l+2(1_q2l)2 31 (d22) 2 (de) 1o
+q T [8lq(d°z)" " (dz) " 0 fu
+ q2k+2l+1 1- q2l+l

1—¢2

4 q2k+3l+3(d2x)k(dx)l+363fkl =0.

[3]¢ (%) (d) 1 0° fr

Extending d* on the whole Q¢(A), we get d*w = 0 for all w € Q¢ (A).
Thus, if we define a multiplication law on the right-module Q¢(.A) by
the formulae
23=0, zd’z=q'dzz,

13
(13) zdr =q tdez, dxd®z=qd*zdz,

then Q¢(A) becomes a graded g¢-differential algebra with d® = 0
generated by x, dx, d*x.

Consider the other solution of (7): (dz)? = 0. This solution does not
give any restriction on the homomorphism &.

The differentiation of the relations (8) gives us the equation
(d*x)* = ¢*(d*2)*0¢(x),

from which two solutions follow. If we assume that (d?z)? # 0, then
we get the same condition on the homomorphism &:

£(z)=q =,

as we already obtained under the assumption (dx)? # 0 above. The
second solution, (d?x)? = 0, does not give any restriction on &.

Under the assumption (dr)? = (d%z)? = 0 mentioned above, we get

(14) B f = ¢Pd*x dzwd?(f).
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Since we require that d®f = 0 for all f € A, then 0°f = 0. Hence
we obtain the additional condition z2 = 0, i.e., the algebra A contains
only linear functions

f=ao+ aiz.

By direct calculation, we get d* = 0 for all w € Q¢(A). Every form
from ¢ (A) can be written under the conditions (dr)? = (d*z)* = 0 in
the following term

w=d*vdxfi1 + d*zfio +dz for, fi; €A, i,5=0,1.
Then we get

d3(w) = & (d*x dxfiy + d*zfio + dz fo1)
= d*(0 + ¢*d*x dzd fro + d*x for)
=d(0 + ¢*d*x dx 0fs;) =0

for arbitrary form w € Q¢(A). Hence, on the bimodule of the differen-
tial forms, we can define the second multiplication law by the relations

(15) 2? = (dz)? = (d®z)?* =0, wxdr=dré(),
rd?z = d*z&(x), dx d*r = d*v dx £(x).
Then the bimodule Q¢(.A) becomes the algebra.

3. Algebra of differential forms on the quantum plane.
At the beginning of this section, we find all commutation relations
and consistency conditions in the case of algebra with n generators
satisfying the relations "zfz/ = Bglxkxl. Then these relations and
conditions are specified for the case of n-dimensional quantum plane.
Finally, we find a restriction which allows us to construct a graded
g-differential algebra with d®> = 0 in the case of a two-dimensional
quantum plane.

3.1 Commutation relations and consistency conditions. Now let
A be a unital associative C-algebra generated by the variables z,
1=1,...,n, satisfying the commutative relation

(16) el = B,Zxkxl or (6};5; - B,?l-)xkxl =0.
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Let (aM.4,d) be a first order coordinate differential calculus over
algebra A. Here 4M 4 is the bimodule over A generated by the first

order differentials dx?, i = 1,... ,n; the differential d is the linear map
A — g M 4 obeying the ordinary Leibniz rule
(17) d(fg) =d(f)g+ fd(g), Vf,g€A

The word “coordinate” means that the differential d is defined on the
elements of algebra by

(18) d(f) =dz'0;(f), VfeA i=1,...,n,
where the partial derivatives 0; are linear maps A — A such that
(19)  9i(fg) = :(fg+EF(NDl9), Vg€ A i k=1,....n,

where £ : A — A, x, is a homomorphism to the algebra of (n x n)-
matrices over A acting linearly on the generators of A, that is,

(20) & (2l) = CIf'al,

where Cflk are numerical coefficients, i, 7, k,l =1,... ,n, [7].

As follows from (17), (18) and (19), the left structure of the bimodule
AM 4 is defined by the formula

(21) zida’ = C’,i]l'dxkxl, L,k l=1...,n,

by means of the right free module structure.

