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SUFFICIENT CONDITIONS FOR OSCILLATION
OF LINEAR SECOND ORDER MATRIX
DIFFERENTIAL SYSTEMS

N. PARHI AND P. PRAHARAJ

ABSTRACT. Sufficient conditions in terms of trace are
obtained for the oscillation of all nontrivial prepared solutions
of second order self-adjoint differential matrix systems

(POY) + Q@)Y =0, t>0>0,

where P and Q) are n X n real continuous symmetric matrix
functions on [0, 00) with P(t) positive definite. Our results
generalize earlier results on oscillation of scalar second order
equation

(p()y') +atly=0, t>0>0,
where p,q € C([o,00),(—00,00)) with p(t) > 0, and are

applicable to Euler’s second order matrix equations.

1. Introduction. Many oscillation criteria for self-adjoint second
order linear differential equation

(1) (pt)y) +at)y = 0

are known, where p € C([o,x0), (0,00)), ¢ € C(]o,0), (—00,0)) and
o> 0. If p(t) = 1, then (1) takes the form

(2) Y +aq(t)y = 0.

A solution of (1) is said to be oscillatory if it has arbitrarily large zeros;
otherwise, it is called nonoscillatory. Equation (1) is oscillatory if all
its solutions are oscillatory. We use the following condition often:

(C1) Let D ={(t,s):t>s>0c}and Dy = {(t,s) : t > s > o}. Let
h € C(D,|0,00)) satisfy the following conditions:
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(i) h(t,t) =0for t > o, h(t,s) >0 fort > s> 0.

(ii) h has a continuous and nonpositive partial derivative on Dy with
respect to the second variable. Suppose that g € C(Dy,[0,00)) is
defined by

8h((91, s) _ g(t,s)\/h(t,s), (ts)€ Dy.

In 1989, Philos [7] obtained oscillation criteria for (2) which extended
earlier criteria due to Kamenev [3] and Yan [8]. One of his results is
stated in the following:

Theorem 1.1 (Philos [7]). Suppose (C1) holds. If

y
el h(t, o)

¢
1
/ {h(t,s)q(s) - Zgz(t,s)} ds = oo,
then (2) is oscillatory.

However, Theorem 1.1 cannot be applied to the Euler differential
equation

(3) y,/+_y = 07

where v > 0 is a constant. It is well known that equation (3) is
oscillatory if v > 1/4 and nonoscillatory if v < 1/4. 1In [4], Li
gave oscillation criteria for (1) which generalize Theorem 1.1 and is
applicable to equation (3). In the following we state three of his results:

Theorem 1.2. Let (Cy1) hold. If there exists a function f €
CY([o, ), (=00, 00)) such that

(@) limsupﬁ /U [t 5)s) - i Fsp()g* (1. )] ds = oo,

t—o0 h

where .

.m:mgdﬂwﬂ
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and
$(t) = () (q(t) +p(t) F2(t) = (p(D) F (1)),

then equation (1) is oscillatory.

Theorem 1.3. Let (Cy) hold, and let

. h(t,s)
(5) 0 < SIIZIf [htrggjlf hto))

Suppose there ezist two functions f € Cl([o,00),(—00,00)) and
a € C([o,00), (—00,00)) such that (4) holds and the conditions

liirisogp / f(s 2(t,8)ds < oo
and
(6) T a0 g
F)p(t)

hold and, for every tyg > o,

F(o)p(s)g*(t, 5)| ds > alto),

lim sup

s h(t?to) /t: {h(t’ sJo(s) - i

where f and ) are the same as in Theorem 1.2 and a.(t) = max(a(t),0).
Then equation (1) is oscillatory.

Theorem 1.4. Suppose that (Cy1) holds. Let (5) and (6) be satisfied.
If
1 t

and

htrgggf h(tlto) /t {h(t, s)Y(s) —

for every to > o, then equation (1) is oscillatory.

F(o)p(s)g*(t. s)| ds = alto),

yp|>—~
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Erbe, Kong and Ruan [1] generalized Theorem 1.1 to linear second
order differential system

(Er) Y 4 QY =0, telfo00),

where Y and @ are n x n real continuous matrix functions with Q(¢)
symmetric. They obtained the following result.

Theorem 1.5. Suppose (Cy) holds. If

t—oo

(7)  limsup ﬁ A1 [/at (h(t7 $)Q(s) — i g (t, s)]) ds} = 00,

where A\1[B] > X2[B] > -+ > A\,[B] denotes the usual ordering of the
eigenvalues of the symmetric matric B and I is the n X n identity
matriz, then system (E1) is oscillatory (the definition is given below).
They have also considered (E), (see below).

