
VOLUME IN TERMS OF CONCURRENT CROSS-SECTIONS

H E R B E R T BUSEMANN

1. Of the two expressions

-rU-77/2)

for the area | M | of a plane domain M, given in polar coordinates p, ω by the

inequalities 0 <^ p <_ r ( ω ) , 0 <̂  ω j£ 277, the first has the well-known extension

(1)

to n dimensions. Here ίln is the surface of the unit sphere in the ^-dimensional

Euclidean space, dωn is its area element at the point u, and M is given by

0 < p < r(u), u C Ω Λ .

In the second expression, \p\ may be interpreted as (1-dimensional) volume

of the simplex with one vertex at the origin z and the other at a variable point

p = {p, ω ±π/2) in the cross-section of M with the line normal to ω. The pur-

pose of the present note is the proof and the application of the following ex-

tension of this second expression to n — 1 sets Ml9 ••• , Mnml in En:

Here Mj(u) is the cross-section of Uj with the hyperplane H(u) through z normal

to the unit vector u, the point p. varies in MΛu\ the differential dV™'1 i s the

((/ι - l )-dimensional) volume element of Λfy ( α ) at p. , and T ( p , . . , p , z)

is the volume of the simplex with vert ices p , , p , z.
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Replacing the s e t s MnmΓ+l9 •-• , Mn.χ by the unit sphere Un with center z

yields expressions for j Mx | « | Mn.r | in terms of the volume T (p , , p , z ),

in particular ( l ) f o r r = τ & — 1.

With the notation

Steiner 's symmetrization leads from ( 2 ) to the following result :

// Mχf ••• , Mn_γ are convex bodies in En {n _> 3) with interior points, z

is a given point in En, and Mj{u) the cross-section of Mj with the plane normal

to u and through z, then

I κn'2 Γ
( 3 ) \Uχ I . . . *MnmX\ > — / \Mx(u)\n/ln'ι)*.. \MnmX(u)\n/{n'ι)dω",

n n J*ιn
κn-l

and the equality sign holds only when the Mj are homothetic ellipsoids with

center z.

It follows in particular for a convex body M that, for n >_ 3,

( 4 ) \M\n"1 > L \M(u)\n dωn,

with the equality (if | Λί | > 0) only for ellipsoids with center z. The efforts to

prove this inequality, which has applications in Finsler spaces, led to the

present investigation. The —because of Jensen's inequality —weaker estimate

( 5 ) I if I > 1 κn

n/{n'1

with equality sign (if \M\ > 0) only for the spheres with center z, was found

previously by L. A. Santalo who communicated it to the author. It is also the

special case Mn_ί = M, Mj = Un for j < n - 1, of (3) .

2. Let Mγ, ••• , Mnmγ be bounded Jordan measurable sets in En> n > 3, such

that the intersection of Mj with any i -dimensional linear subspace (which in the

future will be indicated by Lv) through a fixed given point z possesses a
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iy-dimensional Jordan measure. Since the subscripts run sometimes from 1 to

n and other times from 1 to n — 1, we agree to use U, β for the former type,

and /, k for the latter, and may then omit mentioning the range.

Let x a be rectangular coordinates in En with z as origin. Take n—\ copies

EJ

n of En with coordinates x^9 and let M. be the image of Mj in /ί7 that i s ,

χl £1 M. if and only if the point x with x = x^ l ies in A/,-, Then Λ^ may be con-
/ J r a α / a J

sidered as rectangular coordinates in the product space

hence

*, ι-ΓMi-πΛ*<ί . dxι

n

In £ we introduce new coordinates

*,'' i9 . . .

through the relations

(7) X] = x,, x - υxk kJ n ' 1- 1 ^

These equations fail to define ^ if ] x^ \ r- | %̂  | = 0, i .e. if the points x] in An are

contained in an Lv with v < n - 2, or if the ^ ^ . 2 spanned by the xJ is parallel

to the x Λ -axis. The geometric meaning of the right side of ( 2 ) shows that a

special discussion of this case is superfluous.