We suppose that two Wess-Zumino consistency conditions [8] have to
be satisfied; namely, the linear condition

(22) (5181 — B + CH) da'al — o,

in the tensor form: (F12 — Bi2)(E12 + C12) = 0, appearing by the
differentiation of (16), and the quadratic condition

(23) (5167 — Bi)ClCladataat =0,

in the tensor form: (F13 — B12)Co3Ciadrixex3 = 0 appearing under
the multiplication the relations (16) by dz" from the right and the
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commutation dx” through to the left by the commutation relations
(21).

In order to construct a consistent differential calculus with the prop-
erties d® = 0 and d? # 0, we have to introduce the second order differ-
entials d2z® of the generators z° [5].

Let Q¢ (A) be the free right unital associative module over the algebra
A generated by all monomials composed from powers of dx?, d%x?,
i =1,...,n. If we attribute the grade 0 to any element of A and the
grade 1 and 2 respectively to the differentials dz’ and d?z’, then the
module Q¢ (A) becomes an N-graded module.

The commutation relations between 2% and da’ are defined by (21).
Now we find four sorts of commutation relations: among the first order
differentials dx’; between z' and d?z’; between dz’ and d?27; among
the second order differentials d?z°.

Assume that the differential d satisfies the graded g-Leibniz rule (1)
and that there are no relations between dz’ and d?z7. Differentiating
(21), we get commutation relations among the first order differentials
and between ' and d?27 at once. In fact,

d(x'dz? — C,ijidxkxl) = dz' d2? + 2'd*a?
— C,ijidekxl — qC’,Z da® dat
=0.

From this equality we have two kinds of commutation relations, sup-
posing that the terms dz’ dz’ and 2’ d?z? must cancel separately

24 da’ dz? = inj dz* dxl,
Kl

25 2 d? 2l = O d? 2k ot

( Kl

The first differentiation of (25) gives, at once, the commutation
relations between the first and second order differentials

(26) dr' d® 27 = ¢*C}) d* 2 dat.
The second differentiation of (25) gives the commutation relations

among second order differentials (26)

(27) atd? 2t = qCy) d* a* d? 2.
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Now we have five sorts of commutation relations: (21), (24), (25),
(26) and (27), where the last four are obtained from the relations (21)
by the differentiation. If we define a multiplication law on the Q¢ (.A) by
these commutation relations, then the module Q¢ (.A) becomes a unital
associative algebra generated by z?, dz?, d®z%, i = 1,... ,n. Obviously,
the bimodule 4 M 4 is embedded into the algebra Q¢ (A).

Consider the commutation relations (24). By the differentiation
of (24), we get the Wess-Zumino-like consistency condition for the
operator C

d(dz' da? — qCy dx* dat) = (8,6] — qC3) (556! 4+ CF) d*x® dat = 0,
supposing that the relations (26) hold, or in the tensor form

(28) (B2 — qCh2)(E12 + Ci2) = 0.

The third differentiation of (16) gives the consistency condition

(29) (Er2 — Bi2)(E12 + Cr2)(—Er2 + ¢C2) = 0.
Now, one can see that the conditions (28) and (22) imply the condi-
tion (29).

As it follows from the paper [4], another two sorts of commutation
relations exist: between the derivatives and the variables

(30) 8ja:i = (5; + C;?ﬂ?lak,
and between the derivatives and the first order differentials

(31) 9; da’ = (C™1)" da' .

The relations (30) follow from the Leibniz rule (17) if we consider
both 9; and z’ as operators. The relations (31) can be obtained from
the assumption 9;dz’ — D;’fda:l(‘)k = 0, where the tensor D is to be
determined. Multiplying the lefthand side of the last equation by "
from the right side and using (21) and (31), we see that the equality

(0 da' — Dy da'0y)a" = Dy Csta® (0, da' — DY daP0,,) = 0
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requires D = C~ 1.