However, if Q(t) = diag (v/t?, a/t?) in (E1), where v > a > 0 are
constants, then (7) fails to hold (see [5]). Thus, Theorem 1.5 cannot
be applied to the Euler differential system

(Ez) Y” + diag (v/t*, a/t?)Y = 0,

where Y is a 2 X 2 matrix, v > a > 0 are constants. It is shown that
(see [5]) the Euler differential system (Es) is oscillatory if v > 1/4. In a
recent paper [5], Meng, Wang and Zheng have generalized Theorem 1.5
so as to be applicable to the Euler differential system (E3). They
established the following result

Theorem 1.6 (Theorem 1, [5]). Let (Cy) hold. If there exists a
function f € C([o,00), (—00,00)) such that

F()g%(t, )T ) ds| = o,

B~ =

(8) limsup ﬁ | /G t (n(t,5)R(s) -

t—o0o

where

(m—m@%%wg
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and R(t) = f(O)[Q(t)+f2(t)I—f'(t)I], then equation (Ey) is oscillatory.

In this paper we have generalized Theorems 1.2-1.4 to self-adjoint
linear second order differential system

(E) (POY") + Q)Y =0, te o, o00),

where Y (t), P(t) and Q(¢) are n X n real, continuous matrix functions
on [o,00) such that Q(t) is symmetric and P(t) is positive definite. A
solution Y'(¢) of (E) on [0, 00) is said to be nontrivial if det Y (t) # 0
for at least one ¢ € [0, 00). It is said to be prepared or self-conjugate if

Y () (PO)Y'(t) = (P(OY'(t) Y (?)

holds for ¢ € [o,00), where for any matrix B, the transpose of B
is denoted by B*. By a solution of (E) we understand a nontrivial
prepared solution of (E). A solution Y (¢) of (E) is said to be oscillatory
if, for every ty > o, it is possible to find a t; > tg such that
det Y (t1) = 0; otherwise, Y(¢) is called nonoscillatory. Equation (E)
is said to be oscillatory if every nontrivial prepared solution of the
equation is oscillatory. Oscillation of equation (E) must be studied
separately from equation (E;) since, like the scalar case, there is no
oscillation-preserving transformation of the independent variable that
allows the passage between the two forms. The oscillation of equation
(E) is defined through its nontrivial prepared solutions because it
is possible that (E) admits a nontrivial nonprepared nonoscillatory
solution (see [6]). For a solution Y (¢) of (E),

*

Y (1) (POY' (1) — (POY'(0) Y (H) = C. >0

where C' is an n X n constant matrix. Hence, for ty > o,
Y*(to) (P(to)Y (to)) — (P(to)Y(t0)) Y (to) = C.

It is possible to choose Y (t9) = Yo and Y'(tg) = Yy such that C' = 0.
Thus the initial value problem

(POY) + Q)Y =0,  Y(tg) =Yy, Y'(to) =Y]

always admits a nontrivial prepared solution. If S is the real linear
space of all real symmetric n x n matrices, then tr : S — (—o0,00)
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is a linear functional with (tr A)? < ntr (A42) for every A € S. For
A, B,C € S, we write A > B to mean that A — B > 0, that is, A — B
is a positive semi-definite matrix, and A > B implies that tr A > tr B
and CAC > CBC. Further,

o [ = [ wawas

for every m x m real symmetric matrix function Q whose entries are
integrable.

2. Sufficient conditions for oscillation. In this section we
obtain sufficient conditions for oscillation of equation (E). We list the
assumptions in the following that are needed for our work in the sequel.

(C2) There exists a function f € C([o,00),(—00,00)) such that

(FOP(t)~r > n(f(t)tr P(t))~ I, where I is the n x n identity matrix
and

f(t) =exp (— Z/Utf(s) ds).

(Cs3) There exists a function f € C([o,00),(—00,00)) such that
f(#)P(t) is continuously differentiable and

lim sup m [/t (h(t, s)tr R(s) — if(s)tr P(s)g%(t, s)) ds} =00

t—o0 to

for every to > o, where

R(1) = f(1)[Q(t) + [ (1) P(t) - (F)P())]

h(t
(Cy) 0 < sigtfo [hggi;}f h((t:tso))} for every tg > o,
1 ! .
(Cs) lim sup —/ g*(t,s)f(s)tr P(s)ds < oo
t—o0 h/(t7t0) to

for every ty > o,
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(Cs) There exists a function a € C([o, 00), (—00, 00)) such that
/ a? (t) (f(t)‘ch(t))_1 dt = oo for every to > o,
to
where a4 () = max(a(t),0).

