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THE CONVERGENCE AND DIVERGENCE
OF ¢-CONTINUED FRACTIONS
OUTSIDE THE UNIT CIRCLE

DOUGLAS BOWMAN AND JAMES MC LAUGHLIN

ABSTRACT. We consider two classes of g-continued frac-
tion whose odd and even parts are limit 1-periodic for |¢| > 1,
and give theorems which guarantee the convergence of the
continued fraction, or of its odd- and even parts, at points
outside the unit circle.

1. Introduction. Studying the convergence behavior of the odd and
even parts of continued fractions is interesting for a number of different
reasons (see, for example, [6, Section 9.4]). In this present paper, we
examine the convergence behavior of g-continued fractions outside the
unit circle.

Many well-known g-continued fractions have the property that their
odd and even parts converge everywhere outside the unit circle. These
include the Rogers-Ramanujan continued fraction,
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and the three Ramanujan-Selberg continued fractions studied by Zhang
in [8], namely,
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It was proved in [1] that if 0 < |z| < 1 then the odd approximants of
1/K(1/z) tend to

12 2 28
1+ 1 =1+
while the even approximants tend to
z at 28 2!

1+ 1+ 1+ 1 +---°
This result was first stated, without proof, by Ramanujan. In [8],
Zhang expressed the odd and even parts of each of Si(q), S2(¢q) and
S3(g) as infinite products, for ¢ outside the unit circle.

Other g-continued fractions have the property that they converge
everywhere outside the unit circle. The most famous example of this

latter type is the Gollnitz-Gordon continued fraction,

¢ q* q°

1+ +1+¢> +1+47 +-7

GG(a)==1+q+

In this present paper we study the convergence behavior outside
the unit circle of two families of g-continued fractions, families which
include all of the above continued fractions.

2. Convergence of the odd and even parts of g-continued
fractions outside the unit circle. Before coming to our theorems,
we need some notation and some results on limit 1-periodic continued
fractions.

Let the nth approximant of the continued fraction by + K52 a, /by
be P, /Q,. The even part of by + K2 ;ay, /b, is the continued fraction
whose nth numerator (denominator) convergent equals P, (Q2,), for
n > 0. The odd part of by + K22 1 a, /by, is the continued fraction whose
zero-th numerator convergent is P;/Q1, whose zero-th denominator
convergent is 1, and whose nth numerator, respectively denominator,
convergent equals Ps, 1, respectively Qa,11, for n > 1.

For later use we give explicit expressions for the odd and even parts of
a continued fraction. From [7, p. 83], the even part of by + K32 a, /b,
is given by

(2.1)

b + baay asa3by /by asasbe /by
O " boby+ ag — as+ bsbi+ asbs/by — ag+ bsbe+ asbe /by —
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From [7, p. 85], the odd part of by + K32 a, /b, is given by

(2.2) bobr + a1 aiasbs /by azasbsby /bs
' bl bl(ag + b2b3) + a2b3 — as + b4b5 + a4b5/63
a5a6b7/b5 a7a8b9/b7

- a7+bﬁb7+a6b7/b5 - a9+b8bg +a8b9/b7 — e

Definition. Let t(w) = ¢/(1 + w), where ¢ # 0. Let « and y denote
the fixed points of the linear fractional transformation ¢(w). Then ¢(w)
is called

(2.3) (i) parabolic, ifz=y,
(ii) elliptic, ifx#yand |1+2| =141y,
(iii) loxodromic, if z #y and |1+ x| # |1+ y|.

In case (iii), if |14+ 2| > |1 +y|, then lim, o t"(w) = z for all w # y,
x is called the attractive fixed point of ¢(w) and y is called the repulsive
fixed point of t(w).

Remark. The above definitions are usually given for more general
linear fractional transformations but we do not need this full generality
here.

The fixed points of t(w) = ¢/(1 + w) are z = (=1 4+ +/1+4c)/2 and
y=(—1—+1+4c)/2. Tt is easy to see that t(w) is parabolic only in
the case ¢ = —1/4, that it is elliptic only when ¢ is a real number in
the interval (—oo, —1/4) and that it is loxodromic for all other values
of c.

Let C denote the extended complex plane. From [7, pp. 150-151],
one has the following theorem.