For construction of the consistent differential calculus with d® = 0,
we add the relations between the derivatives and the second order
differentials

(32) Oid*x’ = (C1)iy P2l ok

to the commutation relations obtained.

These relations can be obtained if we assume that
o;d — K% a0y = 0.

Then we find the tensor K by multiplying this equation by =" from the
right side and commuting =" through to the left by the commutation
relations (25) and (30). Then we have

(0, d*x* — Kﬁ“ d?2' 0y )"
= (C7Hin d?a! + (C™H I Cstav 9, d%!
— Ky dat = KCR(C ) et dat o,
= (OG0 (0 d*at — (C71) ), d*a8,) = 0,

if and only if K = C~1.

Finally, in the paper [4], the authors show that the commutation
relations among the derivatives

0,0; = ijakal
lead to the two conditions of consistency

(33) (B2 + Ci2)(Ei2 — Fi2) =0,
(34) C12C023F12 = F33C12C0;.

Comparing (22) and (33), we can easily see that if F' is equal to B,
then (33) holds.

The equation (34) is a Yang-Baxter equation. Another two Yang-
Baxter equations appear if we multiply the commutation relations (16)
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and (24) from the right side by dz” and d?z", respectively, and using the
corresponding commutation relations commute dx” and d?z” through
to the left

(35) (336] — B})): a® 2t da™ = (656] — B): CL7CkS da 2¥ 2t = 0,
(36 -

L5 — CP)da dat dP 2" = (6167 — CP)PClCFS dPat da? dat = 0.
(667 — Cy) da™ da' d? (6k8] — CRa*CaiCy d?a da¥ da' = 0
We get the Yang-Baxter equation
(37) B12C23C12 = Ca3C12Bas,

as a solution of (35). In detail,

516 L CEs dat 2¥ 2 = B CLONs dav 2V ot =
Jrvis put g .a b pij olr akssvst 3o a b
Cl ConBapdx® 2% x° = B C i Cundg oy dxt % x° —

CI/Cls By da* 2 a® = B : CLyCls da* 2% 2,
or in the tensor form

Ca3C 12823 = B12C23C 2.

By the same way as a solution of (36), we get the following Yang-
Baxter equation:

(38) C12C93C12 = C23C12C03.

3.2 Exterior calculus on the quantum plane. Now we consider all
commutation relations and consistency conditions obtained above in
the case of the quantum plane, which is the associative unital algebra
generated by the variables z?, i = 1,... ,n, satisfying the commutation
relation 2’/ = gx/z?, i < j, which can be rewritten by means of the
R-matrix

R P T
(39) z'a) = ngjlajkxl or (0,6] — ERZJl)IkIl =0,
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where

Rz—éwﬂr+@—nyﬂ+<q—5)%ﬁﬂj—m
1 ifj >4,
0 ifj<i,

oG- ) = {

i.e., we have B = q’lR. As was shown in [4], the consistency condition
(22) holds if one chooses the values R or ¢~'R~! for the tensor C, i.e.,

(40) (E—q 'R)E+qR)=0 or (E—q 'R)(E+q¢ 'R") =0,

respectively, where E is the unit matrix, ¢!

of the R-matrix.

and q are the eigenvalues

We show that the consistency condition (28) is satisfied only for the
value C' = ¢R. Here we make use of the identities

(41) R*=E+4+(q—q¢ YR and R '=R+ (¢ ' —q)E.
If C = ¢R, we have
(42) (E-R)(E+qR)=(1-¢)E—(¢*—q+q¢" - PR

As q is the cubic root of unity, the coefficients are equal to zero.
However, if C'= ¢ *R™!, then

(E-RYE+q¢'R")=(-2¢"E-R)(¢°E+q 'R)

(43) g
= (¢ - 1)(E +qR).

Therefore we can only choose C' to be qR.