(C7) There exists a function a € C([o, o), (—00,0)) such that, for
every tg > o,

1 ¢ 1 .
lim sup 0 to)/ [h(t,s)trR(s) - ZgQ(t,s)f(s)trP(s) ds > a(to)

t—o0 h

t—o00 h

t
(Cs) hmmf%/ h(t,s)tr R(s)ds < oo for every ty > o.
’ to

(Cg) There exists a function a € C([o,0), (—00,00)) such that, for
every to > o,

t—o0 h

lim inf ﬁ/ [h(t, s)tr R(s) — ng(t, s)f(s)tr P(s)} ds > a(to).

Remark. We may note that (Cs) implies (C7).

Theorem 2.1. If (Cy), (Cz2) and (C3) hold, then equation (E) is
oscillatory.

Proof. Let Y () be a nonoscillatory solution of (E). Hence there exists
a t; > o such that det Y'(¢t) # 0 for ¢ > 1. For ¢ > t1, we set

(9) V(t) = FOPO[Y (@)Y () + f(0)].

Hence, V(t) is symmetric because Y () is prepared and

V! = PP ()Y () + F(0))
+FO[(POY' (1) Y ) + (F(O)P®))']
)

£
~ fOPOY' (Y )Y ()Y ().
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However,

Y)Y )Y ()Y L(2)
= (Y'(OY () + F(OI) = 2f ()Y ()Y (1) — fA(0)]
= (Y'Y 1)+ F(O) = 2f ) (Y ()Y L(t) + (1))
+ A1
= (Y)Y~ + FOI) (F(O)P(t)
f

V()
—2f () (F(t)P(1) V(1) + fA()I

implies that

FOPOHE @)Y OY' ()Y (1)
= V() (F)PE) V() = 2f 1)V (£) + A1) F(£) P(t).

Hence,

that is,

(10) V/(t) = -V (F®)P(t)

Multiplying (10), where ¢ is replaced for s, through by h(t, s) and then
integrating from ¢; to ¢, we obtain

/t t h(t,s)R(s)ds

— Wt t)V (1) +/t [ahg: S)V(s)—h(t,s)V(s)(f(s)P(s))”V(s)} ds.
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The use of (C1) and (Cs) yields

h(;tl) /t h(t, s)R(s) ds
=Vt ! e V(s)(f(s)P(s)) 'V
=V = g L PEAVEFPE) V)
+g(t,8) (h(t, $))/*V ()] ds
<V(t1) — h(lih)/t [nh(t,s)(f(s)trP(s))_lVQ(s)
+g(t, 5) (h(t, $))/*V ()] ds
_V(tl)_h(tftl)/t [(nh(t,s)(f(s)trP(s))_l)%V(s)
~S r S 1/2
—I—%g(t,s) (f()tnl—ljz())lrds
+ 74nh(1t,tl) /t (0 ) (o) P(s) s

Since R(t) is symmetric, then

1 ¢ 1 _
R /t w [h(t, $)R(s) — - g*(t.9) f(s)trp(s)f] ds
<trV(ty) — h(t?tl) /t tr [(nh(t, s) (f(s)trp(s))—1)1/2v(s)
e TP 2,
that is,
(11) h(ih) /t1 [h(t,s)tr R(s) — ig%t,s)f(s)tr P(s)} ds
< teVity) - ﬁ/t tr | (nh(t, 5) (F(s)tr P(s) ™) ?V ()

f S)tr S 1/2
+ %g(t,s) (F()tr P(s)) )tnf;( ) ers.
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From (11), it follows that

t 1 _
lim su [ht,strRs ——g*(t,s strPs}ds
map ot [y R — 20,9 (s )
< Jtr V()] < oc.
This contradicts (C3) and hence the theorem is proved. O

Remark. (1) If P(t) = I, then (Cy) is satisfied and R(t) in (C3) has
the following form:

R(t) = JW[QW + (O - ['(O1].
(ii) If n = 1, then (Cs) is satisfied trivially and (Cs) reduces to (4)
with tg = o, Q(t) = ¢q(¢) and P(t) = p(t). Hence, Theorem 2.1 is a
generalization of Theorem 1.2 to systems (E).