Theorem 1. Suppose that 1 + K22 a,/1 is limit 1-periodic, with

n

lim, ocan = ¢ # 0. If t(w) = ¢/(1 + w) is loxodromic, then

1+ K22 a,/1 converges to a value f € C.

Remark. In the cases where ¢(w) is parabolic or elliptic, whether
14+ K2 a,/1 converges or diverges depends on how the a,, converge
to c.
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We also make use of Worpitzky’s theorem, see [7, pp. 35-36].

Theorem 2 (Worpitzky). Let the continued fraction KS° a,/1 be
such that |a,| < 1/4 for n > 1. Then K32 a,/1 converges. All
approzimants of the continued fraction lie in the disc |w| < 1/2 and

the value of the continued fraction is in the disk |w| < 1/2.

We first consider continued fractions of the form

., fi(d®) f(d®)  fleh)
R R U !

1
fr(q") f1(¢") Jr(q")

an(q)

G(g) =1+ K72,

where fs(x) € Z[¢][z], for 1 < s < k. Thus, forn >0 and 1 <s <k,

(2.4) ank-l—s(Q) = fs(qn) :

Many well-known ¢-continued fractions, including the Rogers-Raman-
ujan continued fraction and the three Ramanujan-Selberg continued
fractions are of this form, with k at most 2. Following the example
of these four continued fractions, we make the additional assumptions
that, for i > 1,

(2.5) degree (a;+1(q)) = degree (a;(q)) + m,

where m is a fixed positive integer, and that all of the polynomials a,,(q)
have the same leading coefficient. We prove the following theorem.

Theorem 3. Suppose that G(q) = 1+ K52 a,(q)/1 is such that the
an = an(q) satisfy (2.4) and (2.5). Suppose further that each a,(q)
has the same leading coefficient. If |q| > 1 then the odd and even parts
of G(q) both converge.

Remark. Worpitzky’s theorem gives only that odd and even parts of
G(q) converge for those ¢ satisfying |(1 + ¢"™)(1 4+ ¢~ ™)| > 4, a clearly
weaker result.
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Proof. Let |q| > 1. For ease of notation we write a,, for a,(¢q). By
(2.1), the even part of G(q) is given by

a1 aoas3 G405
Ge(q) =1
(9) +1—|—a2—a4+a3+1—a6—|—a5—|—1—"'
a1 a20a3
1 1+ as (14 a2)(aqg +as+1)
~1+
1 - 1
aqas
(ag +az+1)(ag +as +1)
— 1 P
:1+K70LO:1€Tna

where, for n > 3,

29, —202n—1
(a2n—2 + a2n—3 + 1)(ag, + azp—1+1)

Cp =

By (2.5), the fact that each of the a;(g)’s has the same leading coefficient
and the fact that if |¢| > 1 then lim; o, 1/a; = 0, it follows that

1
lim ¢,= lim
n—oo " n—oo (14 agn_3/a2n—2 + 1/a2n_2)(azn/azn—1 4+ 1+ 1/az, 1)
1

Itqmi+a™

Hence G,(q) is limit 1-periodic. Note that the value of ¢ depends on gq.

Let the fixed points of ¢(w) = ¢/(1 + w) be denoted z and y. From
the remarks following (2.3), it is clear that ¢(w) is parabolic only in
the case —1/((1 + ¢"™)(1 + ¢ ™)) = —1/4. The only solution to this
equation is ¢™ = 1, so that t(w) is not parabolic for any point outside
the unit circle.

Similarly, ¢(w) is elliptic only when —1/((1 + ¢™)(1 + ¢ ™)) =
—1/4 — v, for some real positive number v. The solutions to this
equation satisfy ¢™ = (i + /v)/(i — /) or ¢ = (i — /v)/(i + Vv).
However, it is easily seen that these are points on the unit circle.

In all other cases t(w) is loxodromic and Ge(g) converges in C. This
proves the result for G.(q).
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Similarly, by (2.2), the odd part of G(q) is given by

1+a a1a9 asay a50a¢
Go(Q) = - _ _ — .
1 az +as +1 as+ag+1 a7 +ag+1
The proof in this case is virtually identical. ]

As an application of the above theorem, we have the following
example.