To evaluate Π | ( M ; ) | in the new coordinates, observe that the first n rows

in the rc (rc - 1 )-rowed Jacobian / of the transformation ( 7 ) are in blocks of

n x n matr ices:
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( 8 ) / = \Ίc'k\

The unit normal u in En to the plane

*„ = * ! " ! + . . . +

is, wτith w = ( 1 + t>2 + . . + ^ . i ) 1 ^ 2 * either

- I / O - 1
it - ~ 11 in ' it — it: - OΓ My ~ — VjW

Then wΓι = | cos (9|, where θ is the angle between u and the %n-axis, so that

dω™ = it; duί •• dun.ι is the area element of ΩΛ. Here we disregard again planes

parallel to the %w-axis Now

W

w2

-va

- vl
v ί

-υ

w2

-V ri-l »2 ••

• - i ;

. -v

. u;2 - υ 2

M

Since all principal minors of the determinant |—vy v^ | of order greater than 1

vanish, it follows (compare [4, pp.125, 126]) that

and

(9) doζ = z^1"71-1
„. ! = |cos

The volume element dVn~ι of the hyperplane %̂  =

t ••• dvn.λ .

is

(10)
Xl

^ β l I s e c θ\.

If we now interpret the points xι

9 ••• , Λ;71"1 a s lying in the same En9 then

( 8 ) shows that | / | /(ra — 1 ) ! is the volume of the projection of the simplex with

vert ices xι, ••• , xn~ι, z on the plane xn - 0. Since these points determine a

hyperplane H(u) with normal u through z,
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( 1 1 ) U - D ! T(xι, . . . , xn'\ z) - | / s e c θ\.

R e p l a c i n g χ1 by p . , we briefly summarize the r e s u l t s ( 9 ) , ( 1 0 ) , ( 1 1 ) a s

( 1 2 ) dV» ...dV» = U - l ) ! T(P,...,p z)dVn ί...dl'n'1 dω\

After observing that in ( 2 ) by integrating over ίίn every hV(u) is counted twice

(once for u and once for -u), we see that the relation ( 2 ) follows from ( 1 2 ) .

For brevity we introduce, for s e t s Ml9 , Mr in Es with r < s, the notation

i s ( M ι t ... , MΓ, z) = fMι . .. ^ Γ ( P l > . .. , Pr, z) dV^...dVp\

and may then write (2 ) in the form

(13) | A / J . . . | W B _ J - i l Z l ί ! - / V ^ M j U ) , . - . , « „ . , ( « ) ,
!̂ nn

3. in order to obtain expressions for \ Vι ι | ••• | /t/Γ | w iί/i r < n — 1, we re-

place successively V^.p ••• , Mn-r+ι ^γ the unit sphere Un, The contribution

of the latter se t s to the right side of (13 ) can then be integrated out by using

the following fact:

Let an Lμf 0 < μ < n - 1, through the center z of the unit sphere Un.ι in

En.ί9 intersect Un-ι in Uμ, For any point q in Un-ι9 denote by r the distance

^2, and by φ the angle between the ray qz and the Lμ. Then

ίί ι"1

(14) / r| sin φ | dV"~ι = κ Λ , v - n - μ*

where ωv = î  κv = 2πv'2 Γ" 1 (i//2) is the area of the surface Ω^ of ί/^, in

particular ω t = 2.

To prove ( 1 4 ) , let the LVml normal to the Lμ through q intersect Uμ in p,

and Un-\ in the sphere SVml. If p = pz then S v . t has radius σ = ( l - p 2 ) 1 / 2 .

Then s = pq = r | s in </> | ; hence

If dωYl1 denotes the area element of the Ω I /.1 with center p in the L v . 1 at the



HERBERT BUSEMANN

point q of the ray pq, then

s dVv" = nfq Ω / - ι

Therefore, with a similar notation,

f ωv 1 ί Λ
J r\sinφ\dV^ = — y o / ( l - p 2 ) " ' 2 Pμ-ld

ωv-ιωμ Γ(μ/2) Γ ( v / 2 + l ) ω V β l ω μ Γ (μ/2) v/2 Γ (i/y

1/ 2Γ(μ/2 + I//2 + 1) 1/ 2Γ(/ι/2 + l ) ω v

Returning to ( 1 3 ) , we replace ^ - i by 6^. Then Mn.γ{u) becomes the (n-l )-

dimensional unit sphere Un(u) in the hyperplane with normal u. If φ\s the angle

between the ray z p n - 1 and the L Λ . 2 spanned by p t , ••• , Pra.2>
 z> then, with

••• , p n . j , z ) = ( Λ - I ) " 1 r | s i n φ\ T ( P l , . . . , p n _ 2 , z).