In the following we consider an example to which Theorem 1 in [5]
cannot be applied but where the above theorem holds.

Example. Consider equation (E) for ¢ > 0 with
e?'(1+t2 cost) 0
Plt)=1 and Q(t) = [ 0 e?(1—t%cost) |
Define h(t,s) = (t —s)?, t > s > 0. Hence, g(t,s) = 2. Let f(t) = 1,
t > 0. Then f(t) = e 2!. The conditions (C;) and (Cz) are satisfied
trivially. Here

Y _ [14t2cost + e 0
R(t)=e (Q(t) +I) - [ 0 1—t2cost+e 2|’
and hence
1 -
h(t,s)tr R(s) — B f(s)tr P(s)g*(t,s) = 2(t—s)*(1+e™ %) — 2 2.

Thus

lim sup 1 /t [h(t, s)tr R(s) —

toe (L to) Jyy f(s)tr P(S)gz(t,s)} ds

B~ =

1 t
= 1im sup m / [Q(t_s)2 + 2(t_5)2€_28 _ 26—23] dS

t—o00 to

: 1 2 3 —2t —2t
e G [5 (0" - =
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that is, condition (Cg) holds. From Theorem 2.1 it follows that all
nontrivial prepared solutions of equation (E) with P(¢) and Q(t) as
defined above are oscillatory. Clearly,

(12) /Ot [h(t,S)R(s) - igg(t,s)f(s)l] ds = {)‘ét) 0 ]

where

At) = /0 [(t—5)*(145%coss) + e >*((t—s)* — 1)] ds

3 2 25 1 1
:3—1—5—Et—i—ze_%—Z—QtQSint—12tcost+24sint

2

p(t) = /0 [(t—s)?(1—s%coss) +e 2 ((t—s)" —1)] ds

2 23 1 1
:3—0—5+?t—l—Ze_%—Z+2t2smt+12tcost—24smt

Hence A(t) and p(t) are eigenvalues of the matrix given by (12).

Setting A1(t) = max{A(t),nu(t)} and Aa(t) = min{A(¢), u(t)}, we
notice that A\ (¢) and A2(t) are, respectively, the largest and smallest
eigenvalues of the matrix given by (12) and

), te [2mm, (2m + 1)7]
Alt) = { A(t), te[2m+ 1), (2m+ 2)7],

for large positive integer m. However, A1(t) is discontinuous at 2m.
Indeed,

2 3 2 2 2 1
u(2mm) = (2m) + (2m) + % (2mm) + = e 4 24mn
3 2 2 4
and
2 3 2 22 1
A(2mm) = ( W;ﬂ-) + ( W;T) - 75 (2mm) + 1 e ™M 24mn

imply that p(2mm) > \(2mmn).
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Remark. If the symmetric matrix B(t) > 0, ¢ € [tg,00), to > o, and
its eigenvalues are put in decreasing order where

B(t) = / [(t,5)R(s) - ﬁgz(t,s) F(s)tr P(s)1] ds,

to

then the condition (Cs) is equivalent to

h?isogp mz\l [/t: (h(t, s)R(s) — % G2(t,s) f(s)tr P(S)I) ds} = 00,

in view of the property A\[B(t)] < tr[B(t)] < nAi[B(t)]. This is the
same as equation (5) in [5] if P(¢) = I.

Remark. Theorem 2.1 holds if the condition (Cs) is replaced by

(C5). There exists a function f € C([o,),(—00,00)) such that
f(#)P(t) is continuously differentiable and

lim sup h(t;ﬂ)/g {h(t,s)tr R(s) — if(s)trP(s)f(t,s) ds = oo

t—o00

where R(t) is the same as in (Cg). Indeed, for t > t; > o,
/ t [t )t R(s) - i F)tr P(s)g2(t.5)] ds
_ / " [n(t, )x R(s) i F(s)ox P(s)g2 (8, 5)] ds

f(s)tr P(s)g?(t, s)] ds

el B

+ / t [h(t, s)tr R(s) —

< /t1 h(t,s)|tr R(s)|ds + h(t,t1)|tr V (¢1)]
< h(t,a)/ e R(s)| ds + h(t, o)t V(1))

where we used (Cy), (11) and P(t) > 0. We may note that t; > o is
such that Y ~1(¢) exists for ¢ > ;. Thus

f(s) trP(s)gQ(t,s)} ds < o0,

| =

/a t [h(t, s)tr R(s) —

i
P Rt o)
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which contradicts (Cj).