Example 1. If |g| > 1, then the odd and even parts of

6g 3¢°+T7¢ 3¢°+5¢*> ¢*+7¢+3q+2

Glg) =1+ —
W= T =T+~ 1 + 1
CH+H3¢+2¢2 F+2°+7¢ T+
+ 1 + 1 + 1
q8 + 7(]6 + 3(]3 + 2q q4n+1 + 3q3n+1 + 2q2n+1
+ 1 ot 1
q4n+2 + 2q3n+2 + 7q2n+1 q4n+3 + 5q3n+2 + 2q2n+3
+ 1 + 1
q4n+4 + 7q3n+3 + 3q2n+1 + 26]”
+ 1 4o
converge.

Proof. Let k = 4 and

fi(z) = gz + 3qa® 4 2q2?

fo(z) = ¢2* + 2¢°2° + 7ga?
fa(x) = ¢’a* + 5¢%2% + 2¢°2°,
fa(z) = ¢*at + 7¢323 + 3qz* + 22

Then, forn >0 and 1 < j <4,

asn+;(q) = fi(qd")-

Thus (2.4) is satisfied. It is clear that (2.5) is satisfied with m =1 and
each a,(q) has the same leading coefficient, namely, 1. O
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Remark. It is clear from Theorem 3 that if K = 1 and f;(x) is any
polynomial with coefficients in Z[q], then the odd and even parts of
1+ K22 ,f1(q™)/1 converge everywhere outside the unit circle to values
in @, since all the conditions of the theorem are satisfied automatically,
at least for a tail of the continued fraction.

We also consider continued fractions of the form

an(q)
ba(g)

G(q) :==bolq) + K524

oy, Ji(d?) fe-1(®)  frl(d®)
TR @)+ g @) + ol
fi(q") Je-1(gh)  frlgh)
+ gi(gt) + 0+ gp—1(qt) T go(¢?) +-
M@ Ald™) Sr—1(q") fe(q"™)
+ go(¢™) T g1(q®) T+ ge—1(¢™) T go(gn*t?t) + -

where fs(x),gs—1(x) € Z[g][z], for 1 < s < k. Thus, for n > 0 and
1<s<k,

(2-6) ank+s(q) = fs(qn) ) bnk+s—1(Q) = gs—l(qn) .

An example of a continued fraction of this type is the Gollnitz-Gordon
continued fraction (with k = 1).

We suppose that degree (a1(q)) = r1, degree (by(q)) = 72, and that,
fori>1,

degree (a;+1(q)) = degree (a;(q)) + a

(2.7) degree (bi(q)) = degree (bi-1(q)) +

where a and b are fixed positive integers and 1 and ro are nonnegative
integers. Condition (2.7) means that, for n > 1,

(2.8) degree(an(q)) =(n—1)a+r1, degree (b,(q)) =nb+rs.

We also supposed that each a,(g) has the same leading coefficient L,
and that each b,,(¢) has the same leading coefficient Ly.

For such continued fractions we have the following theorem.
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Theorem 4. Suppose G(q) = b, + K32 an(q)/bn(q) is such that
the a, := an(q) and the b, = b,(q) satisfy (2.6) and (2.7). Suppose
further that each a,(q) has the same leading coefficient L, and that
each b, (q) has the same leading coefficient Ly. If 2b > a, then G(q)
converges everywhere outside the unit circle. If 2b = a, then G(q) con-
verges outside the unit circle to values in @, except possibly at points q
satisfying L2 /Loq®~ ™72 € [—4,0). If 2b < a, then the odd and even
parts of G(q) converge everywhere outside the unit circle.

Proof. Let |q| > 1. We first consider the case 2b > a. By a simple
transformation, we have that

an/(bnbnfl) )

n b
bot K22, b+ M g 1

n:la 1 +

Since 2b > a, an/(bnbn—1) — 0 as n — oo, and G(q) converges to a
value in C, by Worpitzky’s theorem.
Suppose 2b = a. Then, by (2.7), (2.8) and the fact that each a,(q)

has the same leading coefficient L, and that each b,(q) has the same
leading coefficient Ly,

. an L,
AT LRgbrivze
Note once again that the value of ¢ depends on g. Once again,
by the remarks following (2.3), the linear fractional transformation
t(w) = ¢/(1+w) is parabolic only in the case L, /(Ligb~"172"2) = —1/4
or ¢>""F2r2 = AL, /L2

Similarly, (w) is elliptic only when ¢~ t™1=272 L, /L% € (—o0, —1/4),
or
b—ri1+4+2re __ _4 La
q =— -,
(1 + 4 ’U) Lb

for some real positive number v. In other words, ¢(w) is elliptic,
for |g| > 1, only when ¢*~"1%272 lies either in the open interval
(—4L,/L%,0) or (0,—4L,/L?), depending on the sign of L,. In all
other cases, t(w) is loxodromic, and G(q) converges.