Hence, carrying out the integration over Un(u), by ( 1 4 ) we obtain

\Mι\ '•• \Mn-2\
 κn

= i ( n - 2 ) \ — κn J w ( M . ( M ) , , Mn_2(u), z )dωn

ω0 ~^n u

or

( 1 5 ) | M t | . . . |Λ/ n . 2

27Γ

If now Mn.2 is replaced by ί/π, then because of (14) the factor

1 ω2

n- 2 ω3
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is introduced on the right. Continuing in this manner leads to the general re-

lation

( 1 6 ) M M - - |Af n.Γ | .
ωr

The integrand occurs in many II(u)9 and it would be more natural to replace

the integration over ΩΛ by an integration over all Ln.r. The results of integral

geometry [5] lead to such a reduction for general r; however, we restrict our

attention here to the two simplest cases, where no new formulas of the type

(12) are required.

It is clear that the last formula in the sequence (16),

l'v;il = — L
to "

L"~rι

must be essentially identical with (1) . Indeed, if Mι can be represented in the

form 0 <_ p <̂  r ( α ) , ϋ C Ωn, and we write the induced representation of Mi(u)

in the form

0 <p <r(v), v C Ω Λ _ 2 U ) = H(u) n Ω β ,

then, with pz = p , we have

and

Now according to the results on cinematic measure on the sphere (see [ 5 ] , for

n = 3 already [ 3 D , integrating over the i -normal to u first, and then over α,

leads to the same result as integrating over the H(w) that contain v, that is,

those for which w is normal to v, and then over υ The first of the latter two

integrations yields o)n-2rTl(v\ a n ^ (1 ) follows.
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As second example, we indicate briefly the reduction of ( 1 5 ) . Denoting by

L^_2 the ίj

nm.2 spanned by p χ , , Pπ_2» z> and by MP the intersection of Mi with

Lζ_2, we obtain from ( 1 2 ) that if Lζ_2 l ies in H (u) and has there the normal

v, then

V ι ( ^ ι U ) > ••• , Mn_2U), z)

Substituting this in (15) leads besides the integrations over the MP to inte-

grations over Qn.ι(u) and Ωn. Similarly as in the preceding case, these latter

two may be reduced to one integration by using the cinematic measure dL?_ on

ίln of the Ω w . 2 in which L? intersects Ω^ (compare [ 5 ] ) The result (given

without verification because it will not be used) is

( 1 7 ) l ^ l l ^ l

- {J^-hn IMP - L2 ;; c

4. To obtain the estimate ( 3 ) we use Steiner 's symmetrization in the forrr

suggested by Blaschke 's treatment of Sylvester's Problem (compare [ l , $ 2 4 ] ) .

In the following the subscripts i9 h run from 1 to m.

Let Mlf ••• , Mm be convex bodies with interior points in Em. In an arbitrary

system of rectangular coordinates with origin z, symmetrize each M( with respect

to the (xl9 , % „ ! )-plane P; that i s , slide a segment in which a line Lχ paral-

lel to the %m-axis intersects Λ/t along Lx such that i ts center falls on P. Call

Mi the image of M( under this transformation, and p t the image in Mi of a given

point p. in M^. The mapping preserves volume, dV™ - dVm . We are going to

show that Ίm(Ml9 , Mm, z) does not increase.

If p £ Mi, denote by p? the point symmetric to p. with respect to the center

of that chord of Mi parallel to the %m-axis which goes through pf. If p}, ,p™

are the coordinates of p^, then with 77 = \/m !
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The images pi of pi and pf of pf satisfy the relation

hence

, . . . , p m , 2) = p'm, z) = η

But

pf = p ; h = p* = p ; h - p."

so that

hence

( 1 8 ) T(Pι,...,pm,z) > 2 Γ ( P l ,

Since

1 5 ... ,Mm, z)

we conclude from (18) and

Jtii " ' Jum

 Π p ι ' '•••

VS = dVm, dVJ1, = dVm,

that

(19) 1 5 . . . , Mm9 z) >

To discuss the equality sign, consider points p. in Mi which are centers of

chords parallel to the xn-eoάs. Then pi = pf, and the points p?. = pf lie in Pf so

that the right side of ( 1 8 ) vanishes . Therefore the equality sign can hold in