Example. Consider the Euler differential system (E3), ¢t > 1, with
> 1/4. We take a = 1/4. Let f(t) = —(1/2t), t > 1. Hence
(t) = t. Let h(t,s) = (t—s)’,t > s > 1and 3 > 1. Then
(t,s) = B(t — 5)B/2=1 Clearly, (C1) and (Cy) are satisfied. Since
= 2, then

/1t [h(t,s)tr R(s) — %f(S)QQ(t,S)} ds
_/1t [(t—s)ﬂ(4’y4;1) _%625@_5)572} ds

:(474—1)/; (t_ss)ﬁds—%52/;5(15—8)5_2(18

> (474_1>/t1(t5—65t51)ds—%62 /ts(t—s)gzds
1 1

s
_ (A =1\p p
= (557)¢ (lest -8+ )

1 t 1

Rt -1) o+ =),

320 -0 G+ 5)
where the inequality (t —s)% > 7 — Bst?~! for t > s > 1 is used (see
[2, Theorem 41]). Hence,

=

SR,

1i§risogp h(%l)/l {h(t,s)trR(s) — %f(s)gz(t, s)} ds

[<47—1><t'310gt po—1 )

> i -
i AR AN VR

t—o0

e+ )]

= Q.

From Theorem 2.1 and the above remark, it follows that the system
(E2) oscillates.

Theorem 2.2. If (Cy), (C3) hold and

(C0) s 3 o)

/t h(t,s)tr R(s)ds = oo
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and
1 b 5
(C11) hirisogp W/a f(s)tr P(s)g“(t,s)ds < oo,

then the system (E) is oscillatory.
The theorem holds because (Cyg) and (Cq1) imply (C%).

Theorem 2.3. Suppose that (C1), (Cz), (C4)—(C7) hold. Then the
system (E) is oscillatory.

Proof. If possible, let Y (t) be a nonoscillatory solution of (E). Hence,
det Y (t) # 0 for t > t; > 0. Setting V'(¢) as in (9) for ¢ > ¢1, we obtain
(10) and V (t) = V*(¢). Proceeding as in the proof of Theorem 2.1, we
get from (11) that

(13)
a(t*) < lizreriigp ﬁ /t* [h(t, s)tr R(s) — igz(t, s)f(s)tr P(s)} ds
<trV(t¥)
~ liminf ﬁ /t b [t $)(Fl)r P(s)) )2V (5)
f(s)tr P(s))Y/2 12
+ %g(t,s)—(f( )tnig ) I} ds,

for t > t* > t1, by (C7). Thus tr V(¢*) > a(t*). Consequently,
(14) (e V(t%)* > a2 (t*) for every t* > t.

Further, (13) yields

(15)
o 1 ¢ = —1\1/2
ipint s [ o () (G Pe) ™) V)
~ 1/2
+ %g(t,S) (f(s)t;sz(sn 1]2615

<trV(t1) —a(t1) < oc.
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Setting

and

we have

1/2

B(0+00) < s | [(nnten P ) V)

Hence,

(16) liminf [tr B(t) +trC(t)] < oo

t—oo

by (15). Since V/(t) is symmetric, then V2(t) > 0, t > t;. We claim
that

/too (f(s)tr P(s))f1 trV?(s) ds < oo.

If not, then
(17) /too (F(s)tr P(s)) " tr V2(s) ds = oo.

From (C,) it follows that

. . . . h(t,s)
Jnf [hﬁgﬁf h(t,tl)} > 1> 0.

Hence, for s > t1,

(18) liminf 2488
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Let p be an arbitrary positive number. Then there exists a t; > ¢
such that, for ¢ > to,

[ ) e > (4)

t1

due to (17). Hence, integration by parts yields, for ¢ > to,

tr B(t

h(t,s)(f(s)tr P(s ))71trV2(5) ds

o~
[

h(t,s)— / (f(@)trP(é)))_ltrVQ(O)dG} ds

—hts / (@)t P©) " trv(6) o) ds

t] 1

.- / L[ o v

t1

¢
. nu /ah(t,s) s
nh(t,t1) 0s

by (19). Thus, for ¢ > ¢,

% h(tv t2)
n h’(t7 tl) .