In our case, the three Yang-Baxter equations (34), (37) and (38)
reduce to the single equation

(44) R12R23R12 = R23R12R237

as well as in [4].
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By means of R—matrix, we rewrite all commutation relations obtained
in section 3.1. Now we have

zida’ = qRZJl dak 2!, id?z) = qR,ZdQ:Ekxl,
det da? = qQRz da® dat, drid*z’ = de2 zF dat,
1 4 . . Ny
0;0; = gRg’;akal, drid?z) = * R} d* " dPal,
. 1 . ) . 1 - )
9; da' = a(R—l);’; dz'oy,  0;d*a’ = E(R_l);—’fd%lak.

3.3 Algebra of differential forms on the two-dimensional quantum
plane. In the case of the two-dimensional quantum plane, we denote

z! = z, 22 = y. Since in the two-dimensional case the R-matrix is
equal to

q 0 0 0

0 g—g~* 1 0

0 1 0 0}’

0 0 0 ¢

we rewrite explicitly all commutation relations of Section 3.2:

rdx = ¢° drx x, rd’z = ¢ d*z x,

rdy =qdyx+ (¢* —1)dxy, rd?y = qd*yx + (¢* — 1) d*zy,
ydxr = qdxy, yd?z = qd’zy,

ydy = ¢*dyy, yd*y = ¢* d’yy,
dxdy = qdydx, &z d*y = qd*y d®z,

dz d*z = qd*z dx,

de d*y = d*ydz + (¢ — ¢ V)d*z dy,

dy d®z = d*z dy,

dyd*y = qd*ydy, 0,0, =q '0,0x,

Oy dx = ¢ 2 dxd,, Oy d’x = ¢ 2 d’z x,
Oz dy = q_1 dyamv O d2y = q_l d2y Oy,
Oy dx = g ! dz0, Oy A’z =q7! d2x6y
+(1 _q72)dy8ma + (1_q72)dyara

0y dy = q *dyd,, 0, d*y = ¢~ d*y0,.
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The direct calculation of d3f shows that the requirements (dz)® = 0
and (dy)® = 0 imply d®f = 0. In fact, all the terms except (dz)® and
(dy)? cancel by using appropriate commutation relations.

We add these two requirements to the commutation relations ob-
tained by defining the multiplication law on the graded algebra Q¢ (.A).
This algebra splits into the direct sum Q¢ (A) = B2, QL (A) of its sub-
spaces of homogeneous elements of grade k.

Let Fj, be any monomial of grade 2k on second order differentials
(45) By = (dPz)™ (d°y)™,

where k > 1, my +mg = k, p is the multi-index entirely determined by
(m1,m2). Then the even form w, € Q2F(A) can be written as

we = Iy foo + F3(_yy(dx dz fi1 + dz dy fr2 + dy dy f22)

+ F2n(k72) dx dx dy dy hoo,

and the odd form wy € Q21 (A) as
wo = Fyy (dx fro + dy for) + Fyy_1y(do dx dy hoy + do dy dy haz).
Differentiating w. and wq, we get

d(we) = qQkFQ“k(dxﬁx + dydy) foo
— ¢ VF (P da + da do dyd,) fia
— (qd*x dy + d*y dzx) frz + (d®y dy + qdzx dy dyd,.) f22)

— q2<k*2)F2"(k72) (*d*x dx dy dy + d*y dz dx dy)has,

d(wo) = ¢**FY, ((d°x + qdx dzdy) fro + dz dy(qdy fio + Oz for)
+ (d*y + qdy dy) for)
+ ¢ VY (—d*w da dygqd®y da dz) hoy
+ dx dx dy dy(q0y hia + 0y ha1)
+ (qd*z dy dy — ¢*d*y dz dy)h),

respectively. Hence, one can easily see that the differential d is a linear
endomorphism of degree 1.
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The direct calculation gives d3(w) = 0 for all w € Qo (A).

Thus we have proven the following:

Proposition 1. The algebra Qc(A) of differential forms with the
requirement (dz)® = (dy)® = 0 is a graded differential algebra with
respect to the exterior differential d satisfying the q-Leibniz rule, i.e.,
d3f =0 forall f € A, d®w =0 for allw € Qc(A).
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