( 1 8 ) only when the points pι$ «•« , pm, z are coplanar. Choosing p t , ••• , Pimχ9
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p ι + 1 , , pm such that they and z do not lie in an Lm.2 (the Mj have interior

points!) we see that all centers of chords of M^ parallel to the %^-axis must

lie in the Lm.ι spanned by p t , •«- , P; .^ P +x* ••• > Vm> z Moreover, this same

Lm_ι must contain the centers of the chords parallel to the %m-axis of all the

other Mn. Thus we have proved:

(20) If Mί9 ••• ., Mm are convex bodies in Em with interior points, then simul-

taneous symmetrization of the Mi with respect to any plane P through z de-

creases T m ( M t , ••• , Mm, z) unless z and the centers of the chords perpen-

dicular to P of all M( are coplanar

For given positive values | MΛ |, , | Mm |, the expression 1m (1/\, , Mm9 z)

can therefore be minimal only if the centers of every family of parallel chords

of the different Mj lie on the same plane through z. This implies, first, that

each Mj is an ellipsoid with center z, 1 and then that all these ellipsoids are

homothetic.

That the minimum is actually reached in this case is proved by the follow-

ing standard argument ( s e e [ 1 , § 2 4 ] ) . Using a suitable sequence Pv of planes

through z, and symmetrizing Ml9 •«• , Mm success ively in Pί9 P2 , ••* , yields

a sequence M^9 ••• , M^ of convex bodies which tend to spheres Sl9 ••• , Sm

with center z and, of course, | S { | = | MV \ = | Mt | (compare [ 2 , ξ 41 ] )•

The functional Ίm(Ml9 ••• , Mm, z ) is monotone [ that i s , M? C M^ implies

T m (M^t , M'm, z) < Ίm (Mί9 . . . , Mm, z)] and positive homogeneous:

τ m ( λ ^ , . . . , λ Λ / m , z) = λ m ( m + ι ) τ m ( W l f . . ,A/m, «) for λ > 0 .

For a given e > 0, choose N ( e ) > 0 such that St C ( 1 + e)ilfv for v > Λ^(e)

and all i. Then for ι/ > N( e ) , because of ( 2 0 ) and the two mentioned properties,

we have

τ T O ( S l f . . . , Sm, z) < ( 1 + €)
mlm+ι) τ m ( ^ , . . . , Ml, z)

< (l + e)m{m + ι ) τm{Ml9...,Mm,z),

w h i c h p r o v e s T m ( S 1 , . . . , S m , z ) < Ίm(Mί9 ••• , Λfm, z ) a n d h e n c e t h e mini-

lrΓhe proofs found in the literature all refer to the cases m = 2, 3; for references
[2, > 70]. However, the extension to arbitrary m is immediate. A particularly simple
proof, which works for all m and is not found in the literature, is obtained by using
Loewner's result, that there is exactly one ellipsoid which has a given center, contains
a given convex body, and has minimal volume.
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mum property for homothetic el l ipsoids with center z.

To evaluate tm(Sl9 •-. , Sm, z), denote the radius of S; by 77. Then the

results of section 3 show that

1 ω ι
rτ- ( O C \ r m + l _ rγ ( C C » N

m ω0

(m-l) ω3

m

Therefore we have:

(21) // Ml9 , Λίm are convex bodies in Em with interior points, then

and the equality sign holds only for homothetic ellipsoids with center z.

Applying this result to ( 1 3 ) yields the inequalities ( 3 ) and ( 4 ) with the

conditions for the equality sign. The latter result may also be formulated as

follows:

Among all convex bodies M with a given volume, the ellipsoids with center

z (and only these) maximize L \M(u)\n dωn.
^n u

To ask for the minimum is s e n s e l e s s s ince for any convex body M the in-

tegral ίπ \M(u)\n dωn will tend to zero when M moves to infinity. However,
n

it is a meaningful, but unsolved, problem to find the minimum of this integral

for all convex bodies with a given volume and center z. This is equivalent to

the problem of finding the smallest constant K such that for any convex M with

center z the inequality

\M(u)\n dω^> \M\n-1

holds. The existence of K follows readily from ( 2 ) .
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Finally (5) shows:

Among all convex bodies with center z the spheres (and only these) yield

the maximum of

m i n \ M { u ) \ n \M\ι'n.
u

The corresponding minimum maximum problem seems quite difficult.
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