It is possible to choose t3 > t; such that

tr B(t) >

h(t,t2)
h(t,t1)

>n fort>t3

by (18). Hence, for t > t3, tr B(t) > nu. Since p is arbitrary, then
(20) lim tr B(t) = oc.

t—o0
From (16) it follows that there exists a sequence (o) such that o, — oo

as k — oo and
tr B(og) +trC(og) < M

for large k, where M is a real number. Hence,

(21) lim trC(o) = — o0

k—oo
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by (20). Further, for large k,

14 tr C(og) < M < 1
tI’B(O’k) tI‘B(O’k) 2’
that is,
(22) trC(ox) 1

wBy) © 2
Clearly, (21) and (22) imply that

e
(23) e By

On the other hand, use of the Cauchy-Schwarz inequality yields

O = [t / " glow ) hlow s V() ds|
< [Wﬁ | e Fene i) s

Uk,t1 / h(ok, s )trP( ))71(‘51“‘/(5))2(13}
< (tr B(oy)) {m/t | 9*(or, 8) (f(s)tr P(s)) ds},

where we have used (trV (¢))? < ntr VZ(¢). Since B(t) > 0, then

)/ak 2(oy, )(f( )trP(s)) ds = oo

klggo h(a’k, t1 +
by (23). This contradicts (Cs). Hence our claim holds. Thus, by (14),
o 5 —1 o 2, % -1
/ a’ (s)(f(s)tr P(s))  ds < / (trV(s))"(f(s)txr P(s)) " ds
t1 t1

< n/oo (f(s)trP(s))_ltrVQ(s) ds < o00.

ty

This contradicts (Cg). Hence the theorem is proved. u]
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Remark. Since h(t,s) is monotonically decreasing in s, then the
assumptions (Cy), (C5) and (Cg) are equivalent, respectively, to

@ o wmtto)

(Cy) lim su #/t 2(t s)(f(s)trP(s)) ds < oo
5 t%oop h(t,O') i g )

and

(C§) There exists a function a € C([o,00), (—00, 00)) such that

/Oo a2 () (ft)er P(1)) " dt = o,

where a4 (t) = max(a(t),0).
Remark. Theorem 2.3 generalizes Theorem 1.3 to the system (E).

Theorem 2.4. If (Cl), (Cg), (04), (06)7 (Cg) and (Cg) hOld, then
the system (E) oscillates.

Proof. Suppose that Y (¢) is a nonoscillatory solution of (E). Then
detY'(t) # 0 for t > t1 > 0. Setting V (¢) as in (9) for ¢ > t;, one may
obtain (10). Clearly, V(¢) is symmetric. From (11) we get, using (Cy),
that

a(t") < limin h(%) /t * [h(t, s)trR(s)—igz(t, ) f(s)trp(s)} ds

< tr V(t*)—lim sup 1 /t tr{(nh(t, s) (f(s)trP(s))_l)l/QV(s)

PP )
+ %g(t, 5) —(f(s)t;?s)) 1] *ds

=

for ¢ > t* > t;. Hence, (14) holds and

fmsup 7o / tr [fnh () (Fe)r Ps) )V o
f S)Tr S 1/2
+ %g(t, s)—(f( )tnf;( )) Ir ds

<trV(t1) —a(t1) < oo,
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that is,
limsup [tr B(t) + tr C(t)] < oo,
t—oo
where B(t) and C(t) are the same as in the proof of Theorem 2.3. From
(Cs) and (Cy) it follows that

t—oo h

a(ty) < liminf ﬁ/t [h(t,s)tr R(s) — ng(t, s)f(s)tr P(s)| ds

1 t
<liminf—/ht,strRs ds
< i ), s RG)

t—o0 h s

1. 1 b, .
— Z hglorolf m ll qg (t,S)f(S)trP(S) dS,

that is,

1 ¢ .
(24) litrgiorolf m/ﬁ g*(t, s) f(s)tr P(s)ds < oc.
Let

/OO (f(s)trP(s))_l trV2(s)ds = oo.

ty

Since (Cy4) holds, then proceeding as in the proof of Theorem 2.3, we
obtain
tlim tr B(t) = oo,

and hence there exists a sequence (o) such that o, — 0o as k — oo
and

1 o .
lim ——— 2 tr P(s)ds =
lim s / G2 {0k, 5) f(5)tx P(s) ds = ox,

which contradicts (24). Thus,
(25) / (F(s)tr P(s))"1tr V2(s) ds < oo.
ty

However, (14) and (25) together contradict (Cg). Thus the theorem is
proved.

Remark. Theorem 2.4 generalizes Theorem 1.4 to the system (E).
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