Suppose 2b < a. From (2.1) it is clear that the even part of G(q) =
bo+ K22 1 ay /by, can be transformed into the form bg+ K22 ¢, /1, where,
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for n > 3,
b2n
—Q2p—202n—1 b2 )
J— n—
= ban—o bop,
a2p—2+b2p—3b2p—2+a2,_3 2 a2n+ban—1ban+asn—1 2
2n—4 2n—2
—a2n—1b2p
_ a2nb2n_2
<1 + bap—3b2n—2 + G2n—352n—2><1 + ban—1ban + a2n—1b2n)
a2n—2 a2p—2ban_4 a2n a2nb2n—2

Once again using (2.7), (2.8) and the fact that each a,(q) has the
same leading coefficient L, and that each b,(q) has the same leading
coefficient Ly, we have that

2b—a

e — _

im ¢, = 5 = C.
n—oo (1 _|_q2b7a)

The linear fractional transformation ¢(w) = ¢/(1 + w) is parabolic only
in the case —¢%*7%/(1+¢* %)% = —1/4 or ¢**~* = 1, and thus |¢| = 1.
It is elliptic only when —¢?*=%/(14¢%*~%)2 € (—o0, —1/4), and a simple
argument shows that this implies that |¢?*~¢| = 1, and again |q| = 1.

In all other cases t(w) is loxodromic, and the even part of G(q)
converges by Theorem 1.

The proof for the odd part of G(g) is very similar and is omitted.
O

Remarks. (1) Worpitzky’s theorem once again gives weaker results.
In the example below, for example, Worpitzky’s theorem gives that
G(q) converges for |g| > 4, in contrast to the result from our theorem,
which says that G(g) converges everywhere outside the unit circle,
except possibly for g € [—4, —1).

(2) In some cases the result is the best possible. Numerical evidence
suggests that the continued fraction below converges nowhere in the
interval (—4, —1).

As an application of Theorem 4, we have the following example.
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Example 2. If |¢| > 1, then

6q> 3¢ +7¢> 3¢5+5¢* B +T7¢5+3¢42+2

Glq) = 2
@=q+ +c12+2+ e+2 + ¢#+2 + @ +q+1

q10 + 3(]8 + 2(]6 q12 + 2q10 + 7q6 q14 + 7q10
+ q6+q2+1 + q7+q2+1 + q8+q3
qlﬁ + 7q12 +3q6 +2q2 q8n+2 + 3q6n+2 +2q4n+2
+ q9_|_q2+1 + -+ q4n+2_|_q2n_|_1
q8n+4 4 2q6n+4 + 7q4n+2 q8n+6 + 5q6n+4 + 2q4n+6
—+ q4n+3 + q2n + 1 —+ q4n+4 + q3n + 1

q8n+8 + 7q6n+6 + 3q4n+2 + 2q2n
+ q4(n+1)+1 + anrl +1 + ...

converges, except possibly for ¢ € [—4, —1).

Proof. Let k = 4 and

fi(x) = ¢?a® + 3¢%a® + 2¢%a*
fa(x) = ¢*a® + 2¢"2° + 7¢°*,
fa(x) = ¢°a® + 5¢"a® + 2¢°a*
fa(x) = ¢®2® + 7¢°2° + 3¢%a* + 22,
go(zr) =qzt* + 241,

g(z) =zt + 22 +1,

go(z) = Pzt + 22 + 1,

gs(x) =gzt + 23 +1

Then, forn >0 and 1 < j < 4,

a4n+j(q) = fj(qn) )
ban+j-1(q) = gj-1(¢").

The other requirements of the theorem are satisfied, with L, = L, = 1,
a=2 b=1,r, = 2 and ro = 1. Therefore, b — r1 + 2r, = 1,
L,/L? =1 and G(q) converges outside the unit circle, except possibly
forqge[-4,-1). @